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Preface 


In 1984, when I taught myself discrete mathematics, I found out that the definition of 
material implication is both valuable and defective. Its value lies in that it correctly reflects 
the establishment of implicational propositions. Its defect lies in that it cannot be used to 
make hypothetical inference, but its generalized inverse functions can make. Just like that 
when we know the summand 2 and the sum 5 and we want to find the addend, we cannot 
use addition 2+?=5 but its inverse operation subtraction 5—2=? to find it. 

Since then, | have been constructing mutually-inversistic mathematical logic. Now, it 
is fully fledged. It includes mutually-inversistic logic, mutually-inversistic mathematics, 
and their applications. Mutually-inversistic logic includes two calculi and four theories 
of mutual-inversism, mutually-inversistic granular computing, unified logics. Mutually- 
inversistic mathematics includes mutually-inversistic analytic geometry, mutually- 
inversistic mathematical analysis, mutually-inversistic abstract algebra, universal matrix. 
Applications include logic programming (see Part 4), automated theorem proving, planning 
and scheduling, database, semantic network, expert system, program verification, natural 
language processing, hardware verification, machine learning, data mining, data warehouse, 
program refinement, many-valued computer, modern control theory, etc.. 

All branches of mutually-inversistic mathematical logic are discrete, so, mutually- 
inversistic mathematical logic can also be regarded as mutually-inversistic discrete 
mathematics. 

This monograph is suitable for faculty members, researchers, graduate students 
working in the field of logic, mathematics, computer science, automation to use. 


My email is zhouxunwei@263.net. 
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Part 1 
Mutually-inversistic logical 
calculus 


Mutually-inversistic logical calculus is composed of 
mutually-inversistic propositional calculus and predicate 
calculus. As predicate calculus is more useful than 
propositional calculus, the author introduces predicate 
calculus first and in detail, introduces propositional calculus 


second and in brief. 


Mutually-inversistic logic, mathematics, and their applications 


Chapter 1 
Fundaments of predicate calculus 


1.1 Material implication vs. mutually inverse 
implication 


Material implication is defined as Table 1.1. 


Table 1.1 Material implication 


A B A=B 
F F T 
F T T 
T F F 
T T T 


The author finds out that Table 1.1 is both valuable and defective. The value of Table 1.1 
lies in that it correctly reflects the establishment of A~B.Take “if it rains, then the ground is 
wet” as an example.On October 1, 2006, in Beijing, it didn’t rain, and the ground was not wet. 
This is the first row of Table 1.1. On September 30, 2006, in Beijing, it didn’t rain, but sprayers 
sprayed the ground wet. This is the second row of Table 1.1. On August 20, 2006, in Xi’an, it 
rained, and the ground was wet. This is the fourth row of Table 1.1. It is not the case that it rains 
and the ground is not wet. Hence, the third row of Table 1.1 never occurs. So, from “it rains” 
and “the ground is wet” we establish “if it rains, then the ground is wet”, using Table 1.1. 

Material implication has a well known defect: material implication paradox. For 
example, PA —P—>Q is a material implication paradox. Material implication paradox 
has two characteristics: (1) If the antecedent is false, or the consequent is true, then the 
antecedent implies the consequent; (2) there is no nexus of contents between the antecedent 
and the consequent. The above material implication paradox only depends on logical 
knowledge, the author calls it logical material implication paradox. The proposition “if 
snow is black, then 2+2=4’’satisfies the second row of Table 1.1, it is a true proposition. 
It also satisfies the two characteristics of material implication paradox. The author calls it 
empirical or mathematical material implication paradox, because it depends on empirical 
or mathematical knowledge. Mutually-inversistic logic requires that the antecedent not 


be permanently false, the consequent not be permanently true, the antecedent and the 
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consequent share the same variables. In mutually-inversistic logic, the two characteristics 
of material implication paradox are not satisfied. So, mutually-inversistic logic is free of 
implication paradox. 

(PAQO—>R)>(P—R)V(Q—>R) is a tautology. In (PAQ—R)—>(P—>R)V(Q—>R), the 
antecedent is not permanently false, the consequent is not permanently true, the antecedent 
and the consequent share the same variables P, Q, and R. It does not satisfy the two 
characteristics of material implication. It is not a material implication paradox. Yet, it is still 
absurd. Suppose P is assigned x< y, Q is assigned x=y, R is assigned x=y. Then it says: 
if x<y and x=y implies x=y, then x<y implies x=y, or, x2y implies x=y. Absurd! Its 
corresponding proposition in mutually-inversistic logic is not a logical theorem. 

The author finds out Table 1.1 has a less obvious, but more serious defect: it cannot 
be used to make hypothetical inference. Proponents of classical logic say: “Table 1.1 can 
be used to make hypothetical inference. Take the affirmative expression of hypothetical 
inference as an example, both AB and A being true are the fourth row of Table 1.1, in 
which B is true. Thus, from AB being true and A being true we infer B being true.” But 
there is a principle in philosophy: human cognition is from the known to the unknown. Table 
1.1 is a truth function. And there is a principle in mathematics: an evaluation of a function 
is from its arguments to its value. If we want to evaluate from its value to its argument, then 
we should use its inverse functions. In order to mathematize human cognition, we let the 
known be the arguments, let the unknown be the value, so that the human cognition from 
the known to the unknown becomes the evaluation of the function from the arguments to 
the value. In Table 1.1, A and B are the known, the arguments, AB is the unknown, the 
value, therefore, Table 1.1 can only be used to establish AB from A and B. Using Table 
1.1 to make hypothetical inference is from the unknown to the known, from the value to the 
argument, is in violation of the principles of philosophy and mathematics. 

Although Table 1.1 cannot be used to make hypothetical inference, in its inverse 
functions, A or B is a value, AB is an argument, so, its inverse functions can be used to 
make hypothetical inference. Following this clue, mutually inverse implication is defined as 
Tables 1.2 to 1.4. 


Table 1.2 Table 1.3 Table 1.4 
Inductive composition for<' Decomposition one for<™ Decomposition two for <~ 
tv(A)  tv(B) | tv(A<'B) tv(A<'B) tv(A) | tv(B) tv(A<'B)  tv(B) | tv(A) 


F F T F F u F F u 
Ẹ T n F T u F T u 
T F F T F u T F F 
T T T T T T T T u 
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Tv in Tables 1.2 to 1.4 means truth value. N in Table 1.2 means “need not determine”. 
U in Tables 1.3 and 1.4 means “unable to determine”.Table 1.2 is similar to Table 1.1 except 
for the second row (we will explain later why the second row is dissimilar), it is used to 
establish A< 'B from A and B. Tables 1.3 and 1.4 are the generalized inverse functions 
of Table 1.2, A< 'B in them are the known, the argument. After A< 'B is established 
in Table 1.2, it becomes known, becomes the argument, then we can use Tables 1.3 and 
1.4 to make hypothetical inference. Table 1.3 is the affirmative expression of hypothetical 
inference: when A< 'B is true and A is true, then we can infer that B is true; in the other 
three cases, we cannot determine the truth value of B. Table 1.4 is the negative expression 
of hypothetical inference: when A< 'B is true and B is false, we can infer that A is false; 
in the other three cases, we cannot determine the truth value of A. In Tables 1.2 to 1.4, A 
and B are the special, AX 'B is the general. Table 1.2 is from the special to the general, it 
is called inductive composition. Tables 1.3 and 1.4 are from the general to the special, they 
are called decomposition. Inductive composition and decomposition are mutually inverse 


human cognitive processes, hence mutually inverse implication gets its name. 


1.2 Formation of terms and propositions 


1.2.1 Logical operators 


The Venn diagrams of the connectives in classical logic are shown Fig. 1.1. 


(d> (e) 


Fig. 1.1 The Venn diagrams of the connectives in classical logic 


From Fig. 1.1 (a), (b), and(c) we see that —, ^ and V are from set(s) to shadowed sets. 


In mutually-inversistic logic, they are called composition operators. From Fig. 1.1 (d) and 
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(e) we see that~and«represent connections between two sets, they cannot be denoted by 
shadowed sets, but by relative positions between two sets. In mutually-inversistic logic, 
they are called connection operators. 

There are 12 logical operators in mutually-inversistic logic. Four of them are 
composition operators, they are, according to priority, — (negation), /\(conjunction), 
\/((compatible) disjunction), ® (incompatible disjunction). Eight of them are connection 
operators, they are, according to priority, //\ ' (mutually inverse conjunction), \V/ ' (mutually 
inverse disjunction), < ' (mutually inverse implication, sufficient condition), = ' (mutually 
inverse equivalence, sufficient and necessary condition), < ' (mutually inverse proper 
implication, sufficient but not necessary condition), V ' (mutually inverse compatible 
disjunction), ® ' (mutually inverse incompatible disjunction), X ' (mutually inverse 
intercross). Connection operators are divided into unicellular connection operators and 
multi-cellular connection operators. =! <',V',@®',and X ‘are unicellular connection 


operators. /^ ', V/ ', and< ‘are multi-cellular connection operators. 


1.2.2 Knowledge constituents 


Knowledge is composed of knowledge constituents. Knowledge constituents in predi- 
cate calculus include term constants and variables, function constants and variables, predi- 
cate constants and variables, fact composition operator constants and variables, empirical or 
mathematical connection operator constants and variables, empirical or mathematical com- 
position operator constants and variables, logic connection operator constants and variables. 


The classification of knowledge constituents is shown in Fig. 1.2. 


logical connection | logical connection 
operator constants | operator variables 
< l=! A, 0, ¢ 


empirical or 
mathematical 
composition 
operator constants 


=a, Ay V 


empirical or 
mathematical 
composition 
operator variables 
n 


fourth-order 
constituent 


empirical or empirical or fact fact 

mathematical mathematical composition composition Midorder 
connection connection operator constants | operator variables è 

F constituent 

operator constants | operator variables | ~, A, V u 

<i" y, w, 0 

predicate constants | predicate variables | function constants |function variables |second-order 
|<, 5S Pv 5) he = fig h constituent 
term constants term variables first-order 

0, 1,2 zZ constituent 


main constants main variables auxiliary constants auxiliary variables 
the main the auxiliary 


Fig. 1.2 The classification of knowledge constituents 
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From Fig. 1.2 we learn that, horizontally, terms are first-order constituents, predicates 
and functions are second-order constituents, empirical or mathematical connection operators 
and fact composition operators are third-order constituents, logical connection operators and 
empirical or mathematical composition operators are fourth-order constituents; vertically, 
terms, predicates, and connection operators are the main, functions and composition 
operators are the auxiliary. The auxiliary connecting knowledge forms the same grade 


knowledge. The main (except terms) connecting knowledge forms knowledge one grade higher. 


1.2.3 Propositions and mutually-inversistic sets are identical 


1.2.3.1 Propositions and their truth value 

There are propositions in logic. For example, “the Earth turns around the Sun” and “the 
Sun turns around the Earth” are propositions. There are true propositions and false ones. “The 
Earth turns around the Sun” is a true proposition while “the Sun turns around the Earth” is 
a false one. The truth and falsehood of a proposition is denoted by its truth value. Truth is 
denoted by “T”, falsehood by “F”. Tv is a truth mapping function, mapping a proposition to 
its truth value. Suppose A is a proposition, tv(A) is its truth value, then we use binary tuple 


<A, tv(A)> to describe A. For example, “the Earth turns around the Sun” being true can be 


written as: 

<turn_around(Earth, Sun), T>. (1.1) 
“The Sun turns around the Earth” being false can be written as: 

<turn_around(Sun, Earth), F >. (1.2) 


Only by combining a proposition with its truth value can we fully describe a 
proposition. 

Some propositions such as (1.1) and (1.2) have definite truth value. They are called 
invariable propositions, corresponding to propositions in classical logic. The truth value of 
some proposition varies with different assignments to its variable. Such propositions are 
called variable propositions, corresponding to propositional functions in classical logic. For 
example, 

turn_around (x, y) (1.3) 
is a variable proposition. When x is assigned Earth, y is Sun, it is true; when x is assigned 
Sun, y Earth, it is false. 


1.2.3.2 Mutually-inversistic sets 

A set is composed of elements. Suppose element e, is a member of the set S, then we 
say “e, belongs to S”, denoted by e,eS. Suppose e, is not a member of the set S, then we 
say “e, doesn’t belong to S”, denoted by e,¢S. One way of describing a set is by listing its 


elements between braces. Suppose set S is composed of e, and e,, then we write S={e,, e}. 
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The other way of describing a set is by describing the property its elements satisfies, e.g. 
S={x|x is a natural number}. If every element of S, is also an element of S,, then S, is 
a subset of S,. The universe of discourse is called the universal set, denoted by U. Any 
set is a subset of the universal set. A set that has no element in it is called the empty set, 
denoted by Ø. 

Mutually-inversistic sets are obtained by extending the concept set in three ways. First, 
the author deems that a set can be composed not only of elements, but also of n-tuples, 
which is a sequence made up of n elements (e,, €», ... , €,). All of the n-tuples comprises an 
n-dimensional space, which is also called the universal set, denoted by U. The universe of 
discourse is the one-dimensional space. A subset of the n-dimensional space is a set, which 
is composed of n-tuples. A set that has no n-tuple in it is called the empty set, denoted by 
Ø. Secondly, the author deems that a set is divided into zeroth-level set, first-level set, and 
second-level set, and an element is divided into zeroth-level element, first-level element, 
and second-level element, accordingly. Thirdly, the author deems that a set is divided into 
set constant and set variable, and an element is divided into element constant and element 


variable, accordingly. 


1.2.3.3 Propositions and mutually-inversistic sets are identical 

A variable proposition does not have a definite truth value; however, sometimes we 
associate it with a truth value in order to denote a set. For example, <turn_around(x, y), T> 
denotes the set {(Earth, Sun), (Moon, Earth), ...}. <turn_around(x, y), F > denotes the set 
{(Sun, Earth),(Earth, Moon), ...}. <turn_around(x, y), F > is equivalent to < —turn_around(x, 
y), T>. The truth values of <turn_around(x, y), T> and <—turn around(x, y), T>are T, so 
we often omit T to obtain turn_around(x, y) and —turn_around(x, y) which are not only 
variable propositions but also sets. 

The invariable proposition <turn_around(Earth, Sun), T> can also be regarded as hav- 


ing the binary tuple (Earth, Sun) belonging to the set turn-around(x, y), denoted by: 


(Earth, Sun) e turn_around(x, y). (1.4) 
Likewise, <turn_around(Sun, Earth), F > by: 
(Sun, Earth) ¢ turn_around(x, y). (1.5) 


Comparing (1.1) with (1.4), (1.2) with (1.5), we see that they are two different ways of 


expressing the same thing; therefore, propositions and mutually-inversistic sets are identical. 


1.2.4 Formation of terms 


The numbers 0, 1, 2, 3, ..., and the proper nouns Aristotle, Russell, Sun, Earth, etc., 
are, from the knowledge constituent perspective, term constants, first-order main constants; 


from the knowledge perspective, zeroth-order terms; corresponding to individual constants in 
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classical logic. 0, 1, and œ are distinguished terms. X, y, z are, from the knowledge constituent 
perspective, term variables, first-order main variables; from the knowledge perspective, 
first-order terms; corresponding to individual variables in classical logic, ranging over term 
constants. Zeroth-order term and first-order term are designated by a joint name, terms. 

+, —, *, +, etc., and height, weight, etc., are function constants or second-order auxiliary 
constants. A function constant maps n terms to a term. For example, * in 2*3=6 maps 2 
and 3 to 6. F, g, h are function variables or second-order auxiliary variables ranging over 
function constants. Function constant and function variable are designated by a joint name, 
functions. A function connecting terms still forms a term, e.g., 2+3, height (Aristotle), f(x, y) 


are still terms. 


1.2.5 Formation of fact propositions and quasi-empirical or 
mathematical connection propositions 


Man, mortal, integer, rational, etc., and <, =, <, etc., are predicate constants or 
second-order main constants. P, q, r are predicate variables or second-order main variables 
ranging over predicate constants. Predicate constant and predicate variable are designated 
by a joint name, predicates. 

A predicate constant connecting term constants forms a zeroth-order fact proposition, 
corresponding to the filling of a predicate in classical logic. For example, man (Aristotle), 
turn_around (Earth, Sun) are zeroth-order fact propositions. A zeroth-order fact proposition 
is an invariable proposition. 

A predicate constant connecting term variables forms a first-order fact proposition, if 
the proposition formed is a variable proposition. For example, man(x), turn_around(x, y) are 
first-order fact propositions corresponding to the naming of a predicate in classical logic. 

Predicate constants <, =, <, etc., connecting term variables or distinguished terms 
0 and 1 form quasi-empirical or mathematical connection propositions, if the proposition 
formed is an invariable proposition; e.g., x=x, x +(—x)=0, x*0=0 are quasi-empirical or 
mathematical connection propositions. A true quasi-empirical or mathematical connection 
proposition is a quasi-empirical or mathematical theorem. 

A predicate variable connecting distinct term variables forms a second-order fact 
proposition, which is a variable proposition; e.g., p(x) and q(x, y) are second-order fact 
propositions. 

P, Q, R are fact propositional variables, and are abbreviations for second-order fact 
propositions ranging over first-order fact propositions; e.g., P is an abbreviation for p(x), 
P(x, y), and p(x, y, Z). 

Fact propositions composed by a composition operator still form a fact proposition. 


The composition operator is called a fact composition operator or a third-order auxiliary 
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constant. For example, ~in —integer (13.6) and A in parent(x, y) A ancestor(y, z) are fact 
composition operators. —integer (13.6), parent(x, y) A ancestor(y, z), and PAQ are still fact 
propositions. The lower case Greek letter u denotes a fact composition operator variable 
or third-order auxiliary variable ranging over fact composition operators ~, ^, V, ®. 
Ø is a permanently false fact proposition, U, is a permanently true fact proposition. 


Ø, and U, are distinguished fact propositions. 


1.2.6 Formation of single empirical or mathematical connection 
propositions, quasi-logical connection propositions, and 
multiple empirical or mathematical connection propositions 


Two zeroth-order fact propositions connected by a connection operator form a zeroth- 
order single empirical or mathematical connection proposition, which is an invariable prop- 
osition. For example, man (Aristotle) < 'mortal (Aristotle) is a zeroth-order single empirical 
or mathematical connection proposition. 

Two first-order fact propositions connected by a connection operator form a first-order 
single empirical or mathematical connection proposition, which is an invariable proposition. 
For example, man(x) < ' mortal(x) (corresponding to Vx(man(x)—mortal(x)) in classi- 
cal logic), even_number(x) //\ ' prime_number(x) (corresponding to 3x(even_number(x) 
A prime_number(x)) in classical logic), parent(x, y) /\ancestor(y, z) < ‘ancestor(x, z) are 
first-order single empirical or mathematical connection propositions. A true single empirical 
or mathematical connection proposition is a single empirical or mathematical theorem. 

Two second-order fact propositions connected by a connection operator form a second- 
order single empirical or mathematical connection proposition, if the proposition formed is 
a variable proposition. For example, P< 'Q, P//\ 'Q are second-order single empirical or 
mathematical connection propositions. 

Two second-order fact propositions or distinguished fact propositions Ø, Uo connected 
by= | form a quasi-logical connection proposition, if the proposition formed is an invariable 
proposition; e.g., P= 'P, PA ~P='@o, PA Ø= Ø are quasi-logical connection proposi- 
tions. Two fact propositions connected by< ' form a quasi-logical connection proposition, 
if the proposition formed is an invariable proposition; e.g., P< 'P, P\Q< 'P, PS 'PVQ 
are quasi-logical connection propositions. A true quasi-logical connection proposition is a 
quasi-logical theorem. 

The connection operator connecting fact propositions is called an empirical or math- 
ematical connection operator or a third-order main constant. The lower case Greek letters 
y, œ, 0 denote empirical or mathematical connection operator variables or third-order main 
variables ranging over empirical or mathematical connection operators//\ ', V/',<',=' 
<',V',@®',andxX '. 


> 
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An empirical or mathematical connection operator variable connecting two distinct 
second-order fact propositions forms a third-order single empirical or mathematical connec- 
tion proposition, which is a variable proposition; e.g., PyQ is a third-order single empirical 
or mathematical connection proposition. 

The upper case Greek letters ¥, Q, O are single empirical or mathematical connection 
proposition variables, and are abbreviations for third-order single empirical or mathematical 
connection propositions ranging over second-order single empirical or mathematical con- 
nection propositions. For example, ¥ is an abbreviation for PyQ. 

Single empirical or mathematical connection propositions composed by a composition 
operator still form a single empirical or mathematical connection proposition. The compo- 
sition operator is called an empirical or mathematical composition operator. For example, 
{P<'O} A {O< 'R} is still a single empirical or mathematical connection proposition, 
Ain {P< 'Q}/\ {Q< 'R} is an empirical or mathematical composition operator. The lower 
case Greek letter 1 denotes an empirical or mathematical composition operator variable 
or a fourth-order auxiliary variable ranging over empirical or mathematical composition 
operators —, ^, V, ©. 

Ø, is a permanently false single empirical or mathematical connection proposition, U, 
is a permanently true single empirical or mathematical connection proposition. Ø, and U, 
are distinguished single empirical or mathematical connection propositions. 

Three or more fact propositions connected by two or more empirical or mathematical 
connection operators < ' or //\ ' form a multiple empirical or mathematical connection 
proposition. For example, natural_ number(x)//\ '{natural_number(y) < 'x<y} (there is 
the least natural number) is a first-order multiple empirical or mathematical connection 
proposition, an invariable proposition. A true first-order multiple empirical or mathematical 
connection proposition is called a multiple empirical or mathematical theorem. P(x)//\ | 
{q(v)< 'r(x, y)} is a second-order multiple empirical or mathematical connection proposition, 


a variable proposition. 


1.2.7 Formation of single logical connection propositions, 
quasi-transcendent logical connection propositions, 
semilogical connection propositions, and multiple logical 
connection propositions 


Two zeroth-order single empirical or mathematical connection propositions connected 
by a connection operator form a zeroth-order single logical connection proposition, which 
is an invariable proposition. For example, {man(Aristotle) < 'mortal(Aristotle)}= ' 
{= mortal(Aristotle) < '—man(Aristotle)} is a zeroth-order single logical connection 


proposition. 
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Two first-order single empirical or mathematical connection propositions connected by 
a connection operator form a first-order single logical connection proposition, which is an 
invariable proposition. For example, {man(x)< ‘mortal(x)}= '{ —mortal(x) < '—=man(x)} 
is a first-order single logical connection proposition. 

Two second-order single empirical or mathematical connection propositions connected 
by a connection operator form a second-order single logical connection proposition, which 
is an invariable proposition. For example, {P< 'O}= '{ Q< '—P}, {P<'O}< '{P/A 'Q}, 
(P< 'Q}A {Q< 'R}< '{P< 'R} are second-order single logical connection propositions. 
A true second-order single logical connection proposition is a single logical theorem. 

Two third-order single empirical or mathematical connection propositions connected 
by a connection operator form a third-order single logical connection proposition, if the 
proposition formed is a variable proposition; e.g., Y< 'Q is a third-order single logical con- 
nection proposition. 

Two third-order single empirical or mathematical connection propositions or distin- 
guished single empirical or mathematical connection propositions @, and U, connected by 
=! form a quasi-transcendent logical connection proposition, if the proposition formed is 
an invariable proposition. For example, ¥= '¥, ¥\/ 4 ¥=' U,, are quasi-transcendent 
logical connection propositions. Two third-order single empirical or mathematical connection 
propositions connected by < ' form a quasi-transcendent logical connection proposition, 
if the proposition formed is an invariable proposition; e.g., Y< 'Y, YAQ < 'W are quasi- 
transcendent logical connection propositions. A true quasi-transcendent logical connection 
proposition is a quasi-transcendent logical theorem. 

The connection operator connecting single empirical or mathematical connection prop- 
ositions is called a logical connection operator or a fourth-order main constant. The lower 
case Greek letters 7, 6, € denote logical connection operator variables or fourth-order main 
variables ranging over logical connection operators V/ ', < ',=', <", V ',and@'. 

A logical connection operator variable connecting two distinct third-order single 
empirical or mathematical connection propositions forms a fourth-order single logical 
connection proposition, which is a variable proposition; e.g., WAQ is a fourth-order single 
logical connection proposition. 

The upper case Greek letters 4A, 4, = are single logical connection proposition variables, 
and are abbreviations for fourth-order single logical connection propositions ranging over 
third-order single logical connection propositions; e.g., A is an abbreviation of ¥4Q. 

Ø. is a permanently false single logical connection proposition, U, is a permanently 
true single logical connection proposition. @, and U, are distinguished single logical 
connection propositions. 


If on one side of the connection operator is a single empirical or mathematical connec- 


u 
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tion proposition, on the other side of the connection operator is a fact proposition, then the 
proposition formed is a semilogical connection proposition; e.g., {—~P< '=Q}/\{—=P 
< 'Q}= 'P is a semilogical connection proposition. 

Two multiple empirical or mathematical connection propositions connected by a 
logical connection operator form a multiple logical connection proposition. For example, 
{{natural_number(x)//\ '{natural_number(y) < 'x<y}}< '{natural_number(y) < 'natural_ 
number(x)//\ 'x<y} is a first-order multiple logical connection proposition, an invariable 
proposition. { {p(x)/A '{q(v) < 'r(x, y)}}< tq) < 'p(x)/A 'r(x, y)} is a second-order 
multiple logical connection proposition, an invariable proposition. A true second-order 
multiple logical connection proposition is a multiple logical theorem. 

The order of a term or a proposition is specified according to the highest order of main 
variables appearing in it. For example, p(x, y) is a second-order fact proposition, because 


the highest order of main variables in it is the second-order main variable p. 


1.2.8 Summary of terms and propositions 


The terms and propositions described in Sections 1.2.4 to 1.2.7 are knowledge, the 


formation of which is shown in Fig. 1.3. 
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Fig. 1.3 Formation of knowledge 
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MEMC proposition in Fig. 1.3 stands for multiple empirical or mathematical 
connection proposition, the rest can be inferred by analogy. From Fig. 1.3 we see that 
knowledge is divided into four grades: term grade, fact grade, empirical or mathematical 
connection grade, and logical connection grade. From the formation point of view, a quasi- 
empirical or mathematical connection proposition is similar to a fact proposition, both are 
formed by a predicate connecting terms. From the point of view of boundness of variables, 
a quasi-empirical or mathematical connection proposition is similar to a single empirical 
or mathematical connection proposition, both are bound on term variables. In Fig. 1.3, 
the quasi-empirical or mathematical connection proposition is classified as fact grade 
knowledge. A similar discussion can be held for quasi-logical connection propositions and 
quasi-transcendent logical connection propositions. In Fig. 1.3, the relationship among the 
four grades of knowledge, three levels of logic, three levels of elements, and sets is also 
given. 

Term—fact proposition—single empirical or mathematical connection proposition— 
single logical connection proposition is the main thread in Fig. 1.3, their further 


classification is shown in Fig. 1.4. 
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Fig. 1.4 Further classification of the main thread 


2SLC proposition in Fig. 1.4 stands for second-order single logical connection 
proposition, the rest can be inferred by analogy. From Fig. 1.4 we see that the main thread 
is horizontally classified into four grades—terms, fact propositions, single empirical or 
mathematical connection propositions, single logical connection propositions—and is 
vertically classified into zeroth-order, first-order, second-order, third-order, fourth-order 
knowledge. The propositions in Fig. 1.4 are divided into invariable propositions and 
variable propositions. On the upper left side of the double line are invariable propositions; 


on the lower right side, variable propositions. 
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1.2.9 Instance 


When the highest order variables in a proposition are assigned to the same order 
constants, the proposition is said to be instancized: the proposition obtained that is one 
order lower is said to be an instance of the proposition in quention. An instance is divided 
into zeroth-order, first-order, second-order, and third-order instance. A zeroth-order instance 
is also called a ground instance, because there is no variable in it. For example, zeroth-order 
fact proposition turn_around (Earth, Sun) can be regarded as a ground instance of first-order 


fact proposition turn_around(x, y) when x is assigned Earth, y Sun. 


1.2.10 Mutually-inversistic sets revisited 


A zeroth-order fact proposition can be regarded as a belonging-to relationship between 
a zeroth-level element constant and a zeroth-level set constant. For example, 1 >0 can be 
regarded as (1, 0) belonging to x>y, denoted by 

(1, O)ex>y. 

A first-order fact proposition is a zeroth-level set constant. For example, x>y is a 
zeroth-order set constant constituted by all of the zeroth-level elements in Fig. 1.5 marked 
by A. The mutually inverse diagram of x>y is composed of all of the vertexes in Fig. 1.5 
marked by A. 


3 

2 A 

| A 

0 x 
1 2 3 


Fig. 1.5 The mutually inverse diagram Fig. 1.6 The mutually inverse diagram of 
of the zeroth-level set constant the zeroth-level set variable P 
x>y 


A second-order fact proposition is a zeroth-level set variable. For example, P is a 
zeroth-level set variable, its mutually inverse diagram is shown in Fig. 1.6. 

A second-order single empirical or mathematical connection proposition is a first-level 
set constant. For example, P< 'Ọ is a first-level set constant, (man(x), mortal(x)) belongs 


to it, (positive _number(x), integer(x)) doesn’t belong to it. 
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A first-order single empirical or mathematical connection proposition is a belonging- 
to relationship between a first-level element constant and a first-level set constant. For 
example, man(x) < ‘mortal(x) can be regarded as (man(x), mortal(x)) belonging to PS 'Ọ, 
denoted by 

(man(x), mortal(x))eP< 'Q. 

A third-order single empirical or mathematical connection proposition is a first-level 
set variable. For example, ¥ is a first-level set variable. 

A third-order single logical connection proposition is a second-level set constant. For 
example, ¥< 'Q is a second-level set constant, (P< '0, ~O< '—P) belongs to it, (P< ' 
Q, P< '— Q) doesn’t belong to it. 

A second-order single logical connection proposition is a belonging-to relationship 
between a second-level element constant and a second-level set constant. For example, 
{P< 'Q}< '{O< '—P'! can be regarded as (P< '0, ~Q<''—P) belonging to Y< 'Q, 
denoted by 

(P< 'Q, ~Q< '—P)Ee Y< 'Q. 

A fourth-order single logical connection proposition is a second-level set variable. For 


example, A is a second-level set variable. 


1.3 Simple-complex composition 


A composition operator is used to make simple-complex composition. The composing 
propositions are called component propositions or simple propositions, the proposition 
composed is called a compound proposition or a complex proposition. For example, in 
composing parent(x, y) /\ancestor(y, z) from parent(x, y) and ancestor(y, z) by the fact com- 
position operator /\, parent(x, y) and ancestor(y, z) are component propositions, parent(x, 
y)/\ancestor(y, z) is a compound proposition. The relationship between component proposi- 
tions and compound propositions is relative. For example, {QV R} is a component proposi- 
tion relative to PA {QV R}; it is a compound proposition relative to Q and R. 

The principle of simple-complex composition (Frege’s principle): 

(i) The truth value of a compound proposition is determined by that of its n (n=1, 2) 

component proposition(s); 

(ii) When the truth value(s) of its n component proposition(s) have been determined, 

that of the compound proposition is uniquely determined. 

According to Frege’s principle, we can give the operation tables of the various composition 
operators. Take negation — as an example, its operation table is shown in Table 1.5. 

Table 1.5 is so, because the binary tuple of a proposition and its truth value completely 


describe the proposition, and because negation — operates on both the proposition and its 
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truth value. For example, we have (turn_around(Sun, Earth), F), and negation — operates 


on both turn_around(Sun, Earth) and F, obtaining (— turn_around(Sun, Earth), T). 


Table 1.5 Table 1.6 Table 1.7 
Operation table for — Truth table for — Wrong truth table 
(A, F) (=A, T) A =A 
(A, T) (—A, F) F T 
T F 


Table 1.5 is redundant. The first components of the binary tuples of the argument are 
all A, and the first components of the binary tuples of the value are all — A. To remove 
redundancy, we get the truth table Table 1.6. Table 1.6 cannot be simplified as Table 1.7. 
If so, then people will get a misconception that A is a propositional variable, F and T are 
propositional constants, A ranges over F and T. 

Now, we give the truth tables of A, V, and @ in Tables 1.8 to 1.10. 


Table 1.8 Table 1.9 Table 1.10 
truth table for ^ truth table for V truth table for © 
tv(A) _ tv(B) | tv(A/AB) tv(A)  tv(B) | tv(AVB) tv(A) tv(B) | tv(A@B) 
F F F F F F 
F T F F T T 
T F F T F T 
T T T T T T 


1.4 Zeroth-level predicate calculus 


Zeroth-level predicate calculus studies the relationship between a term and a quasi- 

empirical or mathematical connection proposition. 

If a proposition is a quasi-empirical or mathematical connection proposition, then at 

least one of the following holds: 

(1) Namesake term variables occur on both sides of the binary predicates=, <, <, >, 
2>; e.g., X=x, x+y=y+x. These term variables are called quasi-relevantly bound 
term variables. 

(2) Namesake term variables occur on one side of the binary predicate=, <, <, >, 
=, but on both sides of the binary function, +, ~, *, +; e.g., x+(-x)=0. These term 


variables are called quasi-intermediarily bound term variables. 
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(3) A free term variable and quasi-relevantly bound distinguished term 0 or 1 occur; e.g., 
x*0=0. (If a term variable occurs in a quasi-empirical or mathematical connection 
proposition only once, then it is free.) 

A true quasi-empirical or mathematical connection proposition is called a quasi-empirical 

or mathematical theorem; a false one, a quasi-empirical or mathematical countertheorem. 

One method to prove a quasi-empirical or mathematical theorem is mathematical 

induction, as shown in Example 1.1. 

Example 1.1: Prove 1+3+5+...+(2n-1)=n’ to be a quasi-empirical or mathematical 

theorem. 

Proof: Basis: Let n=1, we obtain 1=17. 

Induction hypothesis: Suppose when n=k, we have 1+3+5+...+(2k-1)=k’. 

Induction step: When n=k+1, we have 1+3+5+...+(2k-1)+(2k+1=k’+(2k+1)=(kK+1). 

The following are quasi-empirical or mathematical theorems in elementary algebra: 

x=x, 

ETY PFR, 

x*y=y*x, 

xty+tz=x+(y+z), 

x*y*z=x*(y*Z), 

x*(y+z)=x*y+x*Zz, 

x+0=x, 

x*0=0, 

zri, 

x*l=x, 

x+(-x)=0, 

xex =l 


—(-x)=x. 
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Chapter 2 
Human Cognitive processes and basic 
principles of mutually-inversistic logic 


2.1 Mutually inverse special propositions vs. 
mutually inverse general propositions 


If part of a proposition is still a proposition, then it is called a subproposition of the 
proposition in question. For example, man(x) is a subproposition of man(x)< ‘mortal(x). 

If the outmost operator of a proposition is a connection operator, then the proposition is 
a mutually inverse general proposition relative to the two subpropositions or their instances 
which the connection operator connects, and the two subpropositions or their instances 
which the connection operator connects are mutually inverse special propositions relative to 
the proposition in question. For example, man(x)< 'mortal(x) is a mutually inverse general 
proposition relative to man(x) and mortal(x) or man(Aristotle) and mortal(Aristotle); and 
man(x) and mortal(x) or man(Aristotle) and mortal(Aristotle) are mutually inverse special 
propositions relative to man(x)< 'mortal(x). For example, {P< 'QO}='{ Q< '—P} is 
a mutually inverse general proposition relative to P< 'Q and — Q< '— P or man(x)< ' 
mortal(x) and —mortal(x)< '_,man(x); and P< 'Q and ~Q<S '—P or man(x) < | 
mortal(x) and —mortal(x)< '—man(x) are mutually inverse special propositions relative 
to {P<'O}='{ ,O< '—P}. 


2.2 Unary cognitive processes 


There are two unary cognitive processes for a proposition: establishment and 
employment. The establishment process is one that verifies, proves, disproves, or refutes 
a proposition. The employment process is one that uses an established proposition. For 
example, a mathematical theorem must be proved before it is used. Before a proposition 
is established, its truth value is not determined; at this time, it is called an unknown 
proposition. After a proposition is established, its truth value is determined, and at this time, 
it is called a known proposition. A known proposition is divided into a true proposition and 


a false one. 
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2.3 Binary cognitive processes 


There exists certain relationship between establishment and employment. To establish 
an unknown proposition, we always employ other known propositions; and when we 
employ known propositions, we always do so to establish another unknown proposition. 
The relationship between establishment and employment is that human beings employ 
known propositions to establish unknown propositions. This relationship is one from the 
known to the unknown; it is binary cognitive process (see Fig. 2.1). Unary cognitive process 
refers to a proposition, while binary cognitive process refers to the relationship between 


propositions. 


to employ known propositions to establish an unknown proposition | 


Fig. 2.1 Binary cognitive process 


If from known propositions to unknown propositions is from mutually inverse special 
propositions to mutually inverse general propositions, then the corresponding binary 


cognitive process is called inductive composition (see Fig. 2.2). 


to employ known to establish unknown 
mutually inverse mutually inverse 
special propositions general propositions 


Fig. 2.2 Inductive composition 


If from known propositions to unknown propositions is from mutually inverse general 
propositions to mutually inverse special propositions, then the corresponding binary 


cognitive process is called decomposition (see Fig. 2.3). 


to employ known to establish unknown 
mutually inverse mutually inverse 
general propositions special propositions 


Fig. 2.3 Decomposition 


Inductive composition and decomposition are mutually inverse binary cognitive pro- 
cesses, which justify the name mutually-inversistic logic. 
The following are some examples of inductive composition and decomposition. 


Example 2.1: When we use man(Aristotle) and mortal(Aristotle) to induce 
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man(Aristotle)< 'mortal(Aristotle), use man(Russell) and mortal(Russell) to induce 
man(Russell)< 'mortal(Russell); and use man(Aristotle)< 'mortal(Aristotle) and 
man(Russell)< 'mortal(Russell) to generalize man(x)< 'mortal(x); what we do is first- 
level explicit inductive composition, because from man(Aristotle), mortal(Aristotle), 
man(Russell), mortal(Russell) to man(x)< 'mortal(x) is from mutually inverse special 
proposition s to mutually inverse general proposition. 

Example 2.2: Man(x) and mortal(x) are variable propositions; they do not have definite 
truth values. Let man(x) be true; we can infer that mortal(x) is bound to be true, thus we 
establish man(x)< 'mortal(x). This is first-level implicit inductive composition, because from 
man(x) and mortal(x) to man(x)< 'mortal(x) is from mutually inverse special propositions 
to mutually inverse general proposition. 

Example 2.3: Suppose man(x)< 'mortal(x) has been established, then from man(x)< l 
mortal(x) and man(Zhou) to infer mortal(Zhou) is first-level decomposition, because 
man(x)< 'mortal(x) is a mutually inverse general proposition relative to mortal(Zhou). 

Example 2.4: When we use man(x)< 'mortal(x) and —mortal(x)< '— man(x) to 
induce {man(x)< 'mortal(x)}< '{— mortal(x)< '— man(x)}, use integer(x)< 'rational(x) 
and —rational(x)< '—integer(x) to induce {integer(x)< ' rational(x)} < '{ —rational(x) 
< '—integer(x)}; and use {man(x)< 'mortal(x)}< '{—mortal(x)< '—man(x)} and 
{integer(x)< 'rational(x)} < '{—rational(x)< '—integer(x)} to generalize {P< 'Q} 
<'{=Q<'—P}, what we do is second-level explicit inductive composition. 

Example 2.5: P< 'Q and —Q< '—P are variable propositions; they do not have 
definite truth values. Let P< 'Q be true; we can infer that —~— Q< '—P is bound to be true, 
thus we establish {P< 'Q}< '{—~ Q< '—P}. This is second-level implicit inductive 
composition. 

Example 2.6: Suppose {P< 'Q}< '{Q< '—P} has been established, then from 
{P< 'O}< '{—~ 0< '—P} and parent(x, y)< ‘ancestor(x, y) to infer —ancestor(x, y)< | 
— parent(x, y) is second-level decomposition. 

First-level inductive composition and decomposition are different scientific methods 


from induction and deduction, see Fig. 2.4. 


first-level explicit 


f ; zia induction 
inductive composition 
first-level 
inductive composition 
first-level implicit 
inductive composition . 
deduction 


first-level decomposition first-level decomposition 


Fig. 2.4 Different classifications of scientific methods 
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2.4 Man’s cognitive route 


Man’s cognition of the universe starts from his own feeling of zeroth-order terms. Man 
feels the Sun, the Earth, Aristotle, Russell. Having felt zeroth-order terms, man discov- 
ers zeroth-order fact propositions. Man discovers that the Sun shines, then he establishes 
shine(Sun). Man discovers that Aristotle is a man, then he establishes man(Aristotle). Hav- 
ing established zeroth-order fact propositions, man makes first-level inductive compositions 
from zeroth-order fact propositions to empirical or mathematical theorems, as shown in 
Example 2.1; or from first-order fact propositions to empirical or mathematical theorems, as 
shown in Example 2.2. Example 2.1 is a preliminary stage of Example 2.2. Having estab- 
lished empirical or mathematical theorems, man’s cognition diverges in two directions. One 
is first-level decomposition from empirical or mathematical theorems to zeroth-order fact 
propositions, as shown in Example 2.3. The other is second-level inductive composition 
from empirical or mathematical theorems to logical theorems, as shown in Example 2.4; or 
from second-order single empirical or mathematical connection propositions to logical theo- 
rems, as shown in Example 2.5. Example 2.4 is a preliminary stage of Example 2.5. Having 
established logical theorems, man makes second-level decompositions from it to empirical 
or mathematical theorems, as shown in Example 2.6. Unlike any other modern logics where 
a logical theorem is proved either by a logical axiomatic system or by a natural deduction 
system, in mutually-inversistic logic, a logical theorem is obtained by second-level induc- 
tive composition, as shown in Examples 2.4 and 2.5. Empirical or mathematical theorems 
can be obtained either from fact propositions by first-level inductive composition, as shown 
in Examples 2.1 and 2.2 or from logical theorems by second-level decomposition, as shown 
in Example 2.6. Zeroth-order fact propositions can be obtained in three ways: by being felt 
oneself, being informed by others, being inferred by first-level decomposition, as shown in 
Example 2.3. However, the beginning of the chain of being informed by others is still being 
felt oneself; therefore, for the whole mankind, zeroth-order fact propositions can be obtained in 
two ways: by being felt oneself or being inferred by first-level decomposition. For example, 
human beings feel themselves mortal(Aristotle); infer mortal(Zhou). 

Western logics have logical axiomatic systems. A logical axiomatic system maintains a 
proof chain of logical theorems, the head of which is logical axioms. In mutually-inversistic 
logic, a single logical theorem is proved by second-level implicit inductive composition, 
starting from second-order single empirical or mathematical connection propositions, no 
need for logical axioms. The aim of proving a single logical theorem is to use it to infer a 
single empirical or mathematical theorem by second-level decomposition. Therefore, no 
proof chain of logical theorems is maintained. 


Western mathematics has mathematical axiomatic systems. A mathematical axiomatic 
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system maintains a proof chain of mathematical theorems, the head of which is mathematical 
axioms. Although mutually-inversistic mathematics maintains a proof chain of mathematical 
theorems, the head of the chain is not mathematical axioms, but mathematical theorems 
proved by first-level implicit inductive composition. For example, in number systems, first, 
int(x)< 'rat(x) and rat(x)< 'real(x) are proved by first-level implicit inductive composition; 
then, they are taken as the heads of the proof chain and as the minor premise; and {P< 'Q} 
N {O< 'R}<'{P<'R} is the major premise; by second-level decomposition, int(x)< ' 
real(x) is inferred. Int(x) < 'real(x) can then be used to infer new mathematical theorems. 

Although mutually-inversistic logic and mathematics do not need axioms, for some 
disciplines it is not necessary to start the research from zeroth-order terms. So, in these 
disciplines it is convenient to introduce axioms as the starting point. 

Occidental science is reduction theory, while oriental science is entirety theory. Mutual- 
inversism deems that empirical science, mathematics, and logic are a whole, they are 
inseparable. Occidental science is axiomatic, while oriental science is practical. Mutual- 
inversism is not axiomatic, it is developed in the need of automated theorem proving. Mutu- 


al-inversism is an oriental exact science essentially different from occidental science. 


2.5 Classification of cognitive processes 


From Figs. 2.2 and 2.3 we observe that a binary cognitive process links two unary cog- 
nitive processes; therefore, we can further classify the unary cognitive processes according 
to their positions in the binary cognitive process. The employment and establishment in Fig. 
2.2 are linked by inductive composition; therefore, they are called employment by inductive 
composition and establishment by inductive composition, respectively. For example, the 
employment of man(Aristotle) and mortal(Aristotle) in Example 2.1 are employment by in- 
ductive composition; the establishment of man(x)< ‘mortal(x) in Example 2.1 is establish- 
ment by inductive composition. The employment and establishment in Fig. 2.3 are linked 
by decomposition; therefore, they are called employment by decomposition and establish- 
ment by decomposition, respectively. For example, the employment of man(x)< 'mortal(x) 
and man(Zhou) in Example 2.3 are employment by decomposition; the establishment of 
mortal(Zhou) in Example 2.3 is establishment by decomposition. 

Inductive composition is divided into explicit and implicit inductive composition. If an 
inductive composition depends on the assignments to the variables appearing in the propo- 
sitions, then the inductive composition is explicit; otherwise, it is implicit. For example, the 
inductive composition of Example 2.1 is explicit because it depends on the assignments of 
Aristotle and Russell to the variable x; while the inductive composition of Example 2.2 is 


implicit because it doesn’t depend on the assignments to x. Establishment is carried out in 
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two opposite ways: truthification (an English word coined by the author, meaning verification 
or proof) and falsification. Truthification is used to determine a proposition to be a true one, 
falsification a false one. 

Establishment by decomposition is divided into truthification by decomposition (proof 
by decomposition) and falsification by decomposition. Employment by inductive compo- 
sition is divided into employment by explicit inductive composition and employment by 
implicit inductive composition. Establishment by inductive composition is divided into 
truthification by inductive composition and falsification by inductive composition, which 
are further divided into truthification by explicit inductive composition, truthification by 
implicit inductive composition (proof by inductive composition), falsification by explicit 
inductive composition, and falsification by implicit inductive composition. The classification 
of unary cognitive processes is shown in Fig. 2.5. Fal.imp. ind.com. in Fig. 2.5 stands for 


falsification by implicit inductive composition, the rest can be inferred by analogy. 


una.cog. 
est. emp. 
est. ind. com. est. dec. emp. ind, com. emp. dec. 
fal. tru. dec. fal. dec. emp. exp. emp. imp. 
ind, com. ind com. (pro. dec.) ind. com. ind. com. 
fal. imp. fal. exp. tru. exp. tru. imp. 
ind, com. ind, com. ind, com. ind, com. 


(pro. ind. com.) 


Fig. 2.5 Classification of unary cognitive processes 


2.6 Inductive composition vs. decomposition 


We take the explicit inductive composition of the unknown mutually inverse general 
proposition man(x)< 'mortal(x) as an example to investigate inductive composition. 
Man(x) divides the term space into two sets: <man(x), T> and <man(x), F>, mortal(x) into 
<mortal(x), T> and <mortal(x), F>. Man(x) and mortal(x) jointly divide the term space 
into four minsets: (<man(x), F><mortal(x), F>), (<man(x), F><mortal(x), T>), (<man(x), 
T><mortal(x), F>), (<man(x), T><mortal(x), T>). See Fig. 2.6. 


-Mutually-inversistic logic, mathematics, and their applications 


<man(x), F> <man(x), T> 
<mortal(x), T> | <mortal(x), T> 


<mortal(x), T> 


<man(x), F> <man(x), T> 
<mortal(x), F> <mortal(x), F> Smortal), F> 
<man(x), F> <man(x), T> 


Fig. 2.6 The four minsets of man(x)< 'mortal(x) 


Let us regard each minset as two arguments of a function, and stipulate a value for 
each of them, obtaining the operation table of an instance of mutually inverse implication, 
Table 2.1. 


Table 2.1 Operation table of inductive composition of an instance of < ' 
<man(x), F><mortal(x), F> 'mortal(x), T> 
<man(x), F><mortal(x), T> 
<man(x), T><mortal(x), F> 
<man(x), T><mortal(x), T> 


<man(x)< 
<man(x)< 'mortal(x), n> 
<man(x)< 'mortal(x), F> 
“'mortal(x), T> 


<man(x)< 


Those minsets valued T constitute the support or truth area of man(x)< 'mortal(x), 
because all of the assignments to x in these minsets are in support of it. The minset valued F 
constitutes the opposition or falsity area of man(x)< 'mortal(x), because all of the assign- 
ments in this minset oppose it. The minset valued n constitutes the neutral or indeterminacy 
area of man(x)< 'mortal(x), because the assignments in this minset neither support nor 
oppose it. 

Table 2.1 is redundant; e.g., the first components of the binary tuple of the left argument 


are all man(x). To remove redundancy, we obtain the truth table Table 2.2. 


Table 2.2 Truth table of inductive composition of an instance of < ' 


tv(man(x)) tv(mortal(x)) tv(man(x)< 'mortal(x)) 
F F T 
F T n 
T F F 
T T T 


Now, let us assign the term constants in the term space to x, one by one. When x is 
assigned Aristotle, man(Aristotle) is true and mortal(Aristotle) is true. This assignment 
belongs to the minset (<man(x), T><mortal(x), T>). According to the fourth row of Table 2.1, 


we obtain an induction operation: 


<man(Aristotle), T><mortal(Aristotle), T> | <man(Aristotle)< 'mortal(Aristotle), T> 
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The second component of the value is T, which shows that “Aristotle”is an example 
supporting man(x)< 'mortal(x) once. Likewise, when x is assigned Russell, we have an 
induction operation: 


<man(Russell), T> <mortal(Russell), T> <man(Russell)< 'mortal(Russell), T> 


Again, “Russell” is an example supporting man(x)< 'mortal(x) once. The fourth row 


of Table 2.1 tells us three things: first, for each assignment of the term constant in the minset 
(<man(x), T><mortal(x), T>) to x, the row represents an induction operation valued T; 
secondly, every such assignment is an example supporting man(x)< 'mortal(x); thirdly, the 
minset (<man(x), T><mortal(x), T>) is part of the support area of man(x)< 'mortal(x). 

When x is assigned a stone, man(stone) is false and mortal(stone) is false. This assignment 
belongs to the minset (<man(x), F><mortal(x), F>). According to the first row of Table 2.1, 
we obtain an induction operation: 


<man(stone), F> <mortal(stone), F> <man(stone)< 'mortal(stone), T> 


The second component of the value is T, which shows that “stone” is an example 


supporting man(x)< 'mortal(x) once. The same is true when x is assigned a brick. The first 
row of Table 2.1 tells us three things similar to those of the fourth row. 

The third row of Table 2.1 tells us three things: first, when x was assigned a term 
constant in the minset (<man(x), T><mortal(x), F>) (in this example, such an assignment 
doesn’t exist), this row represents an induction operation valued F; secondly, every such 
assignment is a counterexample opposing man(x)< 'mortal(x); thirdly, the minset (<man(x), 
T><mortal(x), F>) constitutes the opposition area of man(x)< 'mortal(x). 

The second row of Table 2.1 tells us that the assignment of term constants such as a cat 
or a dog in the minset (<man(x), F><mortal(x), T>) to x neither support nor oppose man(x) 
< 'mortal(x). There is no need to determine whether there are such assignments or not; the 
minset constitutes the neutral area of man(x)< 'mortal(x). 

As x is assigned term constants in the term space, one by one, we obtain a series of 
induction operations, which constitute extended inductive inference of simple enumeration, 
so called because inductive inference of simple enumeration is from <man(Aristotle)< | 
mortal(Aristotle), T>, <man(Russell)< 'mortal(Russell), T>, etc., to infer <man(x)<' 
mortal(x), T>. However, here we must in addition consider <man(stone)< 'mortal(stone), 
T>, <man(brick)< 'mortal(brick), T>, etc. When x has been assigned all of the term constants 
in the term space, the inductive composition concludes. (If the term space is an infinite one, 
then with the finite life of man, he cannot make infinite assignments; instead he arbitrarily 
makes finite ones.) Now, in order to decide whether the unknown mutually inverse general 
proposition man(x)< 'mortal(x) is truthified (‘“truthify” is the verb form of truthification) or 
falsified, we need to investigate whether the two criteria are met or not: 


(1) All of the minsets that constitute the opposition area of the unknown mutually 
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inverse general proposition are empty; 

(2) None of the minsets that constitute the support area of the unknown mutually 

inverse general proposition is empty. 

If (1) is not met, i.e., there exists at least one instance in the opposition area, then the 
instance is a counterexample falsifying the unknown mutually inverse general proposition. 
If (2) is not met, i.e., at least one minset of the support area is empty, then we lack examples 
in the minset to support the unknown mutually inverse general proposition, which is also 
falsified. If both (1) and (2) are met, then the unknown mutually inverse general proposition 
is truthified. In this example, both criteria are met, therefore man(x)< ‘mortal(x) is truthified 
by explicit inductive composition. 

Note that (1) and (2) are applicable not only to man(x)< 'mortal(x), but also to any 
unknown mutually inverse general first-order single empirical or mathematical connection 
proposition and second-order single logical connection propositions; and not only to explicit 
inductive composition, but to implicit inductive composition as well. 

After man(x)< 'mortal(x) has been established, we can make decompositions using 
Table 2.3.(Please keep in mind that Table 2.3 can be simplified to truth table.) 


Table 2.3 An instance of the operation table of decomposition for < ' 


<man(x) < 'mortal(x), F> <man(x), F> <mortal(x), u> 
<man(x) < 'mortal(x), F> <man(x), T> <mortal(x), u> 
<man(x) < 'mortal(x), T> <man(x), F> <mortal(x), u> 
<man(x) < 'mortal(x), T> <man(x), T> <mortal(x), T> 


<man(x)< 'mortal(x), T> serves as the major premise; <man(Zhou), T> is the minor 
premise. From the major premise and minor premise we can decompose the conclusion 
<mortal(Zhou), T>. However, when man(x)< 'mortal(x) is true and man(x) is false, then 
mortal(x) cannot be uniquely determined. Because x can be a cat, in this case, mortal(cat) is 
true. X can also be a stone; in this case, mortal(stone) is false. Therefore, decomposition just 


cannot go on. 


2.7 The Principle of inductive composition, 
the principle of decomposition, and the 
principle of mutual inverseness between 
inductive composition and decomposition 


If the outmost connection operator of a proposition is a multi-cellular connection 


operator, then the proposition is called a multi-cellular proposition. If the outmost 
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connection operator of a proposition is a unicellular connection operator, then the 
proposition is called a unicellular proposition. 

The principle of inductive composition: 

(1) The truth value of an unknown mutually inverse general proposition is determined 
by that of its two known mutually inverse special propositions; 

(2) When determining the truth value of an unknown unicellular mutually inverse 
general proposition, we must investigate every minset of it; 

(3) When determining the truth value of an unknown multi-cellular mutually inverse 
general proposition, we need not investigate some minsets of it. 

The principle of decomposition: 

(1) The truth value of an unknown mutually inverse special proposition is determined 
by that of a known mutually inverse general proposition and its known mutually 
inverse special proposition; 

(2) When the truth values of the known mutually inverse general proposition and its 
known mutually inverse special proposition have been determined, in some cases 
the truth value of the unknown mutually inverse special proposition cannot be 
uniquely determined. These cases are the invalid inference forms, and in these 
cases, inference cannot go on; 

(3) When the truth values of the known mutually inverse general proposition and its 
known mutually inverse special proposition have been determined, in some cases 
the truth value of the unknown mutually inverse special proposition can be uniquely 
determined. These cases are the valid inference forms, and in these cases, inference 
can go on. 

The principle of mutual inverseness between inductive composition and decomposition: 

(1) When an inductive composition concludes, the unknown mutually inverse general 
proposition becomes the known one, then decomposition can begin; 

(2) When a decomposition concludes, the unknown mutually inverse special 
proposition becomes the known one, then new inductive composition can begin; 

(3) Inductive composition and decomposition are mutually inverse human binary 


cognitive processes. 


2.8 Truth tables of inductive composition and 
decomposition for the connection operators 


First, let us discuss why the truth table of inductive composition for < ' is defined as 
Table 1.2. A< 'B means that A is a sufficient condition of B. A< 'B means that A is a suf- 


ficient but not necessary condition of B. A='B means that A is a sufficient and necessa i 
y ry 
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condition of B. A< 'B is equivalent to the exclusive or of A< 'B and A= 'B. The truth 
tables for < ' are shown in Tables. 2.4 to 2.6.The trath tables for = ' are shown in Tables 2.7 to 2.9. 

Table 2.4 is the same as the truth table for —. The mutually inverse diagram of < ' is 
the same as Fig. 1.1 (d). From Fig. 1.1 (d) we see that when A is true, B is bound to be true; 
while when B is true, A may not be true. This is to say, A< 'B indeed represents that A is a 


sufficient but not necessary condition of B. 


Table 2.4 Table 2.5 Table 2.6 
Inductive composition for<' Decomposition one for< ' Decomposition two for<' 
tv(A) tv(B) | tv(A< 'B) tv(A<"'B) tv(A) | tB) = tv(A<''B) tv(B) 


F F T F F u F F u 
F T T F T u F ig 
T F F T F u T F 
Je T T jà T T T AÀ 


The truth tables for =' are shown in Tables 2.7 to 2.9. 


Table 2.7 Table 2.8 Table 2.9 
Inductive composition for=' Decomposition one for=' Decomposition two for = 


tv(A) — tv(B) tv(A='B)  tv(A) | tv(B) tv(A='B) _ tv(B) 
F F u F F 
F T u F T 
T F F T F 
T T T T 


Table 2.7 is the same as the truth table for >. The mutually inverse diagram of = ' is 
the same as Fig. 1.1 (e). Obviously, A= 'B represents that A is a sufficient and necessary 
condition of B. 

The common part of A< 'B and A=''B is that in both cases A is a sufficient condi- 
tion of B. The common part of Tables 2.4 and 2.7 is that in both tables the first row is T, the 
third row is F, the fourth row is T. AX 'B is the common part of A< 'B and A= 'B: Aisa 
sufficient condition of B. Hence, in Table 1.2, the first row is T, the third row is F, the fourth 
row is T. The different part of A< 'B and A='B is that in the A < 'B case, B is not a suffi- 
cient condition of A; while in the A= 'B case, B is a sufficient condition of A. The different 
part of Tables 2.4 and 2.7 lies in their second row. Since AX 'B does not care whether B is 
a sufficient condition of A or not, the second row of Table 1.2 is n, meaning “need not determine 
whether it is true or false”. 

The connection operators< ', =', and < ' in a mutually inverse general proposition 


connects two mutually inverse special propositions, the left one is the antecedent, the right 
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one is the consequent. 

The truth tables of decomposition one for < ', = ', and < ' are the affirmative expres- 
sions of hypothetical inference. The truth tables of decomposition two for< ', = ', and< ' 
are the negative expressions of hypothetical inference. 

The establishment of A being a sufficient condition of B is that suppose A is true, if we 
can infer that B is true, then we establish that A is a sufficient condition of B. The employment 
of A being a sufficient condition of B is that suppose A is a sufficient condition of B, then 
from A being true we can infer B being true. 

A\/ 'B is equivalent to ~A < 'B, AV 'B to ~A< 'B, A@ 'B to ~ A= 'B. And 
A V/ 'B is the exclusive or of A V 'B and A@ 'B. The truth table of inductive composition 
for A\V/ 'B can be obtained from that for —A< 'B in this way: rewrite Table 1.2 as Table 
2.10, which is the same as Table 2.11; interchange the first row and the third row, inter- 
change the second row and the fourth row of Table 2.11, obtaining Table 2.12, which is the 
same as Table 2.13. The truth tables of decomposition for A\// 'B, shown in Tables 2.14 
and 2.15, can be obtained similarly. 


Table 2.10 Table 2.11 Table 2.12 
From—A<'BtoAV/'B From—A<"'BtoA\V/'B From—A<'BtoA\V/'B 


tv(—A) tv(B) |tv(—A<`'B) tv(A) tv(B)|tv(—~A<`'B) tv(A) tv(B)|tv(—A<`B) 


F F T T F T F F F 

F T n T T n F T T 

T F F F F F T F T 

T T T F T I T T n 
Table 2.13 Table 2.14 Table 2.15 


Inductive composition for\//"' Decomposition one for\//"' Decomposition two for V /™' 


tv(A) tw(B) | tv(A\V/"'B) tv(AV/'B) tv(A) | tB)  tw(AV/'B) _ tv(B) | tv(A) 


F F F F F u F F u 
F T T F T u F T u 
T F T T F T T F T 
T T n T T u T T u 


Now, we give the truth tables for V ' in Tables 2.16 to 2.18, those for @ ' in Tables 2.19 
to 2.21. 
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Table 2.16 Table 2.17 Table 2.18 
Inductive composition for\/' Decomposition one for\/' Decomposition two for \/ 


tv(A) tv(B) | tv(AV 'B) tv(AV'B) tv(A) | tv(B) tv(A V 'B) 
F F F F F u 
F F T F E u 
T F T T P T 
T T. T T T u 
Table 2.19 Table 2.20 Table 2.21 
Inductive composition for @' Decomposition one for @' Decomposition two for ~ 
tv(A) tv(B) | tv(A@'B) tv(A®@'B)  tv(A) | tv(B) tv(A®'B) — tv(B) | tv(A) 
F F F F F u 
F T T F T u 
I F T T F T 
T T F T T F 


The truth tables of decomposition for \V/ '.\/ ', and @ ' can be used to make disjunc- 
tive inference. 

The truth tables for //\ ' are given in Tables 2.22 to 2.24, those for X ' are given in 
Tables 2.25 to 2.27. 


Table 2.22 Table 2.23 Table 2.24 
Inductive composition for//\' Decomposition one for//\"' Decomposition two for//\ 
tv(A) tv(B) | tv(A/A'B) tv(A/\'B) tv(A) | tv(B) — tv(A/A B) tv(B) 


F F n F F u F F 

F T n F T F F T 

T F n T F u T F 

T T T T T u T i ly 
Table 2.25 Table 2.26 Table 2.27 


Inductive composition forX™ Decomposition one for X"' Decomposition two for X~ 
tv(A) tv(B) | tv(AX`'B) t(AX“™B) tv(A) | tv(B) t(AX'B) tvw(B) 


F F 
F T 
E F 
T T 


At a first glance, it seems that these operations are not closed, because the arguments 


participating in the operations are F and T; while the values yielded are F, T, n, and u. But 
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actually, these operations are closed, because n and u will not be generated. We take Table 2.1 
as an example for n. Suppose x is assigned a cat, after finding the result is n, the assignment 
cat is discarded, <man(cat)< 'mortal(cat), n> is not generated. We take Table 2.3 as an example 
of u. Suppose man(x)< 'mortal(x) is true and man(x) is false, after finding the result is u, 
no inference is made, <mortal(x), u> is not generated. 

Note that the truth tables of decomposition of these connection operators are the 
generalized inverse functions of their truth tables of inductive composition, because for 
multi-cellular connection operators, their inverse functions in strict sense do not exist, 
for unicellular connection operators, their inverse functions in strict sense exist but are 


unworkable. 


2.9 Mutually inverse diagrams for the 
connection operators 


We can use mutually inverse diagrams to denote the relationship between two sets. 
Suppose A and B are two sets that are not distinguished sets, then we can construct mutually 


inverse diagrams for the 7 unicellular propositions shown in Figs. 2.7 to 2.13. 


CIO 


Fig. 2.7 Fig. 2.8 Fig. 2.9 Fig. 2.10 
A='Band—A@'B A<'Band—A\'B AX'B A® 'B and —A='B 
aB 
B | a5 
Fig. 2.11 Fig. 2.12 Fig. 2.13 
—A< 'Band AV 'B —A< '—B and A V '—B A< '—Band—~AV'—B 
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The unicellular proposition A= 'B being true is denoted by Fig. 2.7. A= 'B being false 
is denoted by Figs. 2.8 to 2.13. The rest can be inferred by analogy. The multi-cellular prop- 
osition AX 'B is denoted by Figs. 2.7 and 2.8, the common characteristic of which is the 
absence of the minset (<A, T><B, F>). The multi-cellular proposition A//\ 'B is denoted by 
Figs. 2.7 to 2.9 and 2.11 to 2.12, the common characteristic of which is the presence of the 
minset (<A, T><B, T>). The multi-cellular proposition A \V/ 'B is denoted by Figs. 2.10 and 
2.11, the common characteristic of which is the absence of the minset (<A, F><B, F>). 

The relationship between A AB and A/A 'B is that if A AB is true, i.e., the minset (<A, 
T><B, T>) is nonempty, then A/A 'B is true; otherwise, A//\ 'B is false. — { A AB} is 
equivalent to ~A V —B. —{ A/A 'B} is equivalent to >A V/ '—B. The relationship be- 
tween — A V —B and —A\// '—Bis that if — A V —B is true, then — A V/ '—B is true; 


otherwise, — A V/ '—B is false. 


2.10 The principle of meaningfulness 
and meaninglessness duality for the 
distinguished propositions 


Do Uy, Di, U;, Ø, U, are distinguished propositions or distinguished sets. The empty 
sets do not reflect objective being; e.g., dragon(x) is an empty set, for there is no drag- 
on at all in the universe. The universal sets reflect ubiquity. However, in the abstract logical 
operations, distinguished propositions are bound to be yielded, and are bound to be operated 
upon; e.g., the conjunction of P and —P is Øp. 

Single empirical or mathematical connection propositions and quasi-logical connection 
propositions with the outmost connection operator being< ' study the transition from one 
objectively existing but not ubiquitous fact to another. The two facts that the empirical or 
mathematical connection operator connects must not be distinguished propositions. The 
multiple empirical or mathematical connection propositions study the connections among 
the objectively existing but not ubiquitous facts which must not be distinguished proposi- 
tions. Single logical connection propositions and quasi-transcendent logical connection 
propositions with the outmost connection operator being< ' study the transition from one 
objectively existing but not ubiquitous single empirical or mathematical connection to 
another. The two single empirical or mathematical connection propositions that the logical 
connection operator connects must not be distinguished propositions. 

The quasi-logical connection proposition with the outmost connection operator being 
=" and the quasi-transcendent logical connection proposition with the outmost connection 


operator being= represent abstract operations. There can be distinguished propositions in 


them. In fact, their uses are as replacements. For example, PAQ in the proposition PAQ 
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< 'R can be replaced by QAP in the quasi-logical connection proposition PAQ=' QAP, 
thus P/\OX 'R is equivalently transformed into QA P< 'R. 

The principle of meaningfulness and meaninglessness duality for the distinguished 

propositions: 

(1) The distinguished proposition occurring in single empirical or mathematical 
connection propositions, multiple empirical or mathematical connection 
propositions, single logical connection propositions, quasi-logical connection 
propositions with the outmost connection operator being< ', and quasi-transcendent 
logical connection propositions with the outmost connection operator beingS ' 
is meaningless; one occurring in quasi-logical connection propositions with the 
outmost connection operator being=' and quasi-transcendent logical connection 
proposition with the outmost connection operator being= ' is meaningful; 

(2) If there is a distinguished proposition occurring in single empirical or mathematical 
connection propositions, multiple empirical or mathematical connection 
propositions, single logical connection propositions, quasi-logical connection 
propositions with the outmost connection operator being< ', and quasi-transcendent 
logical connection propositions with the outmost connection operator being ', 
then these propositions are meaningless propositions; otherwise, they are 
meaningful ones; 

(3) Quasi-logical connection propositions with the outmost connection operator 
being= ' and quasi-transcendent logical connection proposition with the outmost 
connection operator being= ' are meaningful propositions regardless of whether or 


not there is a distinguished proposition in them. 
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Chapter 3 
First-level single quasi-predicate calculus 


First-level single quasi-predicate calculus studies the relationship between fact 
propositions and single empirical or mathematical connection propositions, quasi-logical 


connection propositions. 


3.1 Meaningless and meaningful first-order 
single empirical or mathematical connection 
propositions 


X=y/\x<y in the proposition x=y/\x<y< 'v<y is an empty set, according to the 
principle of meaningfulness and meaninglessness duality for distinguished propositions, 
the proposition is a meaningless one; while parent(x, y)< ‘ancestor(x, y) is a meaningful 
proposition, for none of parent(x, y) and ancestor(x, y) is a distinguished proposition. For an 
implication proposition to be a meaningful one, it is sufficient to require that the antecedent 


be not permanently false and the consequent be not permanently true. 


3.2 Free and bound first-order single empirical 
or mathematical connection propositions 


Unlike other first-order logics, the first-level single quasi-predicate calculus is quan- 
tifier-free, the boundness of term variables is realized by the common occurrences of term 
variables in a single empirical or mathematical connection proposition. 

A single empirical or mathematical connection proposition is a connection between 
two fact propositions, and is connected by the same terms. For example, the fact proposi- 
tions man(Aristotle) and mortal(Aristotle) in man(Aristotle)< 'mortal(Aristotle) are 
connected by the same term Aristotle, while there is no connection between man(Aristotle) 
and mortal(Russell) in man(Aristotle)< 'mortal(Russell). Generally, the fact propositions 
man(x) and mortal(x) in man(x) < 'mortal(x) are connected by the same term variable x, 
while there is no connection between man(x) and mortal(y) in man(x)< 'mortal(y), because 
there is not the same term variable to connect them. Namesake term variables occurring on 
both sides of an empirical or mathematical connection operator are called relevantly bound 
term variables; e.g., x in man(x)< 'mortal(x) is a relevantly bound term variable. 


Sometimes, although there are the same terms between two fact propositions, there 
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is still no connection between them. For example, there is no connection between the 
fact propositions parent(Old John, Big John) A\ancestor(Middle John, Little John) and 
ancestor(Old John, Little John) in parent(Old John, Big John) /\ancestor(Middle John, Little 
John)< 'ancestor(Old John, Little John), although there are the same terms, Old John and 
Little John, between them. Generally, there is no connection between the fact propositions 
parent(x, y) /\ancestor(w, z) and ancestor(x, z) in parent(x, v) /\ancestor(w, z)< ‘ancestor(x, 
z), although there are the same term variables, x and z, between them. While there is a con- 
nection between the fact propositions parent(Old John, Big John) /\ancestor(Big John, Little 
John) and ancestor(Old John, Little John) in parent(Old John, Big John) /\ancestor(Big 
John, Little John)< 'ancestor(Old John, Little John), this is not only because there are 
the same terms, Old John and Little John, to establish a connection between them but also 
because there is Big John to act as an intermediary role to the connection established by 
Old John and Little John. Generally, there is a connection between the fact propositions 
parent(x, v) /\ancestor(y, z) and ancestor(x, z) in parent(x, y)/\ancestor(y, z)< ‘ancestor(x, 
z), this is not only because there are the same term variables, x and z, to establish a connection 
between them but also because there is y to act as an intermediary role to the connection 
established by x and z. Y in parent(x, y) \ancestor(y, z)< ‘ancestor(x, z) is called an inter- 
mediarily bound term variable. A term variable is intermediarily bound if it occurs on one 
side of an empirical or mathematical connection operator but on both sides of a binary fact 
composition operator. 

If a term variable occurs on one side of an empirical or mathematical connection operator 
but on both sides of a binary predicate, then it is an additionally bound term variable. For 
example, z in x+z=y+z< 'x=y is an additionally bound term variable. 

If a term variable occurs on one side of a binary predicate but on both sides of a binary 
function, then it is a juxtaposed bound term variable. For example, z in x*x+y*y+z*z<1<' 
x*x+y*y< |l is a juxtaposed bound term variable. 

If a term variable occurs in a single empirical or mathematical connection proposition 
only once, then it is a free term variable. For example, x and y in man(x) < 'mortal(y) are 
all free term variables. If a term variable occurs in a single empirical or mathematical con- 
nection proposition more than once, then it is bound, for it can be at least one of the four 
above mentioned boundness. Take x<y/\x<z< 'x<y+z as an example. The first and 
second occurrences of x are intermediarily bound, the first and third occurrences of x are 
relevantly bound, the second and third occurrences of x are relevantly bound. 

If all of the term variables in a single empirical or mathematical connection proposition 
are bound, then the proposition is bound. If at least one term variable in a single empirical 
or mathematical connection proposition is free, then the proposition is free. 


If a first-order single empirical or mathematical connection proposition is meaningful and 
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bound, then the establishment by inductive composition of it can be made. For an implication 
proposition, meaningfulness and boundness means that it is not an implication paradox, for 
meaningfulness means that the antecedent is not permanently false, the consequent is not 
permanently true; boundness means that the antecedent and the consequent share the same 


relevantly bound term variable. 


3.3 First-level explicit inductive composition 


Example 3.1: Truthify man(x)< 'mortal(x) by explicit inductive composition. 

Solution: Man(x) and mortal(x) are neither empty sets nor universal sets. Therefore, 
man(x)< 'mortal(x) is a meaningful proposition. X in man(x)< 'mortal(x) is relevantly 
bound. Therefore, man(x)< 'mortal(x) is a bound proposition. Inductive composition can 
go on. From Table 1.2 we learn that the minset (<man(x), T><mortal(x), F>) belongs to 
the opposition area of man(x)< ‘mortal(x), the minsets (<man(x), F><mortal(x), F>) and 
(<man(x), T><mortal(x), T>) belong to the support area of man(x)< '‘mortal(x). The two 
criteria for deciding whether man(x)< 'mortal(x) is truthified or falsified are given below: 

(1) (<man(x), T><mortal(x), F>) is empty; 

(2) None of (<man(x), F><mortal(x), F>) and (<man(x), T><mortal(x), T>) is empty. 

Criterion (1) is met; i.e., (<man(x), T><mortal(x), F>) is empty, for there is no immortal 
man on the Earth. We would like to point out that if (1) is met, then (2) is automatically 
met; i.e., if (<man(x), T><mortal(x), F>) is empty, then none of (<man(x), F><mortal(x), F>) 
and (<man(x), T><mortal(x), T>) is empty. Because if (<man(x), T><mortal(x), T>) is also 


empty, then the term space is shown in Fig. 3.1, where the shaded minsets represent empty ones. 


<man(x), F> <man(x), T> —_ 
<mortal(x), T> | <mortal(x), T> <mortal(x), T> 
<man(x), F> <man(x), T> 
<mortal(x), F> | <mortal(x), F> <mortal(x), F> 


<man(x), F> <man(x), T> 


Fig. 3.1 Both (<man(x), T><mortal(x), F>) and 
(<man(x), T><mortal(x), T>) are empty 


From Fig. 3.1 we observe that man(x) is an empty set or permanently false proposition. 
According to the principle of meaningfulness and meaninglessness duality for distinguished 
propositions, man(x)< 'mortal(x) is a meaningless proposition, which contradicts the fact 
that man(x)< 'mortal(x) is a meaningful one. Therefore, (<man(x), T><mortal(x), T>) can- 
not be empty. If (<man(x), F><mortal(x), F>) is also empty, then the term space is shown in 


Fig. 3.2, where the shaded minsets represent empty ones. 
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<man(x), F> <man(x), T> 
<mortal(x), T> | <mortal(x), T> 
<man(x), F> <man(x), T> 
<mortal(x), F> | <mortal(x), F> 
<man(x), F> <man(x), T> 


Fig. 3.2 Both (<man(x), T><mortal(x), F>) and 
(<man(x), F><mortal(x), F>) are empty 


<mortal(x), T> 


<mortal(x), F> 


From Fig.3.2 we observe that mortal(x) is a universal set or permanently true proposi- 
tion. According to the principle of meaningfulness and meaninglessness duality for distin- 
guished propositions, man(x)< 'mortal(x) is a meaningless proposition, which contradicts 
the fact that man(x)< 'mortal(x) is a meaningful one. Therefore, (<man(x), F><mortal(x), 
F>) cannot be empty. 

Thus, we conclude that when establishing man(x)< 'mortal(x) by inductive composi- 
tion, we need only to investigate the minset (<man(x), T><mortal(x), F>), and the two 
criteria become one; that is criterion (1): if there is at least one assignment to x belonging to 
(<man(x), T><mortal(x), F>), then man(x)< ‘mortal(x) is falsified; otherwise, it is truthified. 

Example 3.2: Truthify man(x)//\"'land_on_the Moon(x) by explicit inductive compo- 
sition. 

Solution: Man(x) and land_on_the_ Moon(x) are neither empty sets nor universal sets, 
therefore, man(x)//\ ‘land on the Moon(x) is meaningful. X in man(x)//\ 'land_on_the_ 
Moon(x) is relevantly bound, therefore, the proposition is bound. Inductive composition 
can go on. From Table 2.22, we learn that the minset (<man(x), T><land_on_ the Moon(x), 
T>) constitutes the support area of man(x)/.’\ 'land_on_the_Moon(x), no minset constitutes 
the opposition area. Therefore, we need only to investigate criterion (2). Astronaut N. Arm- 
strong belongs to the minset (<man(x), T><land_on_the Moortx). T>), which is not empty. 
Thus, man(x)//\ ‘land on the Moon(x) is truthified by explicit inductive composition. 

Example 3.3: Truthify publish(x)\V/ 'perish(x) by explicit inductive composition. 

Solution: Publish(x) and perish(x) are neither empty sets nor universal sets, therefore, 
publish(x) V / ‘perish(x) is meaningful. X in publish(x) V/ ‘perish(x) is relevantly bound, 
therefore, the proposition is bound. Inductive composition can go on. From Table 2.13 
we learn that the minset (<publish(x), F><perish(x), F>) constitutes the opposition area of 
publish(x) \V/ 'perish(x), and that the minsets (<publish(x), F><perish(x), T>)(<publish(x), 
T><perish(x), F>) constitute the support area of publish(x) V/ 'perish(x). There is no such 
professor who does not publish and who does not perish; i.e., the minset (<publish(x), F> 
<perish(x), F>) is empty. Because of this, we assert, similar to the analysis given in Example 
3.1, that none of (<publish(x), F><perish(x), T>)(<publish(x), T><perish(x), F>) is empty. 
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Therefore, publish(x)\V/ 'perish(x) is truthified by explicit inductive composition. 

Example 3.4: Falsify prime_number(x)< 'odd_number(x) by explicit inductive com- 
position. 

Solution: Prime_number(x) and odd_number(x) are neither empty sets nor universal 
sets, therefore, prime_number(x)< 'odd_number(x) is meaningful. X in prime_number(x) 
< 'odd_number(x) is relevantly bound, therefore, the proposition is bound. Inductive 
composition can go on. 2 belongs to the minset (<prime_number(x), T><odd_number(x), 
F>), which constitutes the opposition area of prime_number(x)< 'odd_number(x). Thus, 2 


serves as a counterexample, falsifying prime_number(x)< 'odd_number(x). 


3.4 First-level implicit inductive composition 


Example 3.5: Truthify man(x)< 'mortal(x) by implicit inductive composition. 

Solution: Man(x)< 'mortal(x) is meaningful and bound, inductive composition can 
go on. Suppose x is a man, then x is bound to experience birth, infancy, growing-up, adult, 
senility, death. That is, the minset (<man(x), T><mortal(x), F>) that constitutes the opposition 
area of man(x)< 'mortal(x) is empty, and criterion (1) is met. Similar to the analysis given in 
Example 3.1, none of the minsets (<man(x), F><mortal(x), F>) and (<man(x), T><mortal(x), T>) 
is empty, and criterion (2) is also met. Thus, man(x)< 'mortal(x) is truthified by implicit 
inductive composition. 

Example 3.6: Truthify man(x)//\"'live_extraterrestrially(x) by implicit inductive com- 
position. 

Solution: Man(x) and live _extraterrestrially(x) are neither empty sets nor universal 
sets, therefore, man(x)//\ 'live_extraterr» tiially(x) is meaningful. X in man(x)// ‘live_ 
extraterrestrially(x) is relevantly bound, therefore, the proposition is bound. Inductive com- 
position can go on. The minset (<man(x), T>< live_extraterrestrially(x), T>) constitutes the 
support area of man(x)//\ ‘live_extraterrestrially(x). At present, we have not found an ex- 
traterrestrial; i.e., we have not found a term constant belonging to this minset. However, in 
every 100,000 planets there is one whose condition is similar to that of the Earth. Therefore, 
the possibility of such a term constant exists. Thus, man(x)//\ 'live_extraterrestrially(x) is 
truthified by implicit inductive composition. 

The following are single empirical or mathematical theorems in elementary algebra: 

x=y='y=x 

ap "psex 

x=yAy=z< 'x=z 

x<ypAy<z< 'x<z 

x=yAy<z<'x<z 
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x<y< 'x<y 
x<y<'-y<-x 
x<yAySx< 'x=y 
x<y<'x+z<y+z 


x<yAuSv< 'xtuX<yt+v 


3.5 Contradictory propositions 


Of two propositions, if one is true, the other is bound to be false, and if one is false, the 
other is bound to be true, then they are contradictory propositions. Suppose p(x) and g(x) are 
not distinguished propositions. P(x)< 'g(x) and p(x)//\ '—q(x) are contradictory proposi- 
tions. If the minset (<p(x), T><q(x), F>) is empty, then p(x)< 'g(x) is true and p(x)//\ ' q(x) 
is false; otherwise, p(x)< 'q(x) is false and p(x)//\ '—q(x) is true. 


3.6 First-level decomposition 


Decomposition includes hypothetical inference and disjunctive inference. 

First-level hypothetical inference is from man(x)< 'mortal(x) being true and 
man(Xunwei Zhou) being true to infer mortal(Xunwei Zhou) being true. From Section 2.4 
we learn that a zeroth-order fact proposition can be obtained in two ways: being felt oneself, 
being inferred by first-level decomposition. Suppose we have truthified the major premise 
man(x)< 'mortal(x). After we truthify the minor premise man(Xunwei Zhou), before we 
use Table 1.3 to infer mortal(Xunwei Zhou) to be true and feel ourselves mortal(Xunwei 
Zhou) to be true (when writing this book, Xunwei Zhou is still alive, you cannot feel 
mortal(Xunwei Zhou) to be true), we have not determined mortal(Xunwei Zhou) to be 
true. This is to say, the minor premise man(Xunwei Zhou) alone cannot decide the conclusion 
mortal(Xunwei Zhou). This property is called the first-level non-decidedness of minor premise 
to conclusion. If this property holds, then from the major premise man(x)< ' mortal(x) and 
minor premise man(Xunwei Zhou) by Table 1.3 to infer the conclusion mortal(Xunwei Zhou) is 
from the known to the unknown, and the conclusion is a new knowledge to the minor premise. 

Suppose we have truthified publish(x)\V/ 'perish(x) and falsified publish(John), then 
by Table 2.14 we can infer perish(John). 


3.7 Quasi-logical connection propositions 


A quasi-logical connection proposition with the empirical or mathematical connection 


operator being= ' must stisfy at least one of the three conditions: 
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(1) Namesake fact proposition variables occur on both sides of the empirical or 
mathematical connection operator='; e.g., P='P, PVO='O\P. These fact 
proposition variables are called quasi-relevantly bound fact proposition variables. 

(2) Namesake fact proposition variables occur on one side of the empirical or 
mathematical connection operator= ' but on both sides of a binary fact composition 
operator; e.g., PV =~ P= 'U,, PA ~P='@,. These fact proposition variables are 
called quasi-intermediarily bound fact proposition variables. 

(3) Quasi-relevantly bound zeroth-level distinguished set Ø or U, and a free fact 
proposition variable occur; P A Ø= ‘Øo. 

A quasi-logical connection proposition with the empirical or mathematical connection 

operator being< ' must satisfy the two conditions: 

(1) It must be a meaningful proposition; e.g., PAQ< 'P, P< 'P\/O are meaningful 
propositions, while PA —P< 'Q is a meaningless proposition. 

(2) It must be a quasi-relevantly bound proposition; i.e., on both sides ofS ' occur at 
least one namesake fact proposition variable that is called a quasi-relevantly bound 
fact proposition variable. For example, PA Q< 'P, P< 'P\/ Q are quasi-relevantly 
bound propositions, while PA =P 'Q is not. 

The idea of quasi-relevant boundness comes from relevance logic where the necessary 

condition of A relevantly implying B is that A and B share the same propositional variable. 

A true quasi-logical connection proposition is called a quasi-logical theorem, a false 
one a quasi-logical countertheorem. 

The conjunction of some fact proposition variables or their negations is called an 
elementary product. For example, given fact proposition variables P and Q, then ~P A Q, 
PA =P, —Q/\P/ Qare elementary products. 

Given an elementary product with n fact proposition variables, if for every fact propo- 
sition variable and its negation, at least one, and at most one, occurs in it, then it is called 
a minterm; e.g., given P and Q, PAQ, ~P/AQ, P/\ —Q, —P/\ —Q are minterms. (Note 
the difference between minterms and minsets.) 

A meaningful and bound quasi-logical connection proposition with the empirical or 
mathematical connection operator being< ' can be denoted by A(P), ..., P)S 'B(P,, ..., 
P,), A< 'B for short. Table 1.2 depicts its establishment by implicit inductive composition, 
as follows: first, a mutually inverse diagram containing all the minterms of the fact proposition 
variables P,, ..., P;, P;, ..., P, is drawn, then whether the following two criteria are met or 
not is investigated: 

(1) The minset (<A, T><B, F>) that constitutes the opposition area of A < 'B is empty; 

(2) None of the minsets (<A, F><B, F>) and (<A, T><B, T>) that constitute the support 

40 area of AX 'B is empty. 
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If both (1) and (2) are met, then AX 'Bisa quasi-logical theorem; otherwise, it is not 
a quasi-logical connection proposition. 

A quasi-logical connection proposition with the empirical or mathematical connection 
operator being= ' can be denoted by A(P,, «+. Pa Bo, U) BEP, « «+ Pes Bo, Uy), A= B 
for short. Table 2.7 depicts its establishment by implicit inductive composition, as follows: 
first, a mutually inverse diagram containing all the minterms of the fact proposition 
variables P,, ..., P;, Pi, ..., P is drawn, then whether the following two criteria are met 
or not is investigated: 

(3) The minsets (<A, T><B, F>) and (<A, F><B, T>) that constitute the opposition area 

of A= 'B are all empty; 

(4) The minsets (<A, F><B, F>) and (<A, T><B, T>) that constitute the support area of 

A= 'B are all empty. 

If (3) is met, then A= 'B is a quasi-logical theorem. If (4) is met, then A= 'B is a quasi- 
logical countertheorem. If none of (3) and (4) is met, then A= 'B is not a quasi-logical 
connection proposition. 

Example 3.7: Truthify P/\O< 'P by implicit inductive composition. 

Proof: PAQ and P are neither empty sets nor universal sets, therefore, P/\O< 'P is 
meaningful. P occurs on both sides of < ', therefore, P/\O< 'P is quasi-relevantly bound. 
Inductive composition can go on. The mutually inverse diagram containing all the fact 


proposition variables P and Q is shown in Fig. 3.3. 


Fig. 3.3 Mutually inverse diagram Fig. 3.4 Mutually inverse diagram 
for P\Q< 'P for P/\Q,= 'Q, 


In Fig. 3.3 there are 4 minterms. Minterm P^ Q belongs to the minset (<P/\Q, T><P, 
T>) that constitutes the support area of PAQ< 'P. Minterms —P/\Q and —P/\ —Q belong 
to the minset (<P A Q, F><P, F>) that constitute the support area of P/\O< 'P; i.e., none 
of the two minsets that constitute the support area of P/\O< 'P is empty. Thus, criterion 
(2) is met. Minterm PA —Q belongs to the minset (<P/\Q, F><P, T>) that constitutes the 
neutral area of P/\O< 'P. No minterm belongs to the minset (<P AQ, T><P, F>) that 
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constitute the opposition area of PA Q< 'P; thus, criterion (1) is also met. Therefore, PA Q 
< 'P is a quasi-logical theorem. 

Example 3.8: Truthify PA Ø= '@, by implicit inductive composition. 

Proof: Let us draw the mutually inverse diagram containing all the minterms of the fact 
proposition variable P, shown in Fig. 3.4. In Fig.3.4, there are 2 minterms, P and —P, belonging 
to the minset (<P A Øs, F><@o, F>) that constitutes the support area of PA Ø= '@p; thus, 
criterion (3) is met. Therefore, P A Ø= '@y is a quasi-logical theorem. 


The following are quasi-logical theorems: 


P='P law of identity 
——-P='P double negation law 
PAG = Do zero-one law 
P/@='P zero-one law 
PAU,='P zero-one law 

PV U,= A zero-one law 
PA—P='Ø, law of non-contradiction 
PV —P='U, law of excluded middle 
P/AP='P idempotent law 

P\/ P='P idempotent law 
PAQ='QAP commutative law 
PVQ='OVP commutative law 

PV PAQ='P absorption law 
PA{P\V O}='P absorption law 


={PAQ}='=PV =O 
—{PV 0}='—PA—@ 


quasi-De Morgan’s law 


quasi-De Morgan’s law 


PA{QAR}='PAQAR associative law 
PV {OV R}='PVOVR 

PA {OVR}='PAOVPAR 
PV OAR='{PVO}/A {PVR} 
P<'P 

PAO= P 

P<'PVQ 


The instances of the quasi-logical theorems with the empirical or mathematical connection 


associative law 
distributive law 


distributive law 


operator being< ' do not have the property of first-level non-decidedness of minor premise 
to conclusion. For example, man(x) A breathe(x)< 'man(x), an instance of P ^ Q< 'P, does 
not have first-level non-decidedness of minor premise to conclusion, for when the minor 
premise man(x) ^ breathe(x) is true, the conclusion man(x) is also true, no need to make 


hypothetical inference. 
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3.8 The decomposition system of first-level 
single quasi-predicate calculus 


The decomposition systems of mutually-inversistic logic are based on decomposition. 
It is from the known to the unknown. It starts from the known propositions, and through the 
rules of inference, makes arguments, until the unknown proposition becomes a known one. 
The known corresponds to the premises in classical logic, the unknown proposition to the 
conclusion. In both logics, if the argument follows the accepted rules of inference, then it 
is called a valid argument. The decomposition systems of mutually-inversistic logic differs 
from the proving systems in classical logic in that in the latter, we are concerned only with 
the validity of an argument; the truth values of the premises and conclusion play no part in 
it. In the former, we are concerned not only with the validity of an argument but also with 
the truth values of the known propositions and the unknown one. An argument begins only 
if the known propositions are all true; the unknown proposition becomes a true one only if 
the argument is valid. Our purpose is to prove the unknown proposition to be true from the 
true known propositions through the valid argument. 

In the decomposition systems of mutually-inversistic logic, there are the following 
grounds and rules of inference: 

P ground: A known proposition may be introduced at any point in an argument. 

T ground: A proposition may be introduced into an argument if it can be inferred by the 
preceding propositions in the argument. 

Rule of conjunction: If both A and B are true, then A/\B may be introduced into an 
argument. 

Rule of change: — A V —B being true may be changed into — A \// '—B being true. 

Rules of decomposition: All truth tables of decomposition of the connection operators 
are rules of inference. They amount to the three rules of inference: the affirmative expression 
of hypothetical inference, the negative expression of hypothetical inference, the disjunctive 
inference. 

One proof method is called proof by contradiction (or indirect method of proof) which 
is performed as follows: If we want to prove the unknown proposition C, then we assume 
—C to be true and reason backward, until contradiction occurs; thus, we prove C to be true. 

In the decomposition system of first-level single quasi-predicate calculus, the propositions 
involved include fact propositions, single empirical or mathematical connection propositions, 
and quasi-logical connection propositions. 

Example 3.9: Make argument according to the known: If x is y’s parent, then x is y’s 
ancestor; if x is y’s parent and y is z’s ancestor, then x is z’s ancestor; Bob is Sam’s parent; 


Sam is Ted’s parent; The unknown: Bob is Ted’s ancestor. 
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Solution: 
The known: 
<parent(x, y)< ‘ancestor(x, y), T> 
<parent(x, y) /\ancestor(y, z)< ‘ancestor(x, z), T> 
<A{PAQ}='APV ~O, T> 
<P) —P='Ø, T> 
<parent(Bob, Sam), T> 
<parent(Sam, Ted), T> 
The unknown: 
ancestor(Bob, Ted). 
We adopt the indirect method of proof. 


Proof: 

(1) <—ancestor(Bob, Ted), T> P (assumed) 

(2) <parent(x, y)^ancestor(y, z) S 'ancestor(x, z),T> P 

(3) <—{parent(Bob, y)^ancestor(y, Ted)}, T> T(1)(2)Table 1.4 
(4) <A{PAQ}='=PV AQ,T> P 

(5) <—parent(Bob, y)V —ancestor(y, Ted), T> T(3)(4)Table 2.8 
(6) <—parent(Bob, y)\V/ '—ancestor(y, Ted), T> T(5)Rule of change 
(7) <parent(Bob, Sam), T> P 

(8) <—ancestor(Sam, Ted), T> T(6)(7)Table 2.14 
(9) <parent(x, y) < 'ancestor(x, y), T> P 

(10) <—parent(Sam, Ted), T> T(8)(9)Table 1.4 
(11) <parent(Sam, Ted), T> P 

(12) <parent(Sam, Ted) ^ —parent(Sam, Ted), T> T(10)(11)Rule of conjunction 
(13) < PA AP='@,, T> P 

(14) <D, T> T(12)(13)Table 2.8 


From (14) we observe that the permanently false fact proposition Ø has the value T; 
therefore, contradiction results, and ancestor(Bob, Ted) is proved. 
The truth values of (1) to (14) are all T, which can be omitted. 
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Chapter 4 : 
Second-level single quasi-predicate 
calculus 


Second-level single quasi-predicate calculus studies the relationship between single 
empirical or mathematical connection propositions and single logical connection proposi- 


tions, quasi-transcendent logical connection propositions. 


4.1 Meaningless and meaningful second-order 
single logical connection propositions 


{P='0} A {P< 'O}< '{P< 'ỌQ} is a meaningless second-order single logical connection 
proposition, for {P= 'Q}/\{P< 'Q} is an empty set, a distinguished proposition. While 
{PIA 'Q}A {O< 'R}< '{P//A 'R} is a meaningful second-order single logical connection 
proposition, for none of {P//\ 'Q}A {0< 'R} and P/A 'R is a distinguished proposition. 


4.2 Free and bound second-order single logical 
connection propositions 


Unlike the second-order predicate calculus of classical logic, the second-level single 
quasi-predicate calculus of mutually-inversistic logic does not quantify predicate and function 
variables. 

A single logical connection proposition is a connection between two single empirical 
or mathematical connection propositions, and is connected by the same fact propositions. 
For example, there exists a connection between P< 'Q and =Q< '—P in {P< 'Q }=' 
{=Q< '—P}, because they are connected by the same fact proposition variables P and 
Q. While there is no connection between P< 'Q and =S< '—R in {P< 'Q }='{S<' 
— R}, because there is not the same fact proposition variable to connect them. Namesake 
fact proposition variables occurring on both sides of a logical connection operator are called 
relevantly bound fact proposition variables; e.g., P and Q in {P< 'Q}='{ Q< '—P} are 
relevantly bound fact proposition variables. 

Sometimes, even though there are the same fact propositions between two single em- 
pirical or mathematical connection propositions, there is still no connection between them. 
For example, there is no connection between {P< 'Q} A {S< 'R} and P<'R in { P<! 


O*}/\{S< 'R}<'{P<'R}, even though there are the same fact proposition variables, P 
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and R, between them. While there exists a connection between { P< 'Q} A {0< 'R} and 
P< 'R in { P<'O}A{O< 'R}< '{P< 'R}. This ıs not only because there are the same 
fact proposition variables, P and R, to establish a connection between them but also because 
there is Q to act as an intermediary role. The fact proposition variable Q in { P< 'O}/A\{Q 
< 'R}< '{P< 'R} is called an intermediarily bound fact proposition variable. A fact 
proposition variable is an intermediarily bound variable if it occurs on one side of a logical 
connection operator but on both sides of a binary empirical or mathematical composition 
operator. 

If a fact proposition variable occurs on one side of a logical connection operator but 
on both sides of an empirical or mathematical connection operator, then it is an additionally 
bound variable. The idea comes from the inference “adding concept to judgment” in Aristo- 
telian logic. For example, R in {P< 'Q}< '{PAR< 'Q/\R} is an additionally bound fact 
proposition variable. 

If a fact proposition variable occurs on one side of an empirical or mathematical con- 
nection operator but on both sides of a fact composition operator, then it is a juxtaposed 
bound variable. For example, the first and second occurrences of {P/\P< 'Q} pe” 
Q} is a juxtaposed bound fact proposition variable. 

If a fact proposition variable occurs in a second-order single logical connection propo- 
sition only once, then it is a free variable. For example, Q and R in {P< 'Q}< '{ P/A 'R} 
are free fact proposition variables. If a fact proposition variable occurs in a second-order 
single logical connection proposition more than once, then it is a bound variable, for it can 
be at least one of the above mentioned boundness. For example, the first and second occur- 
rences of Pin {P< 'O}A {P< 'R}< '{P< 'QAR} are intermediarily bound, the first and 
third occurrences of P are relevantly bound, the second and third occurrences of P are 
relevantly bound. 

If all the fact proposition variables in a second-order single logical connection proposi- 
tion are bound, then the proposition is a bound one. If at least one fact proposition variable 
is free, then the proposition is a free one. 

If a second-order single logical connection proposition is meaningful and bound, then 


establishment by inductive composition of it can be made. 


4.3 Second-level explicit inductive composition 


Example 4.1: Truthify {{P< '0}<'{P// 'Q} by explicit inductive composition. 
Solution: P< 'Q and P//\"'Q are neither empty sets nor universal sets, therefore, {P< ' 
Q\}< '{P// 'Q} is meaningful. P and Q are relevantly bound, therefore, {P< 'Q}< ' 


{P//\ 'Q} is bound. Inductive composition can go on. When P is assigned x=y, Q x<y, {P 
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<'0}<'{P//A 'Q} becomes {x=y< 'x<y}< '{x=y/A 'x<y}, which holds. When P is 
assigned parent(x, y), Q ancestor(x, y), {P< 'O}<'{P//A\'Q} becomes {parent(x, y)< ' 
ancestor(x, y)}< ' {parent(x, yy A 'ancestor(x, y)}, which also holds. Thus, {P< 'O} e 
{P/A 'Q} is truthified by explicit inductive composition. 

Example 4.2: Falsify {P< 'O}/\ {Q// 'R}< '{P// 'R} by explicit inductive com- 
position. 

Solution: {P< '0!/\{Q//\ 'R} and P/A 'R are neither empty sets nor universal sets, 
therefore, {P< 'O}/\ {Q//A 'R}<'{P// 'R} is meaningful. P and R are relevantly bound 
fact proposition variables, Q is an intermediarily bound fact proposition variable, therefore, 
‘P< 'O' A {O//\ 'R}< '{P// 'R} is bound. Inductive composition can go on. When P 
is assigned x<y, Q x<y, Rx=y, {P< 'OYA{O/A 'R}< '{P/A 'R} becomes {x<y< ' 
xy} A {x<y/ A 'x=y}< '{x<y/A 'x=y}. The antecedent {x<y< 'x<yp} A {x<y//A"! 
x=y} is true, the consequent x<y//\ 'x=y is false. Therefore, the assignment serves as a 
counterexample, falsifying {P< 'Q} A {0/A 'R}< '{P//A 'R}. 


4.4 Second-level implicit inductive composition 


Suppose A< 'B is a meaningful and bound second-order single logical connection 
proposition; its establishment by implicit inductive composition goes like this: In the term 
space, we draw mutually inverse diagrams of A. If they are all mutually inverse diagrams 
of B, then AX 'B is truthified by implicit inductive composition; if at least one is not a 
mutually inverse diagram of B, then A < 'B is falsified by implicit inductive composition. 

Example 4.3: Truthify {P< '0} \{Q< 'R}< '{P< 'R} by implicit inductive com- 
position. 

Proof: {P< 'Q}/\{O<'R} and P<'R are neither empty sets nor universal sets, 
therefore, {P< 'O}/\{O< 'R}< '{P< 'R} is meaningful. P and R are relevantly bound 
fact proposition variables, Q is an intermediarily bound fact proposition variable, therefore, 
{P< 'O} A {O< 'R}< '{P< 'R} is bound. Inductive composition can go on. 

The mutually inverse diagrams of P< 'Q are shown in Fig. 4.1 (1) and (2), those 
of Q< 'R are shown in Fig. 4.1 (3) and (4). The mutually inverse diagrams of {P< ' 
O}/\ {OX 'R}; i.e., Fig. 4.1 (5) to (8), are obtained by drawing each mutually inverse diagram 
of P< 'Q together with each of Q< 'R. This can be done because the Q appearing in P< ' 
Q and the Q in Q< 'R are different occurrences of the same fact proposition variable. Take 
Fig. 4.1 (6) as an example. It is obtained by drawing Fig. 4.1 (1) and (4) together. Considering 
the intermediary role played by Q, we establish a unicellular relationship between P and 
R; i.e., P< 'R, which is part of the consequent P< 'R. Likewise, Fig. 4. (5), (7), and (8) 
are also mutually inverse diagrams of P< 'R. Thus, {P< 'Q} A {0< 'R}< '{P< 'R} is 
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truthified by implicit inductive composition. 


Fig. 4.1 Mutually inverse diagram for {P< 'O}/\{O< 'R}< {P< 'R} 


Example 4.4: Falsify {PAQ< 'R}< '{P<'R}\/ {0< 'R} by implicit inductive 
composition. 

Disproof: P\Q< 'R and {P< 'R}V {Q< 'R} are neither empty sets nor universal 
sets, therefore, {PAQ< 'R}< '{P< 'R}V {OX 'R} is meaningful. P, Q, and R are all 
bound fact proposition variables, therefore, {P/\O< 'R}< '{P<'R}\/ {0< 'R} is bound. 
Inductive composition can go on. One of the mutually inverse diagrams of PAQ< "R is 
shown in Fig. 4.2 in which neither P< 'R nor Q< 'R holes; thus, {PAQ< 'R}< ' {P< ! 


R} V {Q< 'R} is falsified by implicit inductive composition. 


a> 


/ 


48: Fig. 4.2 Mutually inverse diagram for {P/\O< 'R}< '{P< 'R}V{0< 'R} 
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Single logical theorems include but are not limited to the following: 


PVI'Q='OVI'P commutative law 
PIN 'O='O/A 'P commutative law 
a{P//\ 'O\='AaP\V//'AQ single De Morgan’s law 
a{PV//'O0t='AP// 'AQ single De Morgan’s law 
{P< 'Q}='{Q0<'=P} contrapositive law 
{P< 'Q}="{-PV/'Q} 

l 


—={PIN 'Q}='P<'AQ 

(PE OA PA o} 

{PLO} < {PARS QAR} 
(P< 'O} A {Q< 'P}="{P="Q} 
{ 
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'O}A{OX 'R}S {PR} 
P< 'Q}N {0< 'R}< '{P/A'R} 
{PINO} \{OX 'R}< '{P/N'R} 
{PS 'R}A {O <'{PVO<"'R} 
<'R}<'{PAQS<'R} 
PRY '{PS'QAR} 
TOV {P< 'R} < {P< 'OVR} 
'OXA {APS 'R} < '{OV/ 'R} 
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{PAOS 'R} <S Paie '_Q} 

{PA AO<'R}<'{P<'OVR} 

{P<'OVA{R<'S} A {P/A'R}< '{O//A"'S} constructive dilemma 
{P<'OLA{R<'SYA{PV//'R}< {OV I'S} constructive dilemma 

{P< 'OVA{R<'StA{AOV/'AS}<'{AP\V/'AR} destructive dilemma 


4.5 Second-level decomposition 


Second-level hypothetical inference is from {P< '0}='{ 0< '—P} being true and 
integer(x)< 'rational(x) being true to infer Srational(x)< '— integer(x) being true. 

From Section 2.4 we see that a first-order empirical or mathematical connection propo- 
sition can be obtained in two ways: by second-level decomposition and by first-level inductive 
composition. Suppose we have truthified {P< 'Q}='{ ~O<''—P}. After we truthify 
integer(x)< 'rational(x), before we use second-level decomposition and first-level inductive 


composition, we have not determined —rational(x)< '—integer(x) to be true. This is to 
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say that the minor premise integer(x)< 'rational(x) alone cannot decide the conclusion 
—rational(x)< '—integer(x). This property is called the second-level non-decidedness of 
minor premise to conclusion. If this property holds, then from the major premise and the 
minor premise to infer the conclusion is from the known to the unknown, and the conclusion is 
a new knowledge to the minor premise; otherwise, the conclusion is not a new knowledge 


to the minor premise. 


4.6 Quasi-transcendent logical connection 
propositions 


Quasi-transcendent logical connection propositions are obtained by lifting Section 3.7 
quasi-logical connection propositions up one level. By lifting up one level the author means 
that fact propositions P, Q, R, Ø, and U, are lifted to single empirical or mathematical con- 
nection propositions ¥, 2, ©, Ø, and U,; fact composition operators —, /\, and Vare lifted 
to empirical or mathematical composition operators —,/\, and\V; empirical or mathemati- 
cal connection operators= | and< ' are lifted to logical connection operators= | and '. 
For example, after lifting up one level the quasi-De morgan’s law —{P/\Q}='—=P\V AQ 


becomes quasi-transcendent De Morgan’s law — { ¥/\Q}= YV. 


4.7 Knowledge-cognition science 


In classical logic, a rule is both a tautology and an inference rule. For example, hypothetical 


syllogism is both a tautology (PQ) /\(Q—R)=P-R and an inference rule: 


SPOR. 

And the affirmative expression of hypothetical inference is both a tautology 
P/\(P—Q)=0 and an inference rule: 

PQ 

P 

A tautology in classical logic corresponds to a logical theorem in mutually-inversistic 
logic. In mutually-inversistic logic, a rule is either a logical theorem or an inference rule, 
but not both. For example, hypothetical syllogism is a logical theorem but not an inference 
rule, the affirmative expression of hypothetical inference is an inference rule but not a 
logical theorem. As mentioned in Section 3.8, in mutually-inversistic logic, there are only 


5 inference rules: rule of conjunction, rule of change from\/to\V/ ', the affirmative expression 
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of hypothetical inference, the negative expression of hypothetical inference, the disjunctive 
inference. The other rules are all logical theorems. 

A logical theorem is knowledge. While an inference rule is a cognition from the known 
knowledge to the unknown knowledge. An inference rule is represented by a horizontal line, 
above the line are the known, below the line is the unknown. Mutually-inversistic logic is a 
knowledge-cognition science, studying knowledge and cognition from the known (knowl- 
edge) to the unknown (knowledge). It distinguishes knowledge from cognition, while clas- 


sical logic does not distinguish knowledge from cognition. 


4.8 The decomposition system of second-level 
single quasi-predicate calculus 


In the decomposition system of second-level single quasi-predicate calculus, the prop- 
ositions involved include single empirical or mathematical connection propositions, single 
logical connection propositions, and quasi-transcendent logical connection propositions. 

As mentioned in Section 3.8, in all the steps of an argument, the truth values are always 
T; so, we omit them. 

Example 4.5: Make an argument according to the known: if a man fears difficulty 
then he cannot succeed, a man either succeeds or fails, some men do not fail. The unknown: 
some men do not fear difficulty. 

Solution: suppose 
man(x): x is aman, 
fear_difficulty(x): x fears difficulty, 
succeed(x): x succeeds, 
fail(x): x fails 

The known: 
fear_difficulty(x)< '—succeed(x), 
succeed(x)\V/ ' fail(x), 
man(x)//\ '— fail(x), 

(PVI''O}="{ PS 'Q}, 
PV//'Q='OV/'P, 

PSO)" (0 =P 
{P<'OYA{ OS 'R}<'{ P<'R}, 
{PIN 'OJA{ OS 'R}S '{ P/N 'R}. 

The unknown: 
man(x)//\ '—fear_difficulty(x). 


Proof: 


BOA 


Be 
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(1) fear_difficulty(x)< '—succeed(x) p 
(2) {P<"Q}='{-O<"'—P} P 
(3) succeed(x) < '— fear_difficulty(x) T (1) (2) Table 2.8 
(4) succeed(x)\V/ ' fail(x) P 
(5) PV/'Q='OV/'P P 
(6) fail(x)\V/ ' succeed(x) T (4) (5) Table2.8 
(7) {PV/'Q}='{—P<'Q} P 
(8) — fail(x)< ' succeed(x) T (6) (7) Table2.8 


(9) {—fail(x)< ' succeed(x)} A {succeed(x) < '— fear _difficulty(x)} 
T (8) (3) Rule of conjunction 


(10) { PX'OXALO<'R}<'{ P<'R} P 
(11) —fail(x) < ' —fear_difficulty(x) T (9) (10) Table1.3 
(12) man(x)//\ '— fail(x) P 


(13){ man(x)/ A '— fail(x)} A {— fail(x)< ' — fear _difficulty(x)} 
T (12) (11) Rule of conjunction 
(14) { PIA 'Q}A {QS 'R}<S '{ P/A 'R} P 
(15) man(x)//\ '—fear_difficulty(x) T (13) (14) Tablel.3 
Example 4.6: Make an argument according to the known: if x is an integer, then x is 
a rational; if x is a rational, then x is a real number. The unknown: some integers are real 
numbers. 
Solution: Suppose 
int(x): x is an integer, 
rat(x): x is a rational, 
real(x): x is a real number. 
The known: 
int(x)< 'rat(x), 
rat(x)< 'real(x), 
{P<'Q}< {P/N 'Q}, 
{PIN 'OYA{O<'R}S'N{P/A'R}, 
A{PAQ}='A¥V AQ. 
The unknown: 
int(x)//\ 'real(x). 
Proof: 
We adopt the indirect method of proof. 
Proof: 


(1) sfint(x)//\ 'real(x)} 

(2) {PIA 'Q}A {Q< 'R} < '{P/A 'R} 
(3) —{ fint) A 'Q} A {QS ‘real(x)}} 
(4) ~ YAQ =YV AQ 

(5) —fint(x)//\ '0} V A{OX 'real(x)} 
(6) —fint(x)/A 'O}\V// 'A{OX 'real(x)} 
(7) rat(x)< 'real(x) 

(8) —fint(x)//\ 'rat(x)} 

(9) {P<'Q}< '{P/A 'Q} 

(10) —fint(x)< 'rat(x)} 

(11) int(x)< 'rat(x) 

(12) —fint(x)< 'rat(x)} A {int(x)< ‘rat(x)} 
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P(assumed) 

P 

T (1) (2) Table 1.4 
P 

T (3) (4) Table 2.8 
T (5)Rule of change 
P 

T (6) (7) Table2.15 
P 

T (8) (9) Table 1.4 

P 

T (10) (11) Rule of conjunction 


From (12) we observe that contradiction results, therefore int(x)//\ 'real(x) is proved. 


se 
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Chapter 9 
rirst-level multiple predicate calculus 


First-level multiple predicate calculus studies the relationship between fact 
propositions and multiple empirical or mathematical connection propositions.We regard 
multiple empirical or mathematical connection propositions as the generalization of single 
empirical or mathematical connection propositions. First, therefore, we study the features 
of single empirical or mathematical connection propositions; we then generalize them to 


multiple empirical or mathematical connection propositions. 


5.1 Property fact proposition segments vs. 
non-property fact propositions 


In single empirical or mathematical connection propositions such as p(x)< 'q(x), 
P(x)< |! g(x), pA qa), p(x)/A '—=q(x), p’s are called property predicates, p(x) is 
called a property fact proposition, and p(x)< ' and p(x)//\ ' are called property fact propo- 
sition segments, which are part of property proposition segments. In a single empirical or 
mathematical connection proposition, a property proposition segment is made up of only 
one property fact proposition segment, while in a multiple empirical or mathematical 
connection proposition, it is made up of more than one. 

In the above single empirical or mathematical connection propositions q’s are called 
non-property predicates, g(x) is called a positive non-property fact proposition, and — q(x) 
a negative non-property fact proposition. Positive non-property fact proposition and negative 
non-property fact proposition are called by a joint name, non-property fact proposition. 
P(x)< 'q(x) and p(x)// ‘q(x) are single empirical or mathematical connection propositions 
with positive non-property fact propositions. P(x)< '—gq(x) and p(x)//\ '—q(x) are single 
empirical or mathematical connection propositions with negative non-property fact 


propositions. 


5.2 Mutually inverse multiple diagrams 


A multiple empirical or mathematical connection proposition is depicted by a mutually 
inverse multiple diagram, a single empirical or mathematical connection proposition by a 
mutually inverse diagram. A multiple empirical or mathematical connection proposition is 


the generalization of a single empirical or mathematical connection proposition. A mutually 
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inverse multiple diagram is also the generalization of a mutually inverse diagram. Now, we 
derive the mutually inverse multiple diagram from the mutually inverse diagram of a single 
empirical or mathematical connection proposition, study its features, and generalize them to 
a multiple empirical or mathematical connection proposition. 

The three steps listed below describe the procedure to derive the mutually inverse 
multiple diagram from the mutually inverse diagram of a true first-order single empirical or 
mathematical connection proposition: 

(1) Draw the mutually inverse diagram of the proposition; 

(2) Investigate only the set corresponding to the property fact proposition in the 

mutually inverse diagram; 

(3) In the set, if the non-property fact proposition is a positive one, then mark the 
zeroth-level elements in its corresponding set with “O”, and mark the zeroth-level 
elements in its negation set with “X”; if the non-property fact proposition is a 
negative one, then mark the zeroth-level elements in its corresponding set with “x”, 
and mark the zeroth-level elements in its negation set with “O”. 

Example 5.1: Suppose the universe of discourse of terms is composed of a stone, a 
cat, and three persons: Alva, Carol, and Dale. Proposition man(x)< 'mortal(x) is true for 
the universe. The mutually inverse multiple diagram of man(x)< 'mortal(x) is derived from 
its mutually inverse diagram, shown below: 

Solution: 


Step (1): Draw the mutually inverse diagram of man(x)< 'mortal(x) shown in Fig. 5.1. 


<mortal(x), T> 


O, e—_____—__e—_________e—_______o@—_____e—__ > \ 
stone cat Alva Carol Dale 


<man(x), T> 


Fig. 5.1 Mutually inverse diagram for man(x)< 'mortal(x) 


Step (2): Consider only the set <man(x), T> corresponding to the property fact 


proposition man(x) (see Fig. 5.2). 


<mortal(x), T> 


o—________-e—_________e__ > 
Alva Carol Dale 
<man(x), T> 
Fig. 5.2 Transition from mutually inverse diagram to mutually 


inverse multiple diagram 
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Step (3): Since the non-property fact proposition mortal(x) is a positive one, and the set 
<mortal(x), T> contains all the zeroth-level elements of <man(x), T>, we mark them all with 
“©” (see Fig. 5.3). 

C carat cam 
Alva Carol Dale 


Fig. 5.3 Mutually inverse multiple diagram for man(x)< 'mortal(x) 


Example 5.2: The universe of discourse of terms is composed of a meteor, a stone, and 
three persons: Alva, Dale, and Armstrong. Proposition man(x)//\ '—land_on_Moon(x) is 
true for the universe. The mutually inverse multiple diagram of the proposition is derived 
from its mutually inverse diagram, shown below: 

Solution: 

Step (1): Draw the mutually inverse diagram of man(x)//\ '—land_on_Moon(x) 
shown in Fig. 5.4. 


<—land_on_Moon(x), T> 


o 


O, e~ oe o o ‘e aM‘; 
meteor stone Alva Dale Armstrong 


<man(x), T> 


Fig. 5.4 Mutually inverse diagram for man(x)/^ '—land_on_Moon(x) 


Step (2): Consider only the set <man(x), T> corresponding to the property fact 
proposition man(x) (see Fig. 5.5). 


<—land_on_Moon(x), T> 
—e —> xX 


è - 
Alva Dale Armstrong 


<man(x), T> 


Fig. 5.5 Transition from mutually inverse diagram to mutually inverse multiple diagram 


Step (3): The non-property fact proposition —land_on_Moon(x) is a negative one, and 
the set <—land_on_Moon(x), T> contains two zeroth-level elements: Alva and Dale; we 
mark them with “x”. Its negation set <—land_on_Moon(x), F> contains only one element: 
Armstrong; we mark it with “o” (see Fig. 5.6). 

——— o O 
Alva Dale Armstrong 


Fig. 5.6 Mutually inverse multiple diagram for man(x)//\ '—land_on_Moon(x) 
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Note that the mutually inverse multiple diagram of man(x)//\ ' land on Moon(x) is 


the same as Fig. 5.6. 


5.3 Success diagrams vs. failure diagrams 


In Section 5.2 we discussed the problem: given a true first-order single empirical 
or mathematical connection proposition, draw its mutually inverse multiple diagram. In 
this section we discuss its inverse problem: given a mutually inverse multiple diagram, 
determine whether a first-order single empirical or mathematical connection proposition is 
true or not according to it. This is a simplified version of establishment by explicit inductive 
composition of a first-order single empirical or mathematical connection proposition, 
equivalent to investigating only the right half of Fig. 2.6. 

Given a mutually inverse multiple diagram, a first-order single empirical or 
mathematical connection proposition can be either true or false. If it is true, then the 
mutually inverse multiple diagram is said to be its success diagram; otherwise, the mutually 
inverse multiple diagram is said to be its failure diagram. 

Example 5.3: Given the mutually inverse multiple diagram shown in Fig. 5.7, 
determine whether it is a success or failure diagram of the following first-order single 
empirical or mathematical connection propositions. 

o O 
Alva Carol Dale 
Fig. 5.7 Mutually inverse multiple diagram for Example 5.3 


(1) man(x)< 'bearded(x); 

(2) man(x)< '—bearded(x); 

(3) man(x)//\ 'bearded(x); 

(4) man(x)//\ '—bearded(x). 

Solution: Fig. 5.7 is a failure diagram of man(x)< 'bearded(x); a failure diagram of 
man(x)< '—bearded(x); a success diagram of man(x)//\ 'bearded(x); a success diagram of 
man(x)//\ '—bearded(x). 


5.4 Least success diagrams 


The form a success diagram of a proposition at least should take is called the least 
success diagram of the proposition. 
We take the first-order single empirical or mathematical connection propositions, 


man(x)< 'bearded(x), man(x)//\ 'bearded(x), man(x)< '—bearded(x), and man(x)// ' 
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— bearded(x) as examples, to see what their least success diagrams look like. Suppose there 
are three zeroth-level elements: Alva, Carol, and Dale, in the set corresponding to the property 
fact proposition man(x), we can draw at most eight mutually inverse multiple diagrams, 
shown in Fig. 5.8 (1) to (8). 


x (1) 

Alva Carol Dale 
x (2) 

Alva Carol Dale 
te * fe >x (3) 


Alva Carol Dale 
oor H 

Alva Carol Dale 
-r G 

Alva Carol Dale 
x (6) 

Alva Carol Dale 
x (7) 

Alva Carol Dale 
—_—_—>)Ys a E l S (8) 

Alya Carol Dale 


Fig. 5.8 Least success diagrams 


In order for man(x)< 'bearded(x) to be true, at least all people in the set <man(x), T> 
should be bearded, therefore Fig. 5.8 (1) is not only its sole success diagram but also its 
least success diagram. Fig. 5.8 (1) to (7) are all success diagrams for man(x)//\ 'bearded(x). 
In order for man(x)//\ 'bearded(x) to be true, at least one person in the set <man(x), T> 
should be bearded. Therefore Fig. 5.8 (5) to (7) are its least success diagrams. Likewise, 
Fig. 5.8 (8) is the least success diagram for man(x)< ! — bearded(x), and Fig. 5.8 (2) to (4) 
are the least success diagrams for man(x)//\ ! — bearded(x). 

A second-order single empirical or mathematical connection proposition does not 
correspond to a concrete universe of discourse of terms, but its least success diagram can 


still be drawn. The least success diagram of p(x) < 'g(x) is shown in Fig. 5.9. 
P q 


© O— £e} —> x 


a b c 


Fig.5.9 Least success diagram for p(x)< 'q(x) 


One of the least success diagrams of p(x)//\ 'q(x) is shown in Fig. 5.10, which can be 
simplified to Fig. 5.11. 


we ep 


a b É 


Fig. 5.10 Least success diagram for p(x)//\ 'g(x) 
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e ~~ e ey 
a b c 


Fig. 5.11 Simplified least success diagram for p(x)//\ 'q(x) 


The least success diagram of p(x)< '—q(x) is shown in Fig. 5.12. 


> > PX 
a b c 


Fig. 5.12 Least success diagram for p(x)< '—4(x) 


One of the least success diagrams of p(x)//\ '—q(x) is shown in Fig. 5.13, which can 
be simplified to Fig. 5.14. 


Fig. 5.13 Least success diagram for p(x)//\ '—q(x) 


——— OM le 
a b c 


Fig. 5.14 Simplified least success diagram for p(x)//\ '—=q(x) 


The common characteristic of the universal propositions man(x)< 'bearded(x) and 
man(x)< '—bearded(x) is that all zeroth-level elements in the property fact proposition 
man(x) satisfy the non-property fact proposition. We can merge the two universal proposi- 
tions into property proposition segment man(x)< ', the least success diagram of which is 


shown in Fig. 5.15. 


e o— o— xX 
Alva Carol Dale 


Fig. 5.15 Least success diagram for man(x)< ' 


The common characteristic of the existential propositions man(x)//\ 'bearded(x) and 
man(x)//\ '—bearded(x) is that at least one zeroth-level element in the property fact propo- 
sition man(x) satisfies the non-property propositions. We can merge the two existential 
proposition into property proposition segment man(x)//\ ', one of the least success dia- 


grams of which is shown in Fig. 5.16. 


+ 
Alva Carol Dale 


> x 


Fig. 5.16 Least success diagram for man(x)//\ ' 
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The least success diagram of the property proposition segment p(x)< ' is shown in Fig. 5.17. 


Xx 
a b c 


Fig. 5.17 Least success diagram for p(x)< ' 


One of the least success diagrams of the property proposition segment p(x)//\ | is 


shown in Fig. 5.18. 


x 
a b c 


Fig. 5.18 Least success diagram for p(x)//\ ' 


5.5 Proposition chains and property proposition 
segment chains 


Single empirical or mathematical connection propositions with the same non-property 
fact proposition form a proposition chain. The proposition chain formed by the first-order 
single empirical or mathematical connection propositions with the positive non-property 
fact proposition is shown in Fig. 5.19 where a least success diagram for each proposition in 


the chain is given at the right of it. 


man(x)< 'bearded(x) oeo oO H (1) 


Alva Carol Dale 

man(x)//\ 'bearded(x) o] - >% (2) 
Alva Carol Dale 

g ceo o ‘l (3) 
Alva Carol Dale 


Fig.5.19 Proposition chain of the first-order single empirical or mathematical 


connection propositions with the positive non-property fact proposition 


g'in the chain is called a positive null proposition, in which all mutually inverse 
multiple diagrams in Fig. 5.8 are its success diagrams and Fig. 5.8 (8), simplified as Fig. 5.19 
(3), is its least success diagram. 

The proposition chain formed by the first-order single empirical or mathematical 
connection propositions with the negative non-property fact proposition is shown in Fig. 5.20 


where a least success diagram for each proposition in the chain is given at the right of it. 
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man(x)< '—bearded(x) 


>_> 1 (1) 
Alva Carol Dale 

man(x)//\ '—bearded(x) ie (2) 
Alva Carol Dale 

E€ x (3) 
Alva Carol Dale 


Fig. 5.20 Proposition chain of the first-order single empirical or mathematical 


connection propositions with the negative non-property fact proposition 


g in the chain is called a negative null proposition, in which all mutually inverse 


multiple diagrams in Fig. 5.8 are its success diagrams and Fig. 5.8 (1), simplified as Fig. 5.20 
(3), is its least success diagram. 


The proposition chain formed by the second-order single empirical or mathematical 


connection propositions with the positive non-property fact proposition is shown in Fig. 5.21. 


P(x) g(x) 


——o—_—_@©———x (1) 
a b c 

pYA ‘q(x) Se (2) 
a b c 

CA e . -— >x (3) 
a b c 


Fig. 5.21 Proposition chain of the second-order single empirical or mathematical 


connection propositions with the positive non-property fact proposition 


The proposition chain formed by the second-order single empirical or mathematical 


connection propositions with the negative non-property fact proposition is shown in 
Fig. 5.22. 


P(x)< '—q(x) 


—_ a it (1) 
a b e 

pN '—mq(x) C, (2) 
a b c 

g€ ceo o ‘l; (3) 
a b c 


Fig.522 Proposition chain of the second-order single empirical or mathematical 


connection propositions with the negative non-property fact proposition 
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In a chain, the proposition at the top is called the top proposition, the proposition at 
the bottom is called the bottom proposition, and the proposition second from the bottom is 
called the next to the bottom proposition. The top proposition and the bottom one have a 
unique least success diagram; others do not. 

Of a pair of propositions in the chain, the upper one is called the upper proposition, and 
the lower one is called the lower proposition. Of a pair of adjacent propositions in the chain, 
the upper one is called the adjacent upper proposition, and the lower one is called the adjacent 
lower proposition. Any pair of propositions in a chain has the property that the upper proposition 
mutually inversely implies the lower proposition or that the success diagram of the upper 
proposition is bound to be one of the lower proposition while the success diagram of the lower 
proposition may not be one of the upper proposition; in other words, the least success diagram of 
the upper proposition must be a success diagram of the lower proposition, while the least success 
diagram of the lower proposition must not be a success diagram of the upper proposition. 

The two proposition chains of Figs. 5.19 and 5.20 can be merged into a property 


proposition segment chain, shown in Fig. 5.23, where e is the merger of € and £. 


man(x)< | ° —e © >x (1) 
Alva Carol Dale 

man(x)/A | e > —e —>y (2) 
Alva Carol Dale 

€ — - o >x (3) 
Alva Carol Dale 


Fig. 5.23 Property proposition segment chain of first-order single 


empirical or mathematical connection propositions 


The two proposition chains of Figs. 5.21 and 5.22 can be merged into a property 


proposition segment chain shown in Fig. 5.24. 


P(Xx)S i e e o — >p; ( l ) 
a b € 
i a 
pA eo —e oo >x (2) 
a b c 
€ o—— eoor (3) 
a b c 


Fig. 5.24 Property proposition segment chain of second-order single 


empirical or mathematical connection propositions 
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5.6 Multiple empirical or mathematical 
connection propositions 


“Behind every successful man there is a woman” is a first-order multiple empirical or 
mathematical connection proposition, denoted by: 

man(x) /\successful(x)< 'woman(y)//\ 'behind(y, x) (5.1) 

“There exists th e least natural number” is a first-order multiple empirical or mathematical 
connection proposition, denoted by: 

natural number(x)//\ '{natural_ number(y)< 'x<y} (5.2) 

An example of a second-order multiple empirical or mathematical connection proposition 
includes: 

PŒ 'gvVA 'r(x, y) (5.3) 

A multiple empirical or mathematical connection proposition is composed of a prop- 
erty proposition segment and a non-property proposition. Taking (5.2) as an example, its 
property proposition segment is natural_number(x)//\ '{natural_number(y)< ', and its 
non-property proposition is x<y. In this book, we study only the simplest multiple empirical 
or mathematical connection propositions, such as (5.2) and (5.3), whose features are that the 
property proposition segment is composed of n (n>1) property fact propositions, each of 


which is a one-place predicate, that the non-property proposition is an n-place predicate. 


5.7 Meaningful and bound multiple empirical or 
mathematical connection propositions 


A multiple empirical or mathematical connection proposition is a meaningless one if at 
least one fact proposition in it is a distinguished fact proposition, or one property predicate 
is the negation of another. For example, natural _number(x) < '— natural _number(x)/^ ! 
x<y is a meaningless first-order multiple empirical or mathematical connection proposition 
because the conjunction set of natural_number(x) and —natural_number(x) is an empty set. 
If a multiple empirical or mathematical connection proposition is not meaningless, then it 
is meaningful; e.g., lock(x)< 'key(v)//\ | unlock(y, x) is a meaningful first-order multiple 
empirical or mathematical connection proposition. 

A multiple empirical or mathematical connection proposition is a free one if at least 
one term variable in it is free. For example, lock(x)< ' key(y)//\ | unlock(y, z) is a free 
first-order multiple empirical or mathematical connection proposition because x and z are 
free. A multiple empirical or mathematical connection proposition is a bound one if all term 
variables in it are bound. For example, lock(x)< 'key(v)// | unlock(y, x) is a bound first- 


order multiple empirical or mathematical connection proposition because all term variables 
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in it are bound. In the simplest multiple empirical or mathematical connection propositions 
that we study, all term variables are relevantly bound. 
Establishment by inductive composition of a multiple empirical or mathematical 


connection proposition can proceed only if the proposition is meaningful and bound. 


5.8 Mutually inverse multiple diagrams for 
multiple empirical or mathematical 
connection propositions 


There exist two mutually inverse problems between a multiple empirical or 
mathematical connection proposition and a mutually inverse multiple diagram: given a toue 
first-order multiple empirical or mathematical connection proposition we can draw one 
of its success diagram; and given a mutually inverse multiple diagram, we can determine 
whether a meaningful and bound first-order multiple empirical or mathematical connection 
proposition is true or not, this is establishment by explicit inductive composition of the 
proposition. 

The three steps listed below describe the procedure to draw the mutually inverse 
multiple diagram from a true first-order multiple empirical or mathematical connection 
proposition: 

(1) draw the term space corresponding to the proposition; 

(2) investigate only the conjunction set of the sets corresponding to all the property fact 

propositions; 

(3) in the conjunction set, if the non-property fact proposition is a positive one, then 
mark the zeroth-level elements in its corresponding set with “O”, and mark the 
zeroth-level elements in its negation set with “ X”; if the non-property fact proposi- 
tion is a negative one, then mark the zeroth-level elements in its corresponding set 
with“ X”, and mark the zeroth-level elements in its negation set with “O”. 

Example 5.4: Draw the mutually inverse multiple diagram of the true first-order multiple 


empirical or mathematical connection 


proposition natural_number(x)//\ | gi 
{natural_number(y)< 'x<y}. <natural_number(y), T> [ 
Solution: [2 
Step (1) Draw the term space 5 Apo 1 2 7 
shown in Fig. 5.25. Hio 
Step (2) Consider only the H-2 OA PORR 47 
conjunction set of <natural_number(x), 


T> and <natural number(y), T> Fig. 5.25 Term space 
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corresponding to the property fact propositions natural_number(x) and natural_number(y), 


respectively, shown in Fig. 5.26. 
l 


<natural_number(y), T> 4 2 


0 x 
0 l 2 


<natural_number(x), T> 


Fig. 5.26 Conjunction set 


Step (3) Mark the zeroth-level elements in the set <x<y, T> with “O”, and <x<Sy, F> 
with “X”, as shown in Fig. 5.27. 


2 


0 x 
0 l 2 


Fig. 5.27 Natural_number(x)//\ '{natural_number(y)< 'x<y} 


Example 5.5: Given the mutually inverse multiple diagram shown in Fig. 5.28, 
determine whether it is a success or failure diagram of the following meaningful and bound 


first-order multiple empirical or mathematical connection propositions: 


y 
shield3 


shield2 


shield 
spear() spear2 spear3 


Fig. 5.28 A mutually inverse multiple diagram 


(1) spear(x)< 'shield(y)/\ 'pierce(x, y) (every spear can pierce some shields); 

(2) shield(v)// '{spear(x)< '—pierce(x, y) (there exist some shields such that no 
spear can pierce them); 

(3) spear(x)//\ '{shield(y)< — pierce(x, y) (there exist some spears such that they can 
pierce no shield); 

(4) shield(y) < 'spear(x)/^ 'pierce(x, y) (for every shield there exist some spears that 
can pierce it). 

Solution: Fig. 5.28 is a success diagram of (1), a success diagram of (2), a failure 


diagram of (3), a failure diagram of (4). 
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5.9 Proposition chains, property proposition 
segment chains, and least success diagrams 
of multiple empirical or mathematical 
connection propositions 


There are four proposition chains of second-order multiple empirical or mathematical 
connection propositions with two property fact propositions shown in Figs. 5.29 to 5.32. 
For each proposition in the chains, a least success diagram is given at the right of it. The 
proposition chains of Figs. 5.29 and 5.30 can be merged into the property proposition 
segment chain shown in Fig. 5.33, and that of Figs. 5.31 and 5.32 into the one shown in 
Fig. 5.34. 


P(x) 'q(v)S r(x, y) 


2 a; 
giv pæ) 'r(x, y)} , 
y 
$ p(x)< 'g(vV/A 'r(x, y) b; 
b, 
b, x 
a, t By 
Ay 
PEVA ‘gv 'r(x, y) b; 
á H 
b, x 
ay ay a 
AY 
b; 
a H 
4 b, x 
€ a a 8% 


Fig. 5.29 Proposition chain of second-order multiple empirical or mathematical 


connection propositions with positive non-property fact propositions 


e p(x)< 'q(v)< '— r(x, y) 


$ g(ivyV//A '{f p(x) < '__ r(x, y)} b; 


 p(x)< 'g(vV//A ‘r(x, y) b, 


$ px) AN qO ra, y) b; 


eg 


Fig. 5.30 Proposition chain of 
second-order multiple 
empirical or mathematical 
connection propositions 
with negative non-property 


fact propositions 
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P(X)< 'gv)< 'r(x, y) 


PEVA aS 'r(x, y)} b; 


qS PEVA 'r(x, y) 


xX 
y 
PVA ‘gy ‘rx, y) b; 
b, 
b, x 
a, a 4; 
V 
b; 
b, 
b, ý 
£ a a a 


Fig. 5.31 Proposition chain of 
second-order multiple 
empirical or mathematical 
connection propositions 
with positive non-property 
fact propositions 
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P(x) 'g(v)< "r(x, y) 


POA '{q(v)< '=ar(x, y)} b; 


qo) 'paxVA'=ar(x,y) b; 


pœyA'qOVA'— rh, y) b; 


€ 


Fig. 5.32 Proposition chain of 
second-order multiple 
empirical or mathematical 
connection propositions 
with negative non-property 


fact propositions 


pœ 'qy)< ' 


qN '{p(x)< '} 


POS gV A ' 


PXVA ‘qv ' 


E€ 


b; 

b» 

b; ¥ 
a 2 


y 
1 4 a3 
F 
b; 
b, 
b; z 
a; @ a; 
Y 
b; 
b, 
b, x 
a a a; 
y 
1 4 a; 
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a a, a 


1 
a 


Fig. 5.33 Property proposition 


segment chain of second- 


order empirical or 


mathematical connection 


propositions 
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Fig. 5.34 Property proposition 


segment chain of second- 


order empirical or 


mathematical connection 


propositions 
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2.10 Decomposition 
system of first-level 
multiple predicate 


calculus 


The grounds and inference rules of the 
decomposition system of the first-level multiple 
predicate calculus is the same as those of the 
decomposition system of the first-level single 
quasi-predicate calculus. 

Example 5.6: The known: 3 is a natural 
number; for every natural number there exists 
one no greater than it. The unknown: there 
exists a natural number no greater than 3. 

Solution: 

The known: 
natural_number(3), 
natural number(x)< 'natural_number(y)// ' 
ySx. 

The unknown: 
natural number(y)/^ 'y<3. 

Proof: 

(1) natural number(3) P 

(2) natural number(x)< ‘natural_ number(y)/ 

A 'y<x P 
(3) natural _number(y)y/ A 'y<3 
T(1)(2) Table 1.3 
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Chapter © 
Second-level multiple predicate calculus 


Second-level multiple predicate calculus studies the relationship between multiple 
empirical or mathematical connection propositions and multiple logical connection propositions. 

We regard multiple logical connection propositions as the generalization of single logical 
connection propositions. Therefore, we first study the features of single logical connection 
propositions, then we generalize them to multiple logical connection propositions. 

Among single empirical or mathematical connection propositions, we have the square 


of opposition shown in Fig. 6.1. 


P(XxX)S 'g(x) P(x)S l ~q(x) 
Co, contraries Xo) 
yy) x 
egy ge 
Loy, 


BSS 


wa}[e 


subcontraries 
pYA 'q(x) pA ' q(x) 
Fig. 6.1 Square of opposition 


6.1 Meaningful and bound multiple logical 
connection propositions 


A multiple logical connection proposition is a meaningless one if at least one multiple 
empirical or mathematical connection proposition in it is meaningless. For example, {p(x) 
< mapa) A 'r(x, y) < gv A '{p(x)< 'r(x, y)}} is a meaningless second-order mul- 
tiple logical connection proposition because both p(x) and —p(x) occur in the antecedent. If 
both multiple empirical or mathematical connection propositions in a multiple logical 
connection proposition are meaningful ones, then the multiple logical connection proposition 
is a meaningful one; e.g., {p(x)< 'g(v) < 'r(x, y} < pA qo) 'r(x, y)}} is a 
meaningful second-order multiple logical connection proposition. 

A multiple logical connection proposition is a free one if at least one fact proposition 
in it is free. For example, {p(x)< 'g(v) < 'r(x, y)}< '{s(vV A '{pQx)< 'r(x, y)}} is a free 
second-order multiple logical connection proposition, because both q(y) and s(y) are free 
second-order fact propositions. A multiple logical connection proposition is a bound one if 


all fact propositions in it are bound. For example, {p(x)< 'g(y)// | r(x, v)}< ‘{p(x//A | 
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{q(v)< 'r(x, y)}} is a bound proposition because all fact propositions in it are bound. In the 
simplest multiple logical connection proposition we study in this book, there are only 
relevantly bound fact propositions. 

Establishment by inductive composition of a multiple logical connection proposition 


can proceed only if the proposition is meaningful and bound. 


6.2 Establishment by implicit inductive 
composition of mutually inverse implication 
propositions 


In Fig. 6.1 p(x)< 'q(x) is the upper proposition of p(x)//\ 'g(x). In the proposition 
chain shown in Fig. 5.21, p(x)< 'g(x) is also the upper proposition of p(x)//\ 'q(x). From 
Section 5.5 we learn that the upper proposition mutually inversely implies the lower propo- 
sition, and { p(x)< 'g(x)}< '{ p(x)//A 'g(x)} is a single logical theorem. 

Generalizing the idea of a mutually inverse implication proposition of single empirical 
or mathematical connection propositions into multiple logical connection propositions, we 
have: suppose A and B are two multiple empirical or mathematical connection propositions 
on the same proposition chain, and A is the upper proposition of B, then AX 'B is a 
multiple logical theorem. 

Example 6.1: Prove the meaningful and bound second-order multiple logical connection 
proposition {p(x)//\ '‘{g(v) < 'r(x, y)}}< 'ta(v)< ‘p(x A rx, y)}. 

Proof: P(x)//\ ‘{q(v) < 'r(x, y)} and q(v)< ‘p(x)//\ 'r(x, y) are on the same proposition 
chain, shown in Fig. 5.31, and the former is the upper proposition of the latter. Therefore, 


the proposition is proved. 


6.3 Establishment by implicit inductive 
composition of contradictory propositions 


Of the two contradictory propositions shown in Fig. 6.1, exactly one is true, and one is 
false; they can be neither both true nor both false. For example, p(x)< 'g(x) and p(x)// | 
— q(x) are contradictory propositions; they can be neither both true nor both false, and 
therefore, {p(x)< 'g(x)}® '{ PVA mqa) or = (p(x) < 'g(x)}= ‘po A | q(x) is a 
single logical theorem. 

The contradictory propositions p(x)< 'g(x) and p(x)//\ '— q(x) have two features 
diagrammatically: First, each least success diagram of p(x)< 'gq(x) intersects with each least 
success diagram of p(x)//\ ' g(x) at a zeroth-level element of the set <p(x), T> shown in 
Fig. 6.2. In Fig. 6.2, they intersect at the zeroth-level element marked both “o” and “x”. 


He 
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a, a a; a a, 
<p(x), T> 


Fig. 6.2 Least success diagrams intersect each other 


Secondly, if for one of p(x)< 'g(x) and p(x)/ A '—q(x), we adopt a least success dia- 
gram of its adjacent lower proposition, and for the other, we still adopt its own least success 
diagram, then we can always find a couple of least success diagrams that do not intersect at 
a zeroth-level element of the set <p(x), T>. 

Suppose, for p(x)< 'g(x), we adopt the least success diagram of its adjacent lower 
proposition shown in Fig. 5.21(2); and for p(x)//\ '—q(x), we still adopt its own least success 
diagram; we then obtain Fig. 6.3 where the two least success diagrams do not intersect at a 


zeroth-level element of <p(x), T>. 


o eoero > 
à a a; ay as x 
<p(x), T> 


Fig. 6.3 Least success diagram of adjacent lower proposition does not intersect 


Suppose, for p(x)< 'g(x), we adopt its own least success diagram; and for p(x)//\ | 
— q(x), we adopt the least success diagram of its adjacent lower proposition shown in Fig. 
5.22(3); we then obtain Fig. 6.4 where the two least success diagrams do not intersect at a 


zeroth-level element of <p(x), T>. 


—__©@-©-0-@—__> 
a, a a; a, as 4 
<p(x), T> 


Fig. 6.4 Least success diagram of adjacent lower proposition does not intersect 


P(x)< '—q(x) and p(x)//\ 'q(x) are also contradictory propositions; they also have the 
above features. 

Generalizing the idea of the contradictory single empirical or mathematical connection 
propositions into multiple logical connection propositions, we have: suppose A and B are 
multiple empirical or mathematical connection propositions having the same property fact 
propositions p,(x,), ..., p,(x,,) (this does not mean they have the same property fact proposition 
segment; e.g., p(x;) in A can be p(x,)< ', while p{x,) in B can be p(x,)//\ ', and rest can be 
inferred by analogy) which are neither permanently false nor permanently true and in which 
p: is not —p, for any i and j, and the opposite non-property fact propositions which are neither 


permanently false nor permanently true; if, first, any least success diagram of A intersects 
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with any least success diagram of B at a zeroth-level element of the conjunction set of 
P(x), --- P,A(X,); secondly, of A and B, one is adopted a least success diagram of its adjacent 
lower proposition, and the other is adopted a least success diagram of its own, and at least 
two least success diagrams can be found that do not intersect at a zeroth-level element of 
the conjunction set of p,(x,),...,p,(x,,), then A and B are contradictory propositions and A@ ' 
B, — A= 'B are multiple logical theorems. 

Example 6.2: Prove the law of contradiction — tq) < ‘PRVA 'r(x, vy) }='gaV/A | 
{p(x) < "r(x, y)}. 

Proof: — {q(v)S PVA 'r(x, vy) }='g(vVA '{ p(x) < '— r(x, y)} is meaningful and 
bound, inductive composition can proceed. 

First, on the conjunction set of p(x) and q(y), we draw a least success diagram of 
q(v)< ‘PA 'r(x, y), represented by the dotted line in Fig. 6.5, and one of g(v)//\ |{p(x) 
< '—r(x, y)}, represented by the continuing line in Fig. 6.5. The two least success dia- 
grams intersect at the zeroth-level element (a, b,) where g(y)< 'p(x)/A 'r(x, y) requires 
r(a5, b,) to be true, while g(v)//A |{p(x) < '—r(x, y)} requires —r(a,, b») to be true. It is 
verifiable that every least success diagram of g(v)< 'p(x)// 'r(x, y) intersects with every 
one of q)/A '{p(x) < '—r(x, y)} at a zeroth-level element of the conjunction set of p(x) 
and q(y). 

Secondly, we adopt its own least success diagram for g(v)< 'p(x)/A 'r(x, y), repre- 
sented by the dotted line in Fig. 6.6 and adopt a least success diagram of its adjacent lower 
proposition for g(y)//\ '{p(x) < '—r(x, y)}, represented by the continuing line in Fig. 6.6. 
From Fig. 6.6 we observe that although the two least success diagrams intersect each other, 
the intersection point is not a zeroth-level element; i.e., the two least success diagrams do 


not intersect at a zeroth-level element of the conjunction set of p(x) and q(v). Hence, the law 


is proved. 

y y 
b; b, (OJ e > 

<q), T> 4 b, <q), T> < b, A 
bı b, © 

ay a, a x a, a a; x 
<p(x), T> <p(x), T> 
Fig. 6.5 Least success diagrams Fig. 6.6 Least success diagram of 
intersect each other adjacent lower proposition 


does not intersect 
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6.4 Establishment by implicit inductive 
composition of contrary propositions 


In Fig. 6.1, p(x)< 'q(x) and p(x)< '—q(x) are contrary propositions that can be both 
false but not both true; therefore, 4 { p(x)< 'g(x)}V/ '={ p(x)< '—g(x)} or 3 {ff px) 
< 'gx)/A |{ p(x)< '—=q(x)}} is a single logical theorem. 

The contrary propositions p(x)< 'g(x) and p(x)< '—q(x) have two features diagram- 
matically: first, each least success diagram of p(x)< 'g(x) and each one of p(x)< |= q(x) 


intersect at a zeroth-level element of p(x), shown in Fig. 6.7. 


3i ay ay ay A: 
<p(x), T> 


Fig. 6.7 Least success diagrams intersect each other 


Secondly, if for one of p(x)< 'g(x) and p(x)< '—q(x) we adopt a least success dia- 
gram of its adjacent lower proposition, and for the other we still adopt its own least success 
diagram, then any pair of the least success diagrams still intersect at a zeroth-level element 
of p(x). Suppose, for p(x)< 'g(x) we adopt a least success diagram of its adjacent lower 
proposition, for p(x)< '—q(x) we still adopt its own least success diagram, shown in Fig. 
6.8, then the two least success diagrams still intersect each other at a zeroth-level element 


of p(x). 
$$ xxO 


a; ay A; ay As x 
<p(x), T> 


Fig. 6.8 Least success diagram of adjacent lower proposition still intersect 


Generalizing the idea of the contrary single empirical or mathematical connection 
propositions into multiple logical connection propositions, we have: suppose A and B are 
multiple empirical or mathematical connection propositions having the same property fact 
propositions p,(x,), ..., P,(x,,) which are neither permanently false nor permanently true and 
in which p; is not —p, for any i and j, and the opposite non-property fact propositions which 
are neither permanently false nor permanently true; if, first, any least success diagram of A 
intersects with any least success diagram of B at a zeroth-level element of the conjunction 
set of p,(x,), -.-, P,(X,); secondly, of A and B, one is adopted a least success diagram of its 
adjacent lower proposition, and the other is adopted a least success diagram of its own, and 
any such pair of least success diagrams still intersect each other at a zeroth-level element 


of the conjunction set of p,(x,), ..., p,(x,), then A and B are contrary propositions and —A \// 
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—B, — {A/A 'B} are multiple logical theorems. 

Example 6.3: Prove the law of contrariety — { {p(x)/A '{q(v)< 'r(x, y)}}/A qoy 
A PS =r, y). 

Proof: = { {PVA 0) 'r(x, yA HOVA PS '—r (x, y)}}} is mean- 
ingful and bound, inductive composition can proceed. First, on the conjunction set of p(x) 
and q(y), we draw a least success diagram of p(x)//\ '{q(v)< 'r (x, y)}, represented by the 
continuing line in Fig. 6.9, and one of q(v)// '{p(x)< '—r(x, y)}, represented by the dotted 
line in Fig. 6.9. The two least success diagrams intersect at the zeroth-level element (a), b,). 
It is verifiable that every least success diagram of p(x)//\ '{q(v)< 'r(x, y)} intersects with 
every one of g(y)// '{p(x)< '—r (x, y)} at a zeroth-level element of the conjunction set of 


p(x) and q(y). 


<p(x), T> 


Fig. 6.9 Least success diagrams intersect each other 


Secondly, we adopt a least success diagram of its adjacent lower proposition for 
pA '{q(v)< 'r(x, y)}, represented by the continuing line in Fig. 6.10, and adopt its own 
least success diagram for g(v)//\ '{p(x)< '—=r(x, y)}, represented by the dotted line in Fig. 
6.10. The two least success diagrams still intersect at the zeroth-level element (a,, b,). It is 
verifiable that every such pair of least success diagrams intersects each other. Hence, the 


law is proved. 


<q(y), T> < b, 


Fig. 6.10 Least success diagram of adjacent lower proposition still intersects 


Around the third century B.C., in the warring states of ancient China, there was a merchant 


selling weapons. He boasted his spear by saying, “My spear is so sharp that it can pierce 
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through all shields.” Later, he boasted about his shield by saying, “My shield is so strong 
that no spear can pierce through it.” Then, a bystander asked, “What would happen if you 
use your spear to pierce your shield?” The merchant cannot answer the question. Later, the 
ancient Chinese philosopher Han Fei summarized a law called the law of contradiction from 
the story: “A spear that can pierce through all shields and a shield that no spear can pierce 
through cannot coexist.” In mutually-inversistic logic, this law is denoted by: — { {spear(x)/ 
A '{shield(v)< 'pierce(x, y)}}// '{shield(y)// | {spear(x)< '—pierce(x, y)}}} which is 
an instance of the law of contrariety — { {p(x)/A ‘{g)< ‘ran yA OVA pas | 


— r(x, y)}}} when p is assigned a spear, q a shield, r pierce. 


6.5 Establishment by implicit inductive 
composition of subcontrary propositions 


In Fig. 6.1, p(x)// 'g(x) and p(x)//\ '—q(x) are subcontrary propositions that can be 
both true but not both false; therefore, { p(x)//\ 'g(x)}V/ '{ p(x)//A '—q(x)} is a single 
logical theorem. 

The subcontrary propositions p(x)//\ 'g(x) and p(x)//\ '—q(x) have the diagrammatic 
feature that at least a least success diagram of p(x)//\ 'g(x) and one of p(x)//\ '—q(x) can 


be found that do not intersect at a zeroth-level element of p(x), shown in Fig. 6.11. 


a, a a; a a, 
———S 
<p(x), T> 


Fig. 6.11 Least success diagrams do not intersect each other 


Generalizing the idea of the subcontrary single empirical or mathematical connection 
propositions into multiple logical connection propositions, we have: suppose A and B are 
multiple empirical or mathematical connection propositions having the same property fact 
propositions p,(x,), ..., p,(x,) which are neither permanently false nor permanently true 
and in which p; is not —p, for any i and j, and the opposite non-property fact propositions 
which are neither permanently false nor permanently true; if at least a pair of least success 
diagrams of A and B can be found that do not intersect at a zeroth-level element of the con- 
junction set of p,(x,), ..., p,(x,), then A and B are subcontrary propositions and A/ 'Bisa 
multiple logical theorem. 

Example 6.4: Prove the meaningful and bound second-order multiple logical connection 
proposition {q(v)< “PVA ræ, y)} V/ HPS ‘qv A | r(x, y)}. 

Proof: Draw a least success diagram of g(v)< 'p(x)//\ 'r(x, y), represented by the con- 
tinuing line in Fig. 6.12 and one of p(x)< 'g(v)//\ '—r(x, y), represented by the dotted line 
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in Fig. 6.12 on the conjunction set of p(x) and q(y). From Fig. 6.12 we observe that the two 
least success diagrams do not intersect at a zeroth-level element of the conjunction set of 


p(x) and q(y). Hence, the proposition is proved. 


Kaly), T> 4 by 1s x. 


<p(x), T> 


Fig. 6.12 Least success diagrams do not intersect each other 


6.6 Square of opposition among multiple 
empirical or mathematical connection 
propositions 


Similar to Fig. 6.1, we have the square of opposition among multiple empirical or 


mathematical connection propositions shown in Fig. 6.13. 


PVA '{q(v)S ‘rx, y)} qu A PWS ' art, y)} 


giv) PVA ‘r(x, y) POS ‘giv A "r(x, y) 
Fig. 6.13 Logical square for multiple empirical or 


mathematical connection propositions 


6.7 Decomposition system of second-level 
multiple predicate calculus 


The grounds and inference rules of the decomposition system of the second-level multiple 
predicate calculus is the same as those of the decomposition system of the first-level single 


quasi-predicate calculus. 


we 
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Example 6.5: The known: all natural numbers are comparable. The unknown: some 
natural numbers are comparable. 

Solution: 

Suppose: n_n(x): x is a natural number. 
comparable(x, y): x and y are comparable. 

The known: 
n_n(x)< 'n_n(y) < 'comparable(x, y), 
POS G0) S "rx, y)}S RV A a0) S rE, y), 
PEVA {gS E, WIS {GS ‘pO A irs, yy}, 
{aS PVA Ire, vV}S GOV A POVA ry). 

The unknown: 
n_n(y)/A 'n_n(x)//A 'comparable(x, y). 


Proof: 

(1) n_n(x)< 'n_n(v)< 'comparable(x, y) P 

(2) PAS OS ra SE PAA OS ‘ray P 

(3) n_n(x)// '{n_n(y)< 'comparable(x, y)} T (1) (2) Table 1.3 
(4) {pV A {gS "re YH} GQ) S (pO A ray) P 

(5) n_n(y)< 'n_n(x)// 'comparable(x, y) T (3) (4) Table 1.3 


(6) {40S PAA ‘r(x, )}< {GOV A "PRA 'r(x,y)} P 
(7) n_n(v)/A 'n_n(x)/A 'comparable(x, y) T (5) (6) Table 1.3 
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Chapter 7 
Mutually-inversistic propositional 
calculus 


7.1 Formation of fact propositions 


An assertion is a declarative sentence. A zeroth-order fact proposition is an assertion. 
“On Aug. 20, 2006, in Xi’an, it rained” is a zeroth-order fact proposition, denoted by U}. U} 
is true, denoted by <U}, T>. 

Uj: On Oct. 1, in Beijing, it rained. 
U? is false, denoted by <U/, F>. Zeroth-order fact propositions are invariable 
propositions, denoted by U, V, and W with subscript and superscript. 


U,: it rains. 


U, is a first-order fact proposition, which is a variable proposition, ranging over 
zeroth-order fact propositions. For example, U, ranges over U; and Uj. First-order fact 
propositions are denoted by U, V, and W with subscript. 

U, V, and W are second-order fact propositions, which are variable propositions, 
ranging over first-order fact propositions. For example, U ranges over U,, U, (the wind 
blows), U, (the ground is wet), U, (the road is slippery). 

Single empirical or mathematical connection propositions, quasi-logical connection 
propositions, single logical connection propositions, and quasi-transcendent logical 
connection propositions in mutually-inversistic propositional calculus are similar to those in 


mutually-inversistic predicate calculus. 


7.2 First-level single quasi-propositional calculus 


First-level single quasi-propositional calculus studies the relationship between fact 
propositions and single empirical or mathematical connection propositions, quasi-logical 
connection propositions. 

Example 7.1: Truthify U,< 'U, (if it rains, then the ground is wet) by explicit inductive 
composition. 

Solution: U, is not permanently false, for on Aug. 20, in Xi’an, it rained (U}). U, is not 
permanently true, for on Oct. 1, in Beijing, the ground is not wet (U;). Therefore, U, < 'U, 


is meaningful, inductive composition can go on. 
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The operation table of inductive composition for U,< ' U, is given in Table 7.1. 


Table 7.1 Operation table of inductive composition for U, < 'U, 


<U,, F><U;, F> SUST 
<U,, F><U;, T> <U,<'U;, > 
<U,, T><U;, F> <U,= U, F 


<U,, T><U;, T? 


In Table 7.1, the four arguments are no longer minsets, but minareas, because they are 
composed of instances, not elements. For example, <U}, T><U}, T> is an instance, not 
an element of <U,, T><U;, T>. The first and fourth rows of Table 7.1 constitute the support 
area of U,< 'U,, the third row constitutes the opposition area, and the second row consti- 
tutes the neutral area. Inductive composition is performed as follows: 

On Aug. 20, 2006, in Xi’an, it rained, and the ground was wet. This is the fourth row 
of Table 7.1. On Oct. 1, 2006, in Beijing, it did not rain, and the ground was not wet. This 
is the first row of Table 7.1. It is not the case that it rains and the ground is not wet. That is, 
the third row of Table 7.1 never occurs. 

Note that the instances of the antecedent and the consequent should be in the same 
time and place, under the same condition. For example, when the instance of the antecedent 
is “on Aug. 20, 2006, in Xi’an, it rained”, the instance of the consequent should be “on Aug. 
20, 2006, in Xi’an, the ground was wet”. It will not do when the instance of the antecedent 
is “on Aug. 20, 2006, in Xi’an, it rained”, while the instance of the consequent is “on Oct. 1, 
2006, in Beijing, the ground was not wet”. This requirement is the boundness requirement. 

After arbitrarily investigating a finite number of instances, the inductive composi- 
tion concludes. At this time, in order to determine whether the unknown single empirical 
or mathematical connection proposition is true or not, we need to investigate the following 
two criteria: 

(1) The minareas constitute the opposition area are all empty; 

(2) None of the minareas constitute the support area is empty. 

If both criteria are met, then the proposition under investigation is true; otherwise, it is 
false. In this example, both criteria are met, therefore, U, < 'U; is truthified. 

After being truthified, “if it rains, then the ground is wet” serve as the major premise. 
“On Aug. 20, 2006, in Xi’an, it rained” serve as the minor premise. Using Table 1.3, we can 
infer the conclusion “on Aug. 20, 2006, in Xi’an, the ground was wet.” 

The inductive composition of quasi-logical connection proposition in propositional 
calculus is similar to that in predicate calculus. 


The antecedent “it rains” and the consequent “the ground is wet” of the single empirical 
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or mathematical theorem “if it rains, then the ground is wet” have only the nexus of semantics, 
not the nexus of syntactic. After we have thrthified “if it rains, then the ground is wet” and 
have determined “on Aug. 20, 2006, in Xi’an, it rained”; before we use Table 1.3 to infer 
“on Aug. 20, 2006, in Xi’an, the ground was wet” and make an on-the-spot investigation, 
we have not determined “on Aug. 20, 2006, in Xi’an, the ground was wet”. This means that 
the minor premise alone cannot decide the conclusion. This property is called the first-level 
non-decidedness of the minor premise to the conclusion. If this property holds, then the 
conclusion is new knowledge to the minor premise. 

The antecedent “it rains” and the consequent “it rains or cows eat grass” of the instance 
“if it rains, then it rains or cows eat grass” of the quasi-logical theorem U< 'U V V have 
not only the nexus of semantics but also the nexus of syntactic: both the antecedent 
and the consequent have the fact proposition “it rains”. After we have truthified “if it 
rains, then it rains or cows eat grass” and have determined “on Aug. 20, 2006, in Xi’an, it 
rained”; before we use Table 1.3 to infer “on Aug. 20, 2006, in Xi’an, it rained or cows ate 
grass” and make on-the-spot investigation, we have already determined “on Aug. 20, 2006, 
in Xi'an, it rained or cows ate grass” to be true. This means that the minor premise alone 
can decide the conclusion, and the property of first-level non-decidedness of the minor 
premise to the conclusion does not hold, and the conclusion is not new knowledge to the 
minor premise. 

The grounds and inference rules of the decomposition system of first-level single 
quasi-propositional calculus is the same as those of the decomposition system of first-level 
single quasi-predicate calculus. 

Example 7.2: the known: on Aug. 20, 2006, in Xi’an, it rained (U}); if it rains, then the 
ground is wet (U,< 'U,); if the ground is wet, then the road is slippery (U;< 'U,). The un- 
known: on Aug. 20, 2006, in Xi’an, the road was slippery (Uj). 


Proof: 

(1) U; P 

(2) USU, P 

(3) U; T (1) (2) Table1.3 
(4) U;< 'U, P 

(5) U; T (3) (4) Table1.3 


The second-level single quasi-propositional calculus is similar to the second-level 


single quasi-predicate calculus. 
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Part 2 
Mutually-inversistic set theory 


Mutually-inversistic set theory is basically isomorphic with 
mutually-inversistic predicate calculus. Their distinctions 
lie in that mutually-inversistic predicate calculus studies 
the objective world from the intension and extension 
perspective, while mutually-inversistic set theory studies it 
from the extension perspective only; mutually-inversistic 
predicate calculus studies the mutual inverseness of inductive 
composition and decomposition, while mutually-inversistic 
set theory studies the main, the auxiliary (which are the 
foundations of mutually-inversistic abstract algebra), and 
mutually inverse coordinate systems hierarchy (which is the 


foundation of mutually-inversistic mathematics). 
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Chapter 8 
Fundamentals of mutually-inversistic 
set theory 


8.1 Set operators 


` 


The 12 set operators corresponding to logical operators are: ~((absolute) comple- 
ment), N (intersection), U ((compatible) union), (incompatible union, Boolean sum), |A ! 
(mutually inverse intersection), U| ' (mutually inverse union), c ' (being mutually inversely 
contained, subset), = ' (mutually inverse equivalence), c ' (being mutually inversely properly 
contained, proper subset), U ' (mutually inverse compatible union), ® ' (mutually inverse 
incompatible union), X ' (mutually inverse intercross). In mutually-inversistic set theory, 
two more composition operators are introduced: ®(Boolean product), and — (relative 


complement). Their operation tables are shown in Tables 8.1 and 8.2. 


Table 8.1 Operation table for ® 


(Cn ..., G)EA (fr ..., 6, ¢B (Tis -sss Op Op o,)Ee A@B 
(0), ..., G)EA (n ..-5 6, )€B (Gj, «++ On Op- HJ EAOB 
(Tn ..., )EA (On ---, 6,)¢B (On -+s Fj, Op ---, %,) EA@B 
(0, ...,)EA (Cn ..., 6, €B (Cn -> Fj, On ---5 HJEA@B 


Table 8.2 Operation table for — 
(On ..., FEA (O, ..., 6) EB 


(a), ..., GEA (p: sa %)EB 
(On ..., GEA (Op ..., %)¢B 


5 G)EA (C; ..., &,)€B 


(0, 


The operation tables for c ' are shown in Tables 8.3 to 8.5. 


Table 8.3 Operation table of inductive composition for c ' 
(O; ..., G)EA (On -=s Fj, On ---5 H,JEAC 'B 
(0), ..., G)EA n 


(G), ..., GEA (Gj, «+5 Fy On -3 EAC 'B 


(G, ..., GEA (Cn -> On On ---5 GHJEAC 'B 
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Table 8.4 Operation table of decomposition one for c ' 
<Ac 'B, F> (Cn ..., GEA 
<Ac 'B, F> (On ..., G)EA 
<Ac 'B, T> (On, ...,6)¢A 
<Ac 'B, T> (0), -.., )EA 


<Ac''B, F> 
<Ac''B, F> (a 
<Ac'B, T> (Os ..., 6, ¢B 
LAc B T> 


yxa OPEB 


A set is composed of elements. Suppose element e, is a member of the set S, then we 
say “e, belongs to S”, denoted by e,eS. Suppose e, is not a member of the set S, then we 
say “e, doesn’t belong to S”, denoted by e gS. One way of describing a set is by listing 
its elements between braces. Suppose set S is composed of e, and e,, then we write S={e,, 
e,}. The other way of describing a set is by describing the property its elements satisfy, e.g. 
S={x\|x is a natural number}. 

~A is a set whose elements are those that are in the universe U, but are not in A. For 
example, suppose U={a, b, c}, A={a}, then ~A={b, c}. AAB is a set whose elements are 
those that are in beth A and B. For example, suppose A={a, b}, B={b, c}, then A N B={b}. 
A UB is a set whose elements are those that are in either A or B. For example, suppose 
A={a, b}, B={b, c}, then A U B={a, b, c}. The difference between ANB and A| N “B is that 
ANB is the intersection set, while A|M'B is the intersection relationship or connection, 
meaning that A and B intersect each other, or that some A are B. Of course, there is certain 
relationship between A N B and A|M'B: if ANB is not empty, then A|'B holds; otherwise, 
A|N'B does not hold. The difference between ACB in naive set theory and Ac"B is that 
AcB only has establishment process, while Ac’'B has establishment and employment 
processes. For example, suppose A={a, b}, B={a, b, c}, then ACB and Ac"B hold. This is 
the establishment process. ACB only has this process. While Ac''B, in addition to this 


process, also has the employment process: from Ac"B holding and acA, we can infer acB. 


8.2 Elements, sets, and propositions 


Changing the logical operators in Section 1.2 into set operators, we obtain elements, 
sets, and propositions in mutually-inversistic set theory. Changing the logical operators in 


quasi-logical, single logical, multiple logical, quasi-transcendent logical connection propositions 


BS 
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into set operators, we obtain quasi-set connection propositions, single set connection propo- 
sitions, multiple set connection propositions, quasi-transcendent set connection propositions. 
What follows is the description of the main thread: term— fact proposition— single empirical 


or mathematical connection proposition— single set connection proposition. 


8.2.1 Zeroth-level elements 


An n-tuple composed of n (n=1, 2, 3, ...) zeroth-order terms is a zeroth-level element 
constant; e.g., (1+1, 2) is a zeroth-level element constant. An n-tuple composed of n first-order 


terms is a zeroth-level element variable; e.g., (x, y) is a zeroth-level element variable. 


8.2.2 Zeroth-level sets and first-level elements 


A predicate acting on a zeroth-level element constant obtains a zeroth-order fact propo- 
sition, which is a belonging relationship of zeroth-level element constant to zeroth-level set 
constant. For example, = acting on (1+1, 2) obtains 1+1=2, which can be regarded as (1+1, 
2)ex=y. 

A predicate acting on a zeroth-level element variable obtains a first-order fact proposi- 
tion, which is a zeroth-level set constant. For example, =acting on (x, y) obtains x=y. It is a 
zeroth-level set constant, (1+1, 2) belongs to it, (3, 2) does not belong to it. 

A second-order fact proposition is a zeroth-level set variable ranging over zeroth-level 
set constants. For example, P is a zeroth-level set variable ranging over x=y, man(x). 

Two zeroth-level set constants constitute a first-level element constant; e.g., (int(x), 
rat(x)) is a first-level element constant. Two zeroth-level set variables constitute a first-level 


element variable; e.g., (P, Q) is a first-level element variable. 


8.2.3 First-level sets and second-level elements 


An empirical or mathematical connection operator acting on a first-level element con- 
stant obtains a first-order single empirical or mathematical connection proposition. For 
example, c ' acting on (int(x), rat(x)) obtains int(x)c 'rat(x). A first-order single empirical 
or mathematical connection proposition is a belonging relationship of first-level element 
constant to first-level set constant. For example, int(x)c 'rat(x) can be regarded as (int(x), 
rat(x))ePc 'Q. A first-order single empirical or mathematical connection proposition is also 
a connection between two zeroth-level set constants; e.g., int(x)c 'rat(x) is a being mutually 
inversely contained connection between int(x) and rat(x). 

An empirical or mathematical connection operator acting on a first-level element vari- 
able obtains a second-order single empirical or mathematical connection proposition. For 
example, c ' acting on (PN Q, R) obtains PN Oc 'R. An second-order single empirical or 


mathematical connection proposition is a first-level set constant. For example, PN Qc 'R is 
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a first-level set constant, (parent(x, y)N ancestor(y, z), ancestor(x, z)) belongs to it, (x=vN y=z, 
x<z) does not belong to it. A second-order single empirical or mathematical connection 
proposition is also a connection between two zeroth-level set variables. For example, P N Q 
c 'R is a being mutually inversely contained connection between PM Q and R. 

A third-order single empirical or mathematical connection proposition is a first-level 
set variable ranging over first-level set constants. For example, ¥ is a first-level set variable 
ranging over Pc 'Q, PN Qc 'R. 

Two first-level set constants constitute a second-level element constant; e.g., (Pc 'Q, 
~Qc '~P) is a second-level element constant. Two first-level set variables constitute a 


second-level element variable; e.g., (¥, Q) is a second-level element variable. 


8.2.4 Second-level sets 


A set connection operator (corresponding to a logical connection operator) acting on a 
second-level element constant obtains a second-order single set connection proposition. For 
example, = ' acting on (Pa '0, ~Qc '~P) obtains {Pa 'O}='{~Qc'~P}. A second- 
order single set connection proposition is a belonging relationship of second-level element 
constant to second-level set constant. For example, {Pc '0}= '{~Qc'~P} can be regarded 
as (Po '0, ~Oc '~P)e Y= 'Q. A second-order single set connection proposition is also a 
connection between two first-level set constants; e.g., {Pa 'Ol='{~Oc '~P} is a mutu- 
ally inverse equivalent connection between Pc 'Q and ~Qc '~P. A second-order single 
set connection proposition is also a connection of connection between two zeroth-level set 
variables. Take {Pa 'QO}='{~Qc'~P} as an example, P and Q are two zeroth-level set 
variables, Pc 'Q is a connection between them, ~Qc '~P is another connection between 
them, {Pa '0}='{~Qc'~P} is a connection of the two connections. 

A set connection operator acting on a second-level element variable obtains a third- 
order single set connection proposition. For example, c ' acting on (¥NQ, O) obtains 
¥Qc'O. A third-order single set connection proposition is a second-level set constant. 
For example, ¥M Qc '@ is a second-level set constant, ({P|N 'O}N {Oc 'R}, {PIN 'R}) 
belongs to it, ({Pa 'O} N {0|N 'R},{P|N 'R}) does not belong to it. A third-order single 
set connection proposition is also a connection between two first-level set variables. 
For example, YN. Qc'@ is a being mutually inversely contained connection between 
YN Q and O. 

A fourth-order single set connection proposition is a second-level set variable ranging 
over second-level set constants. For example, 4 is a second-level set variable ranging over 
P='20,¥NQc'0. 
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8.2.5 Athree-storeyed building with foundation of elements and sets 


Elements and sets are like a three-storeyed building with foundation, shown in Fig. 8.1. 


= =W 


Oorder lorder 2order i 3order 4order 


' 2BelRel :2SetConst ' 2SetVar 2Set 
{P'O} "PEO Fe 'Q iA 


2EleConst 2EleVar | 
(P= 'Q, Pc 'Q) (P,Q) | 2Ele 
1BelRel 1SetConst 1SetVar 1Set 
tint(x)c 'rat(x) {Pc'Q iy 


| 1EleConst 1 Ele Var 
i (int(x), rat(x)) i (P,Q) lEle 


OBelRel OSetConst OSetVar OSet 
int(2) i int(x) iP 
OEleConst | OEle Var 
(2, 3) i(x, y) OEle 


TermConst Term Var Term 
2 ix i i 


Fig. 8.1 A three-storeyed building with foundation of elements and sets 


In Fig. 8.1, OBelRel stands for zeroth-level belonging relationship, 1EleConst stands 
for first-level element constant, 2SetVar stands for second-level set variable, rest can be 
inferred by analogy. In Fig. 8.1, terms are the foundation. Zeroth-level elements are the 
floors of the ground floor. Zeroth-level sets are the ceilings of the ground floor. Rest can be 


inferred by analogy. The vertical dotted lines partition the floors into rooms of different orders. 


8.3 Empirical abstraction, mathematical 
abstraction, and set-theoretic abstraction 


Human beings initially abstract empirically from nature elements John, Building No. 
1, which are the object of study of empirical sciences. Later, they abstract mathematically 
from them elements 1, 2, 3, ..., which are the object of study of mathematics. Finally, they 
abstract set-theoretically from them elements a, b, c, ..., which are the object of study of 
set theory. From empirical abstraction through mathematical abstraction to set-theoretic 
abstraction, the extent of abstraction goes higher and higher. 


Bob, Max, Sam constitute the set man(x), which is the object of study of empirical 
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sciences. 0, 1, 2 constitute the set integer(x), which is the object of study of mathematics. A, 


b, c constitute the set {a, b, c}, which is the object of study of set theory. 


8.4 Mutually inverse coordinate systems 
hierarchy 


Elements, sets and propositions can be described by mutually inverse coordinate systems 
hierarchy, which is composed of four coordinate systems: the coordinate system of terms, 
the coordinate system of facts, the coordinate system of single empirical or mathematical 
connections, the coordinate system of single set connections. Fig. 8.2 is a coordinate system 
of terms with empirical abstraction. Fig. 8.3 is a coordinate system of terms with mathematical 
abstraction, Fig. 8.4 to 8.6 are coordinate systems of facts with empirical, mathematical, 
set-theoretic abstractions respectively. Fig. 8.7 is a coordinate system of single empirical or 


mathematical connections. Fig. 8.8 is a coordinate system of single set connections. 


8.4.1 Coordinate system of terms 


Coordinate systems of terms are shown in Figs. 8.2 and 8.3. In these figures, O, is the 
origin. X-, y~ z-axes are the coordinate axes of terms. X, y, z are term variables. The points 
on x-, y~, Z-axes are term constants. The space formed by the x-, y-, z-axes is the term 
space. A point in the term space is a 3-component zeroth-level element constant; e.g., point 
(Max, Bob, Sam) in Fig. 8.2. A straight line perpendicular to a coordinate plane in the term 
space is a 2-component zeroth-level element constant; e.g., line (Max, Bob, z) in Fig. 8.2. 
A plane perpendicular to a coordinate axis in the term space is a 1-component zeroth-level 


element constant; e.g., plane (Max, y, z) in Fig. 8.2. 


Fig. 8.2 Coordinate system of terms with empirical abstraction 
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Fig. 8.3 Coordinate system of terms with mathematical abstraction 


8.4.2 Coordinate system of facts 


Coordinate systems of facts are shown in Figs. 8.4 to 8.6. In these figures, O, is the 
origin. P-, Q-, R-axes are the coordinate axes of facts. P, Q, R are the zeroth-level set vari- 
ables. The points on P-, Q-, R-axes are the zeroth-level set constants. The space formed 
by P-, Q-, R-axes is the fact space. A point in the fact space is a 3-component first-level 
element constant; e.g., point (x=y, y<z, x<z) in Fig. 8.5. A straight line perpendicular to a 
coordinate plane in the fact space is a 2-component first-level element constant; e.g., line 
(parent(x, y), grandparent(x, y), R) in Fig. 8.4 

R 
A 


ancestor(x, y): 


ancestor(x, y) 


Fig. 8.4 Coordinate system of facts with empirical abstraction 
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Fig. 8.5 Coordinate system of facts with mathematical abstraction 


Fig. 8.6 Coordinate system of facts with set-theoretic abstraction 
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8.4.3 Relationship between the coordinate system of facts and 
the coordinate system of terms 


The relationship between the coordinate system of facts and the coordinate system of 
terms is one between zeroth-level set constants and zeroth-level element constants. From 
the point of view of relational database, it is one between the type and value of a relation. 
A point on a coordinate axis of facts is a zeroth-level set constant (the type of a relation) 
containing such term variables as x, y, z, which form zeroth-level element variables varying 
through the x-, y-, z-axes in the term space. When x, y, z are assigned certain points in the 
x-, y~, z-axes, we obtain a zeroth-level element constant (the value of a relation) belonging 
or not to the zeroth-level set constant. All of the zeroth-level element constants belonging 
to the zeroth-level set constant constitute the set. For example, x=y is a point on P-axis in 
Fig. 8.5, it is a zeroth-level set constant (the type of a relation), it contains the zeroth-level 
element variable (x, y) varying through the x-, y-axes in Fig. 8.3. When x is assigned 1, y 1, 
we obtain the zeroth-level element constant (1, 1); i.e., line (1, 1, z) (the value of a relation), 
which belongs to x=y. (1, 1), (2, 2), (3, 3) constitute x=y. When x is assigned 1, y 2, we 
obtain (1, 2) not belonging to x=y. 


8.4.4 Coordinate system of single empirical or mathematical 
connections 


A coordinate system of single empirical or mathematical connection is shown in Fig. 
8.7. In the figure, O, is the origin. Y¥-, 2-, O-axes are the coordinate axes of single empirical or 


mathematical connections. ¥, Q, and @ are the first-level set variables. The points on ¥-, 


Fig. 8.7 Coordinate system of single empirical or mathematical connections 
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Q-, @-axes are the first-level set constants. The space formed by ¥-, Q-, @-axes is the 
single empirical or mathematical connection space. A point in the single empirical or 
mathematical connection space is a 3-component second-level element constant; e.g., point 
(P|N 'O, Oc 'R, P|N 'R). A straight line perpendicular to a coordinate plane in the single 
empirical or mathematical connection space is a 2-component second-level element 
constant; e.g., (Pa 'Q, P|M 'Q) in Fig. 8.7. 


8.4.5 Relationship between the coordinate system of single 
empirical or mathematical connections and the coordinate 
system of facts 


The relationship between the coordinate system of single empirical or mathematical 
connections and the coordinate system of facts is one between first-level set constants and 
first-level element constants. A point on a coordinate system of single empirical or math- 
ematical connections is a first-level set constant containing such fact variables as P, Q, and 
R, which form first-level element variables varying through the P-, Q-, and R- axes. When 
P, Q, and R are assigned certain points in the P-, Q-, and R-axes, we obtain a first-level 
element constant belonging or not to the first-level set constant. All of the first-level element 
constants belonging to the first-level set constant constitute the set. For example, Pc 'Q is 
a point on the Y-axis in Fig. 8.7, it is a first-level set constant, it contains the first-level element 
variable (P, Q) varying through the P- and Q-axes in Fig. 8.4. When P is assigned parent(x, 
y), Q ancestor(x, y), we obtain the first-level element constant (parent(x, y), ancestor(x, 
y)); i.e., line (parent(x, y), ancestor(x, y), R) belonging to Pc 'Q. (parent(x, y), ancestor(x, 
y)), (parent(x, y), parent(x, y)) constitute Pa 'Q. When P is assigned parent(x, y), Q 
grandparent(x, y), we obtain (parent(x, y), grandparent(x, y)) not belonging to Pc 'Ọ. 


8.4.6 Coordinate system of single set connection 


A coordinate system of single set connection is shown in Fig. 8.8. In the figure, O, is 
the origin. A~, 4-, and 5-axes are the coordinate axes of single set connections. A, 4, and = 


are the second-level set variables. The points on the 4-, 4-, and 4-axes are the second-level 


set constants. 


8.4.7 Relationship between the coordinate system of single set 
connections and the coordinate system of single empirical 
or mathematical connections 


The relationship between the coordinate system of single set connections and the coor- 
dinate system of single empirical or mathematical connections is one between second-level 


set constants and second-level element constants. A point on a coordinate axis of single set 


Be 
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connections is a second-level set constant containing such single empirical or mathematical 
connection variables as ¥, Q, and ©, which form second-level element variables varying 
through the ¥-, Q-, and @-axes in the single empirical or mathematical connection space. 
When ¥, Q, and O are assigned certain points on the ¥, Q-, and O-axes, we obtain a 
second-level element constant belonging or not to the second-level set constant. All of 
the second-level element constants belonging to the second-level set constant constitute 
the set. For example, ¥N Qc '@ is a point on the A-axis in Fig. 8.8, it is a second-level set 
constant, it contains the second-level element variable (#N 2, O) varying through the ¥-, 
Q-, and @-axes in Fig. 8.7. When ¥ is assigned P|N 'O, 2 Qc 'R, O P|N'R, we obtain 
the second-level element constant ({P|N 'O}N{ Oc'R }, PIN 'R) belonging to YN Qc 'O. 
(PIN 'O}N{ Oc'R}, PIN R) and ({Po'O}N{ Oc'!R }, Pc'R) constitute YN Qc 'O. 
When ¥ is assigned Po 'Q, 2 Q|N 'R, @ P|N 'R, we obtain ( {Pa 'O} NON 'R}, PIN 'R) 
not belonging to YN Qc 'O. 


Fig. 8.8 Coordinate system of single set connections 


8.5 Intersections 


8.5.1 Fact intersections 
8.5.1.1 Fact basic intersection 

Suppose A={a, b}, B={b, c}, then the fact basic intersection of A and B is AM B={b}. 
A is actually A(x), B is actually B(x). As both A(x) and B(x) have only one term variable, 


and both are x, we can omit it. 
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8.5.1.2 Fact extended intersection 

If a set is one of n-tuples, then the type of the set (relation) has n term variables, at 
this time, the n variables cannot be omitted. For example, suppose A(x, y)={(a, b), (b, c)}. 
The type of the set A(x, y) has two term variables: x and y. The b in the first binary tuple (a, 
b) of the set is an instance of y, while the b in the second binary tuple (b, c) is an instance 
of x, therefore A(x, y) cannot be simplified as A. Intersection operations are developed for 
relational database, therefore we denote sets as tables. A(x, y)={(a, b), (b, c)} is denoted as 
Table 8.6. B(x, y)={(a, b), (a, c)} as Table 8.7. 


Table 8.6 A(x, y) Table 8.7 B(x, y) Table 8.8 A(x, y) N B(x, y) 


x 


y x *¥ |Y 
ajb 


o 
[eS] 
G orl 


As the corresponding term variables of A(x, y) and B(x, y) are identical, fact extended 


intersection A(x, y) N B(x, y) can be performed on them, as is shown in Table 8.8. 


8.5.1.3 Fact first intersection 

Suppose there is the first-order single empirical or mathematical connection proposition x 
>zNy>zc 'x+y>z, and we want to make an intersection operation on x>z and y>z. As 
the first term variables of x>z and y>z are different, fact extended intersection cannot be 
performed on them. Fact first intersection is defined as follows: in x>zNy>zc 'x+y>z, 
x and y are relevantly bound term variables, z is a relevantly and intermediarily bound term 
variable, from the perspective of relational database, natural join is made on the z of table x 
>z and table y>z, then fact first intersection of x>z and y>z is obtained. 

Suppose x>z is given in Table 8.9, y>z in Table 8.10, then x>zNy>z is shown in 
Table 8.11, from which we learn that xty>z holds. 


Table 8.9 x>y Table 8.10 y>z Table 8.11 x>zNy>z 
cz yiz ) 
1 | 0 1 | 0 
2/0 210 
2 | 1 2.| | 


8.5.1.4 Fact second intersection 
Suppose there is the first-order single empirical or mathematical connection proposition 
parent(x, y) N ancestor(y, z)c ‘ancestor(x, z), and we want to make an intersection operation 


on parent(x, y) and ancestor(y, z). As the corresponding term variables of parent(x, y) and 
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ancestor(y, z) are all different, fact extended intersection cannot be performed on them. Fact 
second intersection is defined as follows: in parent(x, y)M ancestor(y, z)c ‘ancestor(x, Z). X 
and z are relevantly bound term variables, y is a intermediarily bound term variable, from 
the perspective of relational database, natural join is made on y to tables parent(x, y) and 
ancestor(y, z), then projection is made on x and z, the table finally obtained is the fact second 
intersection of parent(x, y) and ancestor(y, z). 

Suppose parent(x, y) is given in Table 8.12, ancestor(y, z) in Table 8.13, then natural 
join on y to Tables 8.12 and 8.13 is shown in Table 8.14, and projection on x and z to Table 


8.14 is shown in Table 8.15, from which we learn that ancestor(x, z) holds. 


Table 8.12 Parent(x, y) Table 8.13 Ancestor(y, z) 


Table 8.14 Natural join on y Table 8.15 Projection on x and z 
¥ y Z x Zz 
Bob | Max | Sam Bob | Sam 


8.5.2 Empirical or mathematical intersections 


8.5.2.1 Empirical or mathematical extended intersection 

Suppose there is second-order single set connection proposition {Pa '0}N{Pa'O}c' 
{P= 'Q} in which >` denotes mutually inversely containing. We want to make intersection 
operation on Pa 'Ọ and PS 'Q. As the corresponding fact variables of Pc 'Q and P>'O 
are identical, empirical or mathematical extended intersection can be made on them. Suppose 
Pc 'Ọ is given in Table 8.16, P> 'Ọ in Table 8.17, then the empirical or mathematical 
extended intersection of P< 'Q and PD 'Q is shown in Table 8. 18, from which we learn 
that P= 'Ọ holds. 


Table 8.16 Pc'Q 


P Q 
equilateral_triangle(x) equiangular_triangle(x) 
equilateral_triangle(x) isosceles _triangle(x) 


Table 8.17 P>'O 
P Q 


equilateral_triangle(x) equiangular_triangle(x) 


isosceles _triangle(x) equilateral_triangle(x) 
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Table 8.18 {Pc 'O}N{P>'0} 
P Q 


equilateral_triangle(x) equiangular_triangle(x) 


8.5.2.2 Empirical or mathematical first intersection 

Suppose there is second-order single set connection proposition {Pa 'O}N{Pc'R}c' 
{Pa 'ON R}. We want to make intersection operation on Pc ''Q and Pa 'R. As the second 
fact variables of Pc 'Q and Pc'R are different, empirical or mathematical extended inter- 
section cannot be made. Empirical or mathematical first intersection is defined as follows: 
in {Pa 'Q}N {Pa 'R}c' {Pa 'OQNR}, Q and R are relevantly bound fact variables, P is 
a relevantly and intermediarily bound fact variable, from the perspective of second-level 
single quasi-relational database, a natural join is made on P to Pc 'Q and Pa 'R, then {Pc 'Q} 
N {Pa 'R} is obtained. 

Suppose Pc 'Q is given in Table 8.19, Pc 'R in Table 8.20, then {Pa 'O} N {Pa 'R} 
is shown in Table 8.21, from which we learn that Pc 'QN R holds. 


Table 8.19 Pc'@Q Table 8.20 Pc'R Table 8.21 {Pc 'Q}N{Pc'R} 
P P 


neg_int(x) neg _int(x) 


neg_int(x) 
pos_rat(x) | pos(x) pos_rat(x) | rat(x) pos_rat(x) 
8.5.2.3 Empirical or mathematical second intersection 

Suppose there is second-order single set connection proposition {Pa '0}N {Oc 'R}c | 
{Pc 'R}. We want to make intersection operation to P< 'Q and Qc 'R. As the corresponding 
fact variables of Pc 'Q and Qc 'R are all different, empirical or mathematical extended 
intersection cannot be made. Empirical or mathematical second intersection is defined as 
follows: in {Pa 'Q} N {Oc 'R}c '{Pc'R}, P and R are relevantly bound fact variables, Q 
is an intermediarily bound fact variable, from the perspective of second-level single quasi- 
relational database, a natural join is made on Q to Pc 'O and Qc 'R, and then for the table 
obtained, a projection is made on P and R, obtaining {Pa 'O}N {Oc 'R}. 

Suppose Pc 'Q is given in Table 8. 22, Oc 'R in Table 8.23, then a natural join on Q 
to Tables 8.22 and 8.23 is performed, obtaining Table 8.24, finally, a projection on P and R 
to Table 8.24 is performed, obtaining Table 8.25, from which we learn that Pc 'R holds. 


Table 8.22 Pc'O Table 8.23 Qc'R 
int(x) rat(x) int(x) rat(x) 
rat(x) real(x) rat(x) real(x) 
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Table 8.24 Natural join on Q Table 8.25 Projection on P and R 
P Q R P E 
int(x) | rat(x) | real(x) int(x) | real(x) 


8.6 Power sets 


Suppose A is a set, then the set composed of all the subsets of A is called the power set 
of A, denoted by p(A). For example, suppose A={a, b}, then p(A)={@, {a}, {b}, {a, b}}. 


8.7 Principle of meaningfulness—meaning- 
lessness duality for distinguished sets 


An empty set does not reflect objective being, there is nothing in the empty set. For 
example, dragon(x) is an empty set, for there is no dragon in the universe. A universal set is 
an abstraction of the universe, it is ubiquitous. An empty set and a universal set are distinguished 
sets. But, in the abstract set operations, distinguished sets are bound to be produced, to be 
operated on. For example, the intersection of P and ~P is an empty set. 

The principle of meaningfulness—meaninglessness duality for distinguished sets: 
distinguished sets occur in quasi-set connection propositions with the outmost connection 
operators being= ', in quasi-transcendent set connection propositions with the outmost con- 
nection operators being= ', in power sets are meaningful ones; distinguished sets occur 


elsewhere are meaningless ones. 


8.8 Paradoxes 


In mutually-inversistic set theory, no logical or mathematical paradox holds. 


8.8.1 Russell’s paradox 


Russell set is the set of all non-self-membered sets, denoted as: 

R={x|x¢x} (8.1) 
Or 

xeRexgx (8.2) 
When x is assigned R, formula (8.2) becomes: 

ReReRgR (8.3) 
From formula (8.3), we learn that ReR and R¢R are mutually deducible. This is the 

famous Russell’s paradox. 


gga In mutually-inversistic set theory, Russell’s paradox does not hold, which can be 


Part 2 Mutually-inversistic set theory. 


viewed from two angles. First, from the angle of levels of elements and sets, x is a zeroth- 
level element variable, varying through a coordinate axis of terms, while R is a zeroth-level 
set constant, it is a point on a coordinate axis of facts. X cannot be assigned R. Secondly, 
from the angle of the principle of meaningfulness—meaninglessness duality for distinguished 
sets, x¢x is a universal set, a meaningless distinguished set, while mutually-inversistic set 


theory only studies meaningful sets. 


8.8.2 The greatest ordinal number paradox 


Suppose O, is a set composed of all ordinal numbers. O,=O, U {O,} is also an ordinal 
number, and we have O,<O,. However, because O, is a set composed of all ordinal numbers, 
we also have O, €O,,. This is the greatest ordinal number paradox. 

In mutually-inversistic set theory, the greatest ordinal number paradox does not hold: 
O, is a universal set, a meaningless distinguished set, while mutually-inversistic set theory 


only studies meaningful sets. 


8.8.3 The greatest cardinal number paradox 


Cantor’s theorem: the cardinality |M| of any set M is less than the cardinality |p(M)| of 
its power set p(M). 

Suppose set U is composed of all sets. |U|<|p(U)| is obtained by Cantor’s theorem. 
But U is a set of all sets, therefore, U should contain p(U); i.e., |U|=|p(U)|. Thus, both |U]< 
\p(U)| and |U|=|p(U)| hold. This is the greatest cardinal number paradox. 

In mutually-inversistic set theory, the greatest cardinal number paradox does not hold: 
U is a universal set, a meaningless distinguished set, while mutually-inversistic set theory 


only studies meaningful sets. 


8.9 Ordinal numbers and cardinal numbers are 
wrong theories 


In naive set theory and axiomatic set theory, natural numbers are constructed from empty 
sets. 0, 1, 2, 3,... are denoted by Ø, {GO}, 10, {D}}, 10, {OD}, 10, {D}}}, ... , respectively. 
The construction method is as follows: 

0=, 

x’=x U {x} (x denotes the successor of x). 

Thus, we have: 

=Ø, 

1=0°=0U {0}=ØU {O}={O}={0}, 

2=1°=1 U {1}={Ø} U {{D}}=@, | 
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3=2°=2U {2}={Ø, {D}} U UO, {Dj =, {D}, 1, {OD} }}=10, 1, 2}, 


According to the above construction, we have both: 


0123... (8.4) 
and 
Oele2e3e... (8.5) 


Take 2 and 3 as an example, we have both 23 (there are two elements in 2: Ø and 
{Ø}, they are both elements of 3); and 2e3 (set 2={@, {@}}, which is an element of 3). 

Formula (8.5) is wrong. Natural numbers are mathematical abstractions of the nature. 
For example, natural number 3 is a mathematical abstraction of 3 people, 3 trees, 3. houses, 
.... The set of 2 people {Frege, Cantor} can only be a subset of the set of 3 people {Frege, 
Cantor, Hilbert}; i.e., {Frege, Cantor} c{Frege, Cantor, Hilbert}. The former cannot belongs 
to the latter; i.e., we cannot have {Frege, Cantor} e {Frege, Cantor, Hilbert}. Therefore, 
(8.5) is wrong. That (8.5) is wrong does not mean that natural numbers are wrong theory, it 
only means that natural numbers cannot be constructed this way. 

Ordinal number theory is a generalization of (8.5). An ordinal number is defined as a 
transitive set of ¢ well-ordering, where €_well-ordering is (8.5). Therefore, ordinal number 
theory is a wrong theory. A cardinal number is defined as the smallest of equipollent ordinal 
numbers, therefore, cardinal number theory is also a wrong theory. In continuum hypothesis: 
Ni=2%, where N, is the cardinal number of natural numbers, N, is the cardinal number of 
real numbers. Continuum hypothesis is a wrong problem, because cardinal numbers are 
wrong theory. 

In mutually-inversistic set theory, these wrong theories cannot occur, because Øs in the 


above construction are meaningless distinguished sets, the construction is meaningless. 


8.10 Comparison of mutually-inversistic set 
theory with naive set theory and axiomatic 
set theory 


In naive set theory, there are paradoxes. Axiomatic set theory is paradox-free, but is 
complicated. It has many axioms and rules, it distinguishes sets from classes. Mutually- 
inversistic set theory is paradox-free because of two principles: first, elements and sets are 
divided into three levels, secondly, meaningless distinguished sets are disallowed. That 
elements and sets are divided into three levels is an improvement of type theory. Meaningless 
distinguished sets are just proper classes. In mutually-inversistic set theory there is no need 
to distinguish sets from classes, and proper classes are confined within empty sets and universal 


sets. Mutually-inversistic set theory is simpler than axiomatic set theory. 
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Chapter 9 
The Main 


This chapter studies the second-order main constituents; i.e., binary relations and the 


third-order main constituents; i.e., empirical or mathematical connection operators. 


9.1 Binary relations 


A binary relation, a relation for short, is a two-place predicate. 


9.1.1 Digraphs 


A binary relation can be represented pictorially either by a mutually inverse diagram 
in a term space or by a directed graph (digraph). The digraph of relation R on the universe 
of terms I, is constructed as follows. Draw a small circle and label it with a; to represent the 
term constant a;elọ. The circles are called vertices. If (a;, a,)€R, then draw an arrow, called 
an edge, from vertex a; to vertex aj. If (a, a)eR, then draw an arrow, called a cycle, from 
vertex a; to itself. 

Example 9.1: Let Ij={1, 2, 3, 4, 5}, r(x, y)={(1, 2), (2, 2), (3, 2), (3, 4), (4, 3)}. Then 
the digraph of r,(x, y) is shown in Fig. 9.1. 


1 2 3 5 
Fig. 9.1 Digraph 


9.1.2 Properties of relations 


Definition 9.1: Suppose r is a binary relation on |). If for every xelo, r(x, x) holds, then 
r is reflexive. 

Example 9.2: Suppose I,={1, 2, 3}, r(x, y)={(1, 1), (2, 2), (3, 3), (1, 2)}. R, is 
reflexive, its digraph and mutually inverse diagram are shown in Fig. 9.2. 

Definition 9.2: Suppose r is a binary relation on I). If for every xelo, ~r(x, x) holds, 
then r is irreflexive. 

Example 9.3: Suppose I,={1, 2, 3}, r(x, y)={(2, 1), (1, 3), (3, 2)}. R; is irreflexive, its 


digraph and mutually inverse diagram are shown in Fig. 9.3. 


101 


(102 


Mutually-inversistic logic, mathematics, and their applications 


i A 
i 3 
24 
2 3 l A 
© O,| 2 3 x 
Every vertex has a cycle All elements on the main diagonal belong 


to the mutually inverse diagram 


Fig. 9.2 Pictorial representations of reflexive relation 


2 3 0,1 2 3% 


No vertex has a cycle No element on the main diagonal belongs 
to the mutually inverse diagram 


Fig. 9.3 Pictorial representation of irreflexive relation 


Definition 9.3: Suppose r is a binary relation on Iy, if for every x, yelp, r(x, y)c 'r(y, x) 
holds, then r is symmetric. 
Example 9.4: Suppose Ip={1, 2, 3}, r(x, y)={(1, 2), (2, 1), (1, 3), (3, 1), (1, 1)}. Ry is 


symmetric, its digraph and mutually inverse diagram are shown in Fig. 9.4. 


2 3 0l 2 3% 
If there is an edge from a to b, then Elements in the mutually inverse diagram 
there is bound to be an edge from b to a are symmetric with regard to the main diagonal 


Fig. 9.4 Pictorial representation of symmetric relation 


Definition 9.4: Suppose r is a binary relation on I), if for every x, velo, r(x, y) Nxtyc ` 
~r(y, x) holds, then r is antisymmetric. 

Example 9.5: Suppose I,={1, 2, 3}, r(x, y)={(1, 2), (2, 3)}. R; is antisymmetric, its 
digraph and mutually inverse diagram are shown in Fig. 9.5. 
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A 
l 3 
2 A 
2 3 l 
0,1 2 3 x 
If there is an edge from a to b, If a; belongs to mutually inverse diagram, 
then there is no edge from b toa then a; does not belong to it, here i#j 


Fig. 9.5 Pictorial representation of antisymmetric relation 


Definition 9.5: Suppose r is a binary relation on I), if for every x, y, zelo, r(x, y) A r(y, z) 
c 'r(x, z) holds, then r is transitive. 
Example 9.6: Suppose l={1, Ds 3% r(x, OA z)=r6(x, z)}={(1, 2), (2, 3), (1; 3)}. Rg 


is transitive, its digraph is shown in Fig. 9.6, its mutually inverse diagram in Fig. 9.7. 


l 


2 3 


Fig. 9.6 Digraph for transitive relation 


The characteristic of Fig. 9.6 is that, if there exists a path from a to b, then there exists an 
edge from a to b. The path from a to b refers to a sequence of vertices a=ay, a), a,..., a,=b, 


for every i (0<i<n-1), there exists an edge from a; to a,,,. 


X 


Fig. 9.7 Mutually inverse diagram for transitive relation 
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In Fig. 9.7, r(x, y) is denoted by vertices marked with “A”, r,(y, z) by “LO”, r(x, z) by 
“x”, Re(x, vy) N r(y, z) is vertex (1, 2, 3) (the vertex is marked with both “^” and “L1”), the 
vertex also belongs to r,(x, z) (it is also marked with “*”). That is, r(x, y) N ry, z)c '1,(x, Z) 
holds. 

In naive set theory, relational matrices are used to denote binary relations. But 
relational matrices cannot denote transitivity. In mutually-inversistic set theory, mutually 
inverse diagrams in term spaces are used to denote binary relations. From Fig. 9.7, we see 
that mutually inverse diagrams can denote transitivity. This is one advantage of mutually 


inverse diagrams over relational matrices. 


9.1.3 Order relations 
9.1.3.1 Partially ordered sets 


Definition 9.6: If a binary relation r on I, is reflexive, antisymmetric, and transitive, 
then r is called a partial order on Ip, and the ordered pair <1, r> is called a partially ordered 
sets. 

If r is a partial order, then <I, r> is usually denoted as <I,, <>, because < is also a 
partial order, and z(a, b) is denoted as a<b. 

Example 9.7: Suppose I,={2, 4, 6, 8}, div denotes the relation of divisibility, then 
div(x, y)={(2, 2), (4, 4), (6, 6), (8, 8), (2, 4), (2, 6), (2, 8), (4, 8)}. <I, div> is a partially or- 
dered set. Its digraph is shown in Fig. 9.8 (a). A partially ordered set is usually denoted by 
a Hasse diagram. In the Hasse diagram, the cycles are omitted. And the edges implied by 
transitive property are omitted. For example, if x<y and y<z, it follows that x<z, and the 
edge of x<z is omitted. All edges point upward, so that arrows may be omitted from the 


edges. The Hasse diagram of this example is shown in Fig. 9.8 (b). 


Fig. 9.8 Pictorial representation of partial order 


Definition 9.7: Suppose <I), <> is a partially ordered set, I,’ is a subset of I). 
(1) If acl’, and there is no element xel such that a#x and a<x, then a is called a 


maximal element of lọ’. 
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(2) If ael,’, and there is no element xel,’ such that a#x and xa, then a is called a 
minimal element of lọ’. 
(3) Element acl,’ is the greatest element of lọ’, if for every element xel,’, x<a. 
(4) Element ael,’ is the least element of I,’, if for every element xel)’, a Sx. 
(5) If for every element bel,’, b<a, then element acl, is called an upper bound of I,’; 
if for every element bel’, a<b, then element acl, is called the lower bound of lọ’. 
(6) If a is an upper bound of I,’, and for every upper bound a’ of I)’, aa’, then aello 
is called a least upper bound (lub) of I)’; if a is a lower bound of I,’, and for every 
lower bound a’ of I’, a’ <a, then ael, is called a greatest lower bound (glb) of Ip’. 
Example 9.8: Suppose the partially ordered set is <{2, 5, 6, 10, 15, 30}, div>, its 
Hasse diagram is shown in Fig. 9.9. Suppose I,y’is {2, 5, 6, 10, 15, 30}, then 2 and 5 are 
the minimal elements of I,’, but there is no least element, lower bound, and greatest lower 
bound in l’. Element 30 is the maximal element, greatest element, upper bound, and least 


upper bound of I,’ 


30 


2 5 
Fig. 9.9 An example of partial orders 


9.1.3.2 Quasi-ordered sets 

Definition 9.8: If a binary relation r on I, is irreflexive, antisymmetric, and transitive, 
then r is called a quasi-order on I), <I), r> is called a quasi-ordered set. Usually, quasi-order 
is denoted by <. 


Example 9.9: < on the set of real numbers R is a quasi-order. 


9.1.3.3 Linearly ordered sets and well-ordered sets 

If < is a partial order, and either a<b or b<a hold, then we say that a and b are com- 
parable. Elements in a partially ordered set may not be comparable. 

Definition 9.9: In a partially ordered set <I), <>, if for every a, belo, either a<b or 
b<a, then < is called a linear order (or total order)on Ip, <lo <> is called a linearly 
ordered set. 


Example 9.10: <Z, <> is a linearly ordered set, where Z denotes the set of integers. 105. 
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Definition 9.10: If a binary relation r on |, is a linear order, and every non-empty set 
of I, has a least element, then r is called a well-order on Ip, <Ip, 7> is called a well-ordered set. 
Example 9.11: <Z, <> is not a well-ordered set, because some subsets of Z; e.g., Z 


itself, do not have least elements. 


9.1.4 Equivalence relations and partitions 


Definition 9.11: If a binary relation r on |, is reflexive, symmetric, and transitive, then 
r is called an equivalence relation. 

Example 9.12: “living in the same room”, “the same age” are all equivalence relations. 
“classmate” is not an equivalence relation. 

Example 9.13: Equality relation=is an equivalence relation on numbers. 

Modular equivalence is an equivalence relation on integers or its subsets. 

Definition 9.12: Suppose k is an integer, a, beZ. If for certain integer m, a—b=m*+k, 
then a and b are equivalent modulo k, written as: 

a=b (mod k), 
and the integer k is called the module of the equivalence. 

Example 9.14: Suppose r is an equivalence relation mod 4 on Z, then 

[O),={...; -8, —4, 0,4, 83.:.}5 

Metsa “Ve “35 Ly 5 ph 

Blin 65 —2, 2, 65 10; 

[B]si 


2 


l 
oes 
a ~5y 1, 35 To 11 yes}. 


The numbers in each set are mutually equivalent. 


Definition 9.13: Suppose r is an equivalence relation on lọ, for every ae lo, the equivalence 
class of a with respect to r is the set {x|r(x, a)}, denoted as [a],, a is called the representative 
of the equivalence class [a].. 

Example 9.15: The equivalence classes of the equivalence relation modulo 4 on Z are 
[Ols [a [2] [3]. l 

Definition 9.14: Given a non-empty set A and a non-empty set family m={A,, Ao, ..., 
An}, if A='A,UA,U...UA 


mj» 


m then the set family 7 is called a covering of A. 

Definition 9.15: Given a non-empty set A and a non-empty set family m={A,, A», ..., 
An}, if 

(1) is a covering of A, 

(2) Either ~ {Aj NTA}; i.e., A; and A; do not intersect each other, or A='A, (i, j=l, 

Zaa Mmh, 

then the set family z is called a partition of the set A. 

Example 9.16: The set of the equivalence classes {[0],, [1],, [2],, [3],} is a partition 
of Z. 
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9.1.5 Compatible relations and coverings 


Definition 9.16: Suppose r is a binary relation on lọ, if r is reflexive and symmetric, 
then r is called a compatible relation. 

Example 9.17: Suppose [,={316, 347, 204, 678, 770}, r(x, y) is that x and y have 
the same digit. R, is a compatible relation, its digraph is shown in Fig. 9.10, where a=316, 
b=347, c=204, d=678, and e=770 


ae 


d e d 
Fig. 9.10 Digraph for compatible Fig. 9.11 Pictorial representation of 
relation compatible relation 


Fig. 9.10 can be simplified to Fig. 9.11 by omitting the cycles and using undirected 
edges to replace two directed edges. 

Definition 9.17: Suppose r is a compatible relation on A, and B is a subset of A. If 
every xeB has compatible relation with all other elements in B, and no element in A-B has 
compatible relation with all elements in B, then subset B is called a maximal compatible 
class of the compatible relation r. 

In Example 9.17, A\={a, b, d}, A,={b, c, e}, A;=b, d, e} are all maximal compatible 
classes of r}. 

The set of all the maximal compatible classes of a compatible relation r on A is a 


covering of A. 


9.2 Empirical or mathematical connection operators 


Suppose I, is a universe of fact propositions, ø is an empirical or mathematical 
connection operator on 1. 

Definition 9.18: 

If PoP holds, then ¢ is reflexive. 

If ~ {PoP} holds, then ø is irreflexive. 

If {PeO}c '{OgP' holds, then ø is symmetric. 

If {PoQ}N {P#'O}— '~{OoP}, then g is antisymmetric. 

If {P9O}N {QoR}c ' {PoR}, then g is transitive. 
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9.2.2 A partially ordered connection operator 


Definition 9.19: If an empirical or mathematical connection operator g on I, is 
reflexive, antisymmetric, and transitive, then ø is called a partially ordered connection 
operator on I,. 

Example 9.18: Suppose I,= '{integer(x), rational(x), real number(x)}, then c' is a 


partially ordered connection operator on I,, its mutually inverse diagram is shown in Fig. 9.12 


Fig. 9.12 Mutually inverse diagram for partially ordered connection operator 


Reflexivity of c ' is reflected by the PO,Q plane of Fig. 9.12, where elements on the 
main diagonal are all marked with “A”. Antisymmetry of c ' is reflected by the POO 
plane, where element (int(x), real(x)) is marked with “A”, while element (real(x), int(x)) is 
not. Transitivity of c ' is reflected by Fig. 9.12, where Pc 'Q is denoted by vertices marked 
with “A”, Oc 'R is denoted by vertices marked with “O”, Pc 'R is denoted by vertices 
marked with “*”, the vertices marked with both “^A” and “L)” are bound to be marked with 
“#”: ie., {Po 'O}N {Oc 'R}c {Pc 'R} holds. 


9.2.3 A quasi-ordered connection operator 


Definition 9.20: If an empirical or mathematical connection operator g on I, is 
irreflexive, antisymmetric, and transitive, then g is called a quasi-ordered connection 
operator on I,. 

Example 9.19: Suppose I= '{integer(x), rational(x), real_number(x)}, then c' is a 


quasi-ordered connection operator on I,. 
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9.2.4 An equivalent connection operator 


Definition 9.21: If an empirical or mathematical connection operator g on I, is 
reflexive, symmetric, and transitive, then ø is an equivalent connection operator on I,. 
Example 9.20: Suppose I=" {integer(x), rational(x), real_number(x)}, then=' is an 


equivalent connection operator on I). 


9.2.5 Acompatible connection operator 


Definition 9.22: If an empirical or mathematical connection operator ø on I, is 
reflexive, and symmetric, then g is a compatible connection operator on 1. 

Example 9.21: Suppose I,= '{parent(x, y), grandparent(x, y), ancestor(x, y)}, then |N | 
is a compatible connection operator on I,, its mutually inverse diagram is shown in Fig. 9.13, 
where all the elements on the main diagonal are marked with “A”; i.e., | | is reflexive, 


and the elements marked with “/\”are symmetric with respect to the main diagonal 


Q 


ancestor(x, y) a 


grandparent(x, y) 


A 
parent(x, y) P 
O; parent(x, y) grandparent(x, y) ancestor(x, y) 


Fig. 9.13 Mutually inverse diagram for compatible connection operator 


9.2.6 Quasi-compatible connection operators 


Definition 9.23: If an empirical or mathematical connection operator g on I, is 
irreflexive, and symmetric, then g is called a quasi-compatible connection operator on I,. 
Example 9.22: Suppose I,= '{publish(x), perish(x)}, then U|' and U ' are quasi- 


compatible connection operators on I,, their mutually inverse diagram is shown in Fig. 9.14 


Q 


perish(x) A 


publish(x) P 
O; publish(x) perish(x) 


Fig. 9.14 Mutually inverse diagram for U| ' and U ' 
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Example 9.23: Suppose I,= '{even_number(x), odd_number(x)}, then ® ' is a quasi- 


compatible connection operator on I,, its mutually inverse diagram is shown in Fig. 9.1. 


Q 


odd(x) 4 


even(x) P 
O; even(x) odd(x) 


Fig.9.15 Mutually inverse diagram for © ' 


Example 9.24: Suppose I,= ' {rectangle(x), rhombus(x)}, then X ' is a quasi-compatible 


connection operator on 1. 


9.3 The main in mutually-inversistic set theory vs. 
binary relations in naive set theory 


Relational matrices in naive set theory are replaced by mutually inverse diagrams in 
mutually-inversistic set theory. Mutually inverse diagrams can denote transitivity, can be 
used to study empirical or mathematical connection operators. Mutually-inversistic set 
theory deems that |N ' is a compatible connection operator, and proposes quasi-compatible 
connection operators. These are the advantages of mutually-inversistic set theory over naive 
set theory. 

An empty relation is shown in Fig. 9.16, a universal relation is shown in Fig. 9.17. 


Mutually-inversistic set theory deems that they are meaningless distinguished sets. 


(Ja 


xo 


Ob co (Ipm koh 
Fig. 9.16 Digraph for empty relation Fig. 9.17 Digraph for universal relation 
In mutually-inversistic set theory, antisymmetry is defined as r(x, y) N xy '~r(y, x) 


and {P9Q}N {P#'O}-~ '~ {OP}, because extended intersections can be performed for 


them. 
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Chapter 10 
The auxiliary 


This chapter studies the second-order auxiliary; i.e., functions, and the third-order 


auxiliary; i.e., fact composition operators. 


10.1 Functions 


10.1.1 Unary functions 


Suppose X and Y are sets, fis a unary function from X to Y, denoted as f: XY, if it 
satisfies the following conditions: 

For every xeX, there exists a unique ye Y, such that (x, y)ef- 

(x, y)ef is usually denoted as f(x)=y. X is called the domain of function f, Y the range. 
In the expression f(x)=y, x is called the argument of the function, y the function value cor- 
responding to the argument x. 

We only study functions of the form f: XX, where X is a finite set. 

A unary function can be denoted by a mutually inverse diagram on a term plane. For 
example, the mutually inverse diagram of y=|x| is denoted by the vertices marked with “A” 
in Fig. 10.1. 


Fig.10.1 Mutually inverse diagram for y=|x| 


Lids 


The method for determining whether a mutually inverse diagram on a term plane is a 
unary function or not is as follows: seeing along the direction of the arrow in Fig. 10.1, if 
for every x, we see and only see one vertex marked with “^A”, then the mutually inverse 
diagram represents a unary function, otherwise, it does not. According to this method, we 
can decide that the mutually inverse diagram of y=|x| in Fig. 10.1 is a unary function. 

Definition 10.1: Suppose f: X— X, where X is a finite set. 

(1) If f(x)=X, then fis said to be surjective. 

(2) If xA#x’ implies f(x)4/(x’), then fis said to be injective. 

(3) If fis both surjective and injective, then f is said to be unary bijective. 

Theorem 10.1: Suppose f: X— X, where X is a finite set. F is surjective if and only if f 
is injective. 

Proof: Necessity: Suppose that f is surjective; i.e., x, is mapped to x,,, x, is mapped 
tO Xi»... X, is mapped to x,,, where i), i,,...,/, are distinct. Suppose conversely that fis not 


injective; i.e., both x, and x, (/#k)are mapped to x,, then x, is not mapped to. But this contra- 


ij 
dicts with the supposition that f is surjective, therefore, fis bound to be injective. 
Sufficiency: Suppose that f is injective, suppose conversely that fis not surjective; i.e., 
x; is not mapped to. Then x, is mapped to twice; we have x#x’, and f(x)=/(x’)=x;. But this 
contradicts with the supposition that fis injective, therefore, fis bound to be surjective. 
Q.E.D. 
From Theorem 10.1, we learn that a unary function is either a unary bijection, or it is 
neither a surjection nor an injection. Therefore, we need only to consider unary bijection. 


Unary function y=-x is a unary bijection, shown in Fig. 10.2. 


Fig. 10.2 Mutually inverse diagram for unary bijection y=—x 
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Theorem 10.2: Suppose we have a unary function and its mutually inverse diagram. 
For every y, there is one and only one x in the mutually inverse diagram corresponding to it, 
if and only if the unary function denoted by the mutually inverse diagram is a unary bijection. 

Proof: Sufficiency: Suppose that unary function fis a unary bijection. Suppose conversely 
that for certain y, there are two x’s in the mutually inverse diagram of f corresponding to it. 
Then fis not an injection, let alone unary bijection, contradicting with the supposition that 
fis a unary bijection. Suppose conversely that for certain y, there is no x in the mutually 
inverse diagram of f corresponding to it. Then fis not a surjection, let alone unary bijection, 
contradicting with the supposition that fis a unary bijection. Therefore, for every y, there is 
one and only one x in the mutually inverse diagram of f corresponding to it. 

Necessity: Suppose we have a unary function f and its mutually inverse diagram, and 
for every y, there is one and only one x in the mutually inverse diagram corresponding to it. 
Because for every y, there is one x in the mutually inverse diagram corresponding to it, fis 
a surjection. Because for every y, there is only one x in the mutually inverse diagram cor- 
responding to it, fis an injection. Since fis both a surjection and an injection, fis a unary 
bijection. 

Q.E.D. 

According to Theorem 10.2, the method of determining whether a unary function is a 
unary bijection or not is as follows: seeing along the direction of the arrow in Fig. 10.2, if 
for every y, we see one and only one vertex marked with “^A”, then the unary function is a 
unary bijection, otherwise, it is not. 

According to this method, we can decide that y=—x in Fig. 10.2 is a unary bijection, 
while y=|x| in Fig. 10.1 is not, because when y>0, for each y, we see two vertices marked 


with “^A”, when y<0, for each y, we see no vertex with “A”. 


10.1.2 Binary functions 


Definition 10.2: The Cartesian product of sets A and B, denoted as AxB, is the set of 
ordered pairs {(a, b)|aeA/AbeB}. 

We only study the binary functions from AxA to A, where A is a finite set, denoted as 
fAxA—A, satisfying the following condition: for every (a, b)e AxA, there exists a unique 
ceA, such that ((a, b), clef. 

A binary function is usually denoted as z=f(x, y). The binary functions in mathematics, 
such as +, *, are usually denoted as z=xt+y, z=x*y. 

We can use mutually inverse diagrams in the term space to denote binary functions. 
For example, the mutually inverse diagram of z=x+,y (+, is addition modulo 4) is the vertices 
marked with “/\” in Fig. 10.3. 
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<— artow one 


arrow three 4 


arrow one 


Fig. 10.3 Mutually inverse diagram for z=x+,y 


The method for determining whether a mutually inverse diagram in the term space is a 
binary function or not is as follows: seeing along the direction of arrow one in Fig. 10.3, if 
for every (x, y) we see one and only one vertex marked with “/\”, then the mutually inverse 
diagram represents a binary function, otherwise, it does not. 

According to this method, we can decide that the mutually inverse diagram of z=x+,y 
in Fig. 10.3 represents a binary function. 

Definition 10.3: Suppose f:AxA—A, where A is a finite set, and f is denoted by a 
mutually inverse diagram in the term space. In the term space, we make sections perpendicular 
to the y-axis (and the x-axis), if the sections for every vertex of the y-axis (and the x-axis) 
are unary bijections, then fis a binary bijection. 

The mutually inverse diagram of z=x+,y in Fig. 10.3 is a binary bijection. 
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Theorem 10.3: Suppose we have a binary function fand its mutually inverse diagram. 
For every (x, z), there is one and only one y in the mutually inverse diagram corresponding 
to it, and for every (y, z), there is one and only one x in the mutually inverse diagram 
corresponding to it, if and only if fis a binary bijection. 

Proof: Sufficiency: Suppose f is a binary bijection. Suppose conversely that for (x,, z,) 
there are two y’s: y, and y, in the mutually inverse diagram corresponding to it. Then we 
make the section perpendicular to x,, this section is not an injection (because both y, and y, 
are mapped to z,), let alone a unary bijection. Therefore, fis not a binary bijection. But this 
contradicts with the supposition. We also suppose conversely that for (x,, z») there is no y in 
the mutually inverse diagram corresponding to it. Then we make the section perpendicular 
to x, this section is not a surjection (because z, is not mapped to), let alone a unary bijection. 
Therefore, f is not a binary bijection. But this contradicts with the supposition. Therefore, 
for every (x, z), there exists one and only one y in the mutually inverse diagram of f cor- 
responding to it. Likewise, for every (y, z), there exists one and only one x in the mutually 
inverse diagram of f corresponding to it. 

Necessity: Suppose that for every (x, z), there exists one and only one y in the mutually 
inverse diagram of f corresponding to it, and for every (y, z), there exists one and only one 
x in the mutually inverse diagram of f corresponding to it. Suppose conversely that fis not 
a binary bijection. Do not lose generality, suppose conversely that the section perpendicular 
to x, is not a unary bijection; i.e., both y, and y, maps to z,, while z, is not mapped to. Then 
for (x,, Z,), both y, and y, correspond to it; for (x,, z»), no y corresponds to it. But this contradicts 
with the supposition. Therefore, fis bound to be a binary bijection. 

Q.E.D. 

According to Theorem 10.3, the method for determining whether a binary function 
is a binary bijection or not is as follows: first, seeing along the direction of arrow two in 
Fig. 10.3, if for every (x, z), we see one and only one vertex marked with “^A”; then seeing 
along the direction of arrow three in Fig. 10.3, if for every (y, z), we see one and only one 
vertex marked with “/\”; then the binary function is a binary bijection, otherwise, it is not. 

According to this method, we can decide that the mutually inverse diagram for the binary 
function z=x+,y in Fig. 10.3 is a binary bijection. 

The mutually inverse diagrams of idempotency and complement idempotency needs 
the concepts of diagonal axes, therefore, we first specify them. In Fig. 10.4, the vertices 
marked with A constitute the main diagonal axis, the vertices marked with B constitute the 
left auxiliary diagonal axis, the vertices marked with C constitute the middle auxiliary diagonal 
axis, the vertices marked with D constitute the right auxiliary diagonal axis. 

Definition 10.4: Suppose f is a binary function. If for all x, f(x, x)= holds, then f is 


idempotent. 
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Fig. 10.4 Mutually inverse diagrams for diagonal axes 


The pictorial feature of idempotency of f is that all the vertices on the main diagonal 
axis of the term space belong to its mutually inverse diagram. For example, when the 
universe of terms is the set S, of all the factors of 6, S={1, 2, 3, 6}, the binary function is 
GCD (greatest common divisor), its mutually inverse diagram is shown in Fig. 10.5. From 
Fig. 10.5 we learn that all the vertices on the main diagonal axis: (1, 1, 1), (2, 2, 2), (3, 3, 3), 
and (6, 6, 6), are in its mutually inverse diagram. Therefore, GCD is idempotent. 

A binary function can be both binary bijective and idempotent, see Fig. 10.6. 

Definition 10.5: Suppose f is a binary function. If for all x, we have f(x, x)=x° (x 
denotes the complement of x, we will define complement in mutually-inversistic abstract 
algebra), then fis complement idempotent. 

For example, when the universe of terms is the set Sẹ of all the factors of 6, S={1, 2, 


3, 6}, the complement operation is stipulated as 1’=6, 2’=3, 3’=2, 6’=1. Suppose the binary 
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(118 Fig. 10.8 A binary function that is both binary bijective and complement idempotent 
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function is z=(GCD(x, y))’, its mutually inverse diagram is shown in Fig. 10.7. From Fig. 
10.7, we learn that all the vertices on the middle auxiliary diagonal axis: (1, 1, 6), (2, 2, 3), 
(3, 3, 2), and (6, 6, 1), are in its mutually inverse diagram. Therefore, the binary function is 
complement idempotent. 

A binary function can be both binary bijective and complement idempotent, see Fig. 10.8. 

Definition 10.6: Suppose f is a binary function. If for all x, y, we have f(x, v)=f(, x). 
then fis commutative. 

The pictorial feature of a commutative binary function fis that its mutually inverse diagram 
is symmetric with respect to the main diagonal plane of the term space. For example, the 
mutually inverse diagram of z=x+,y (see Fig. 10.3) is symmetric with respect to the main 


diagonal plane, therefore, +, is commutative. 


10.2 Fact composition operators 


10.2.1 A unary fact composition operator 


~ is a unary fact composition operator. The unary bijection theory of the unary fact 
composition operator is similar to that of the unary functions, so is omitted here. The mutually 


inverse diagram of ~ is shown in Fig. 10.9, from which we learn that ~ is a binary bijection. 


~P 


l 
J 
a0 fa) 


Fig. 10.9 Mutually inverse diagram for ~ 


10.2.2 Binary fact composition operators 


N, U, ®, Q, T(NAND), and |(NOR) are binary fact composition operators, their 
mutually inverse diagrams are shown in Figs. 10.10 to 10.15. The binary bijection, 
idempotency, complement idempotency, and commutativity theories are similar to those 
of binary functions, so omitted here. From Fig. 10.10, we learn that N is idempotent and 
commutative. From Fig. 10.11, we learn that U is idempotent and commutative. From Fig. 
10.12, we learn that © is binary bijective and commutative. From Fig. 10.13, we learn that 
® is binary bijective and commutative. From Fig. 10.14, we learn that f is complement 
idempotent and commutative. From Fig. 10.15, we learn that | is complement idempotent 


and commutative. 
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R='PNQ 


Fig. 10.10 Mutually inverse Fig. 10.11 Mutually inverse 
diagram for N diagram for U 


R= 'P®Q 


Fig.10.12 Mutually inverse Fig. 10.13 Mutually inverse 


diagram for ® diagram for ® 


Fig. 10.14 Mutually inverse Fig. 10.15 Mutually inverse 


diagram for f diagram for | 
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Like binary functions, the method for determining whether a mutually inverse diagram 
is a binary fact composition operator or not is as follows: seeing along the direction of the 
arrow in Fig. 10.10, if for every (P, Q), we see one and only one vertex marked with “A”, 
then the mutually inverse diagram is a binary fact composition operator, otherwise, it is 
not. 

Because of this reason, we can crush a binary fact composition operator (and a binary 
function) along the R-axis, obtaining the two-dimensional operation table. After being 


crushed, Fig. 10.10 becomes an operation table shown in Table 10.1. 


Table 10.1 Operation table for N 


10.3 Reflexivity vs. idempotency, symmetry vs. 
commutativity 


The main has the properties of reflexivity and symmetry. The auxiliary has the proper- 
ties of idempotency and commutativity. Idempotency can be viewed as three-dimensional 
reflexivity, commutativity can be viewed as three-dimensional symmetry. In this way, the 
main can be compared with the auxiliary. For example, |N ' satisfies reflexivity and sym- 
metry, while satisfies three-dimensional reflexivity and three-dimensional symmetry. 
And @ ' satisfies irreflexivity and symmetry, while ® does not satisfy three-dimensional 
reflexivity, satisfies three-dimensional symmetry. If mutually inverse diagrams of the 
auxiliary are crushed into operation tables, then symmetry and commutativity have the 


same pictorial features. 


10.4 The auxiliary in mutually-inversistic set 
theory vs. functions in naive set theory 


Naive set theory only studies unary functions. Mutually-inversistic set theory studies 
not only unary functions but also binary functions, not only functions but also fact 
composition operators, and studies them with mutually inverse diagrams. In this way, unary 
bijection, binary bijection, idempotency, complement idempotency, and commutativity 


can be showed intuitively. These are the advantages of mutually-inversisitc set theory over 
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naive set theory. 

Classical discrete mathematics studies only unary functions, in order to establish 
homomorphism and isomorphism between algebras in classical abstract algebra. Mutually- 
inversistic discrete mathematics studies not only unary functions but also binary functions, 
not only functions but also fact composition operators, in order to use them as algebraic 


operators in mutually-inversistic abstract algebra. 


10.5 Relations vs. functions 


In naive set theory and axiomatic set theory, a function is a special kind of relation, 
is single-valued relation. In mutually-inversistic set theory, single-value is not the feature 
owned only by functions. A relation can also be single-valued; e.g., equality relation=. 
Relations and functions are different second-order constituents. Relations are the main, 


while functions are the auxiliary. 


Part 3 
Mutually-inversistic proof 
theory vs. mutually-inversistic 
model theory 


This part consists of three chapters. Chapter 11 titled proof 
theory vs. model theory introduces the origin of proof theory 
and model theory, the relationship between proof theory and 
model theory, the circular argument between conventional 
proof theory and model theory, reveals that the source of 
the circulation is the model-theoretic semantics of material 
implication. Chapter 12 titled mutually-inversistic proof 
theory introduces decomposition axiomatic system, mutually- 
inversistic elementary number theory, reveals that the proofs 
of Godel’s incompleteness theorems are erroneous. Chapter 
13 titled mutually-inversistic model theory introduces model 
theory of the term space, and model theory of the fact space. 
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Chapter 11 
Proof theory vs. model theory 


11.1 Origins of proof theory and model theory 


In the probe that whether the parallel postulate in Euclidean geometry is a postulate or 
a theorem lasting more than two thousand years, two non-Euclidean geometries turned out: 
Lobachevskian geometry and Riemann geometry. The Beltrami model of the former and 
the Klein model of the latter marked the start of model theory. The non-contradictions of 
the non-Euclidean geometries were reduced to those of the Euclidean geometry, Euclidean 
geometry were reduced to real numbers through Cartesian coordinate system, real numbers 
to rationals, rationals to natural numbers, natural numbers to sets. Sets belong to logic, and 
logic is not contradictory. But in 1902, Russell discovered Russell’s paradox, causing the 
third mathematical crisis. In order to overcome paradox, three schools of mathematical logic 
were proposed. Hilbert proposed Hilbert program that marked the start of proof theory. But 


Godel’s incompleteness theorems declared the infeasibility of Hilbert program. 


11.2 Relationship between proof theory and 
model theory 


11.2.1 Axiomatic systems 


Starting from axioms, according to certain rules, inferring a series of theorems, this 


kind of system is called an axiomatic system. Euclidean geometry is an axiomatic system. 


11.2.2 Formalized axiomatic systems 


A formalized axiomatic system starts from the initial symbols that carry no meaning 
(interpreted as initial concepts), through formation rules, form well-formed formulas 
(interpreted as propositions). It chooses some well-formed formulas as the starting point 
(interpreted as axioms), through transformation rules (interpreted as inference rules), 


derives derived formulas (interpreted as theorems). 


11.2.3 Formal systems 


If for a formalized axiomatic system, the following conditions can be mechanically 


decided (intuitively, it means having definite procedures, deciding in finite steps), then the 
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system is a formal system: 
(1) Whether a symbol is an initial symbol or not? 
(2) Whether a symbol sequence is a well-formed formula or not? 
(3) Whether a well-formed formula is an initial formula or not? 


(4) Whether a formula is derived from given formulas through transformation rules? 


11.2.4 Object language vs. metalanguage 


Initial symbols and well-formed formulas form the language of a formalized 
axiomatic system, this language is our object of study, called object language or formal 
language. When we discuss this system, we also use a language, this language is called a 


metalanguage, which is usually natural language plus some agreed-on symbols. 


11.2.5 Syntactics 


A metalanguage is also called a syntactic language. The theory regarding an object 
language discussed by a syntactic language is called the syntactic theory of the object 


language, syntactics for short. 


11.2.6 Semantics 


A formalized axiomatic system can have no interpretations. But generally speaking, 
a formalized axiomatic system is the formalization of concrete systems. In order to 
apply it to concrete systems, a formalized axiomatic system needs interpretations. The 
theory regarding these interpretations is called the semantic theory, semantics for short. A 


formalized axiomatic system can have different interpretations. 


11.2.7 Relationship between syntactics and semantics 


A formal language is the common ground of both syntactic derivation and semantic 


interpretation. The relationship between syntactics and semantics is shown in Fig. 11.1. 


formal language 
(initial symbols and formation rules) 


h 


semantics syntactics 
(interpretations) (initial formulas and transformation rules) 


relationship between syntactics and semantics 
(generalized consistency and completeness) 


Fig. 11.1 Relationship between syntactics and semantics 
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Syntactics and semantics are linked by generalized consistency and completeness: 
Suppose ø is a sentence (A sentence is a proposition without free variables in it). 
Generalized consistency: if |-g, then |=g. 
Generalized completeness: if |=g, then |ø. 

Here, |- means provable, |= means satisfiable. 
The relationship between syntactics and semantics is also one between proof theory 


and model theory. 


11.3 Circular argument between conventional 
proof theory and conventional model 
theory 


There exists circular argument between the declarative semantics and procedural 
semantics of Prolog. The declarative semantics of Prolog is based on conventional model 
theory. The procedural semantics of Prolog is based on conventional proof theory. So, the 
circular argument between the declarative semantics and procedural semantics of Prolog is 
one between conventional model theory and conventional proof theory. 

In order to reveal the circular argument, first, let us do some preliminary work. 

Definition 11.1: Suppose L is a first-order language. 

The Herbrand universe U, of L is the set of all the ground terms in L. 

The Herbrahd base B, of L is the set of all the ground atoms in L. 

A Herbrand interpretation of L is a subset of B,. 

Example 11.1: Consider a Prolog program: 

P, (1) q(a, f(a)). 

(2) p(X):-q(a, f(X)). 

P, implicitly defines a first-order language, its U, and B, are Up, and Bp;. 

Up:={a, f(a), f(f(a)), ...}. 

Bp ={tp(a), p(f(a)), p(f((a))), --- 

q(a, a), q(a, fla)), q(a, f(f(a))), --- 
q(f(a), a), q(f(a), f(a)), (fa), f(f(a),)) ...}- 

Definition 11.2: Suppose S is a set of well-formed formulas of a first-order language L. 
If a Herbrand interpretation of S is a model of S, then it is called a Herbrand model of S. 

If P is a program, then all of its Herbrand interpretations are all of the subsets of B, (the 
power set 2”), some of the elements in 2™ are the Herbrand models of P, others are not. 

Example 11.2: Consider the Program that defines the “less or equal” relation: 

P, (1) leq(0, X). 

(2) leq(succ(X), suce(Y)):-leq(X, Y). 
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We have 
U,.={0, succ(0), succ(succ(0)), ...}. 
Bp={leq(0, 0), leq(O, succ(0)), ... 
leq(succ(0), 0), leq(succ(0), succ(0)), ...}. 
Bp can be viewed intuitively as a square. The subsets (denoted by the shadows) of Fig. 


11.1 are the Herbrand models of P,, the subsets of Fig. 11.2 are not the Herbrand models of P, 


NZ 


Fig. 11.1 Herbrand models of , 


IS4@e 


Fig. 11.2 Non-Herbrand models of P, 


Now, let us reveal the circular argument between the declarative semantics and procedural 
semantics of Prolog. 

Definition 11.3: Suppose S is a set of closed formulas of first-order language L, F is a 
closed formula of L. If any interpretation I of L being a model of S implies I being a model 
of F, then F logically follows from S. 

Example 11.3: Suppose S={A(e), A(x)>B(x)}, F=B(e). Then B(e) logically follows 
from {A(e), A(x) >B(x)}, if and only if all models of {A(e), A(x)—>B(x)} are models of 
B(e). 

Now, let us investigate some of the theorems in reference (Lloyd, 1984). In the theorems 
that follow, suppose S is a finite set of clauses, and is called a program. 

Theorem 11.1 (Theorem 3.2 in (Lloyd, 1984)): Suppose S is a set of clauses and S 
has a model, then S has a Herbrand model. 

Theorem 11.2 (Theorem 6.1 in (Lloyd, 1984)): Suppose S is a Program, {M;};-, is a 
non-empty set of Herbrand models of S. Then M,_,M; is a Herbrand model of S, denoted by 
M,, and is called the least Herbrand model of S. 


el 


Theorem 11.3: Suppose S is a program, S has a model if and only if S has M,. 


Proof: Necessity: Theorem 11.1 says, if S has a model, then S a Herbrand model. Theorem 
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11.2 says, if S has a Herbrand model, then S has M,. Applying transitive rule to Theorem 
11.1 and Theorem 11.2, we obtain that if S has a model, then S has M,. 

Sufficiency: M, itself is a model. 

Theorem 11.3 tells us that the study of model is equivalent to the study of M,. So, 
Definition 11.3 is equivalent to Definition 11.4. 

Definition 11.4: Suppose S is a set of closed formulas of first-order language L, F is 
a closed formula of L. If the least Herbrand model M, of S is also a model of F, then F logically 
follows from S. 

According to Definition 11.4, in Example 11.3, if M, for {A(e), A(x) > B(x)} is also a 
model for B(e), then B(e) logically follows from {A(e), A(x) B(x)}. 

Now, let us construct M, for {A(e), A(x) B(x)}. 

Theorem 11.4 (Theorem 6.5 in (Lloyd, 1984)): Suppose S is a program, then M,= 
Ifp(T JT, t ©. 

In Theorem 11.4, T, is a mapping from 2™ to 2™, Ifp denotes least fixed point, M, is 
the least fixed point of the mapping T,:2™”—2®™: making natural number œ times mapping 
T,- T, is defined as follows: 

T,(J)={DeB,|D is a ground instance of unconditional clauses in S, or, D—C, AC, A... 
AC, is a ground instance of conditional clauses in S, and {C}, C», ... ,C,} El}, where B, is 
the Herbrand base, | is the interpretation of L. 

Now, first, let us construct the Herbrand universe U,. 

U,={e}. 

U,={e}=Up. 

Thus, U,={e}. Then, let us construct Ifp(T,,); 1-e., M,- 

=O. 

1=T,()=tA(e)}- 

L=T,U)=tA(e), Ble)}. 

[,=T,(1.)={A(e), Ble) }=L. 

Thus, M,=lfp(T,)={A(e), B(e)}. 

In Example 11.3, M,={A(e), B(e)} of S={A(e), A(x)—>B(x)} includes B(e)=F, that is, 
M, is also a model for F, therefore, F logically follows from S. 

Theorem 11.5 (Theorem 6.2 in (Lloyd, 1984)): Suppose S is a program, then M,= 
{DeB,]| D logically follows from S}. 

Whether F logically follows from S belongs to the procedural semantics of Prolog. 
Whether S has M, belongs to the declarative semantics of Prolog. Definition 11.4 tells 
us that whether F logically follows from S depend on the construction of M, for S which 
is also a model for F. Theorem 11.5 tells us that M, is composed of those that logically 


follows from S. Thus, circular argument occurs between the procedural semantics and 
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the declarative semantics of Prolog: Whether F logically follows from S depends on the 
construction of M, for S which is also a model for F, and M, is composed of all those 
logically follows from S including F. The procedural semantics of Prolog is based on 
conventional proof theory. The declarative semantics of Prolog is based on conventional 
model theory. So, the circular argument is also one between conventional proof theory and 


conventional model theory. 


11.4 Model-theoretic semantics of material 
implication 


Because Table 1.1 has many defects, some people redefine material implication with 
model-theoretic semantics: 

Definition 11.5: Suppose S is a set of closed formulas, F is a closed formula. S implies 
F, if and only if SU {—F} is unsatisfiable. 

Definition 11.5 is equivalent to Definition 11.3, the origin of the circular argument. 
In order to eliminate the circular argument, material implication cannot be defined by 
Definition 11.5. 
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Chapter 12 
Mutually-inversistic proof theory 


The central idea of proof theory is formalization: mathematical derivation becomes 
transformation of sequences of artificial symbols, which is free of the ambiguity of natural 
languages, independent of intuitive properties. After the derivation, people can add meaning 
to these artificial symbols. 

In mutually-inversistic logic, decomposition can be axiomatized and formalized, 
second-level implicit inductive composition can be algebraized (see Section 23.3 main-auxiliary 
algebra for set theorems), first-level implicit inductive composition and explicit inductive 
composition cannot be formalized. Now, we axiomatize the decomposition system of 


second-level single quasi-predicate calculus. 


12.1 Axiomatic system of second-level single 
quasi-predicate calculus 


The knowledge constituents in Section 1.2.2 are the initial concepts. Sections 1.2.4 
to 1.2.7 are the formation rules. The well-formed formulas are terms and propositions. In 
Example 4.5, the known are chosen as the axioms, the five inference rules of decomposition 


systems are chosen as inference rules, the unknown is the theorem proved. 


12.2 Mutually-inversistic elementary number 
theory 


Peano postulates are as follows: 

(1) 0 is a natural number; 

(2) For every natural number n, there exists another natural number n’(n’ is the 
successor of 7); 

(3) No natural number n such that n’=0; 

(4) For any natural numbers m and n, if m’=n’, then m=n; 

(5) For any set A of natural numbers including 0, if for any ne A, we have n’&A, then 
A contains every natural number. 

The formal system of elementary number theory, see (Kleene, 1952), is composed of a 

set of axiom models of propositional calculus, a set of axiom models of predicate calculus, 
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A(O) A YLA A) AQ), (12.1) 
x=y >x =y’, (12.2) 
x =y X=Y, (12.3) 
x=y—>(x=z—>y=Z), (12.4) 
—x°=0, (12.5) 
x+0=x, (12.6) 
xty’=(xt+y)’, (12.7) 
x*0=0, (12.8) 
x*y =x*y+y. (12.9) 


In mutually-inversistic logic, formula (12.1) is a cognition. Formulas (12.2) to (12.4) 


should be written as: 


yL esy’, (12.10) 
CF SA (12.11) 
x=y Ax=25 =z. (12.12) 


Formulas (12.10) to (12.12) are single empirical or mathematical connection propositions 
in number theory, called single number-theoretic propositions, constitute the subsystem 
of single number-theoretic propositions. Formulas (12.5) to (12.9) are quasi-empirical 
or mathematical connection propositions in number theory, called quasi-number-theoretic 


propositions, constitute the subsystem of quasi-number-theoretic propositions. 


12.2.1 Subsystem of single number-theoretic propositions 


In the subsystem of single number-theoretic propositions, formulas (12.10) to (12.12) 

are single number-theoretic axioms, the following are single logical axioms: 
{P<'Q}<'{ Q<'-P}, 

(PL OJS P/A TO) 

{(P<'Q}<'{PV/'Q}, 

{PAQS'R}< {PA A=R<'=Q}, 

{PAOS 'R} <S '{P<'AQOVR}. 

Table 1.3 is the inference rule. 


Example 12.1: Prove — {x =y} < '— {x=}. 


Proof: 

(1) x=yS ‘x’ =y P 

(2) PE S Tas P] P 

(3) = ey yS Ta aey} T(1)(2)Table1 .3 
Example 12.2: Prove x=y< '— {x=z} V y=z. 

Proof: 


(1) x=vAx=z< 'y=z P 
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(2) {PAOS 'R} < '{P< '— OVR} P 
(3) x=p< a {=z} V y= T(1)(2)Table1.3 


12.2.2 Subsystem of quasi-number-theoretic propositions 


Quasi-number-theoretic propositions can only be proved by mathematical induction. 

Example 12.3: Prove —x’=0. 

Proof: Basis: Let x=0, then 0°=1#0. 

Induction hypothesis: Suppose when x=k, k’=k+140. 

Induction step: When x=k+1, (k+1)’=k+2#0. 

Q.E.D. 

Example 12.4: Prove x+y’=(x+y)’. 

Proof: Use mathematical induction with two parameters. 

Basis: Let x=0, y=0, then we have 0+0’=0+1=1. (0+0)’=0’=1. Therefore, 0+0’=(0+0)’. 

Induction hypothesis: Suppose when x=j, y=k we have j+k’=(j+k)’. 

Induction steps: 

(1) When x=j+1, y=k, the left hand side of the equality is (j+1)+k’=(j+k’)+1; the right 
hand side of the equality is ((j+1)+k)’=((j+k)+1)’=((j+k)’)’=(j+k)’+1. Considering 
the induction hypothesis, the left hand side equals the right hand side; i.e., 
G+1)+k’=(G+1)+k)’. 

(2) When x=j, y=k+1, the left hand side of the equality is j+(k+1)’=j+(k’)’=j+(k’+1) 
=(j+k’)+1; the right hand side of the equality is (j+(k+1))’=((j+k)+1)’=((j+k)’)’= 
(j+k)’+1. Considering the induction hypothesis, the left hand side equals the right 
hand side; i.e., j+(k+1)’=(j+(k+1))’. 

Therefore, x+y’=(x+y)’. 

Q.E.D. 


12.3 The proofs of Godel’s incompleteness 


theorems are erroneous 


This Section reveals that the proofs of Godel’s incompleteness theorems are erroneous. 


This Section refers to the English translation of Godel’s original paper (Godel, 1986). The 
numbers of definitions, formulas, theorems in this Section are the same as those appeared 
in (Godel, 1986). And the metamathematical notions in this Section are in SMALL 
CAPITALS. 


12.3.1 Godel’s first incompleteness theorem 


In order to prove his first incompleteness theorem, Godel made many preliminary 
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works, which are described briefly as follows. 

Godel assigned natural numbers to PRIMITIVE SIGNS, finite sequences of PRIMI- 
TIVE SIGNS; i.e., FORMULAS, finite sequences of FORMULAS; i.e., PROOF ARRAYS. 
Later generations call the natural numbers Godel numbers. 

The Godel numbers for PRIMITIVE SIGNS are as follows: 


“O"...1  “f(successor function)...3  “~”...5 
“\V”...7 “IT*(universal quantifier)...9 “(”...11 
al er tS. 


The Godel numbers for n type VARIABLES are p” (where p is a prime number greater 
than 13). 

The Godel numbers for FORMULAS are as follows: suppose sequence n}, n», ..., Ny 1S 
the sequence of Godel numbers of the PRIMITIVE SIGNS occurred in a FORMULA, then 
2"'*3"°«...«p,"" (where p, is the kth prime number) is the Godel number of the FORMULA. 

Definitions (here we only list those that are used in this Section): 

6  nGlx: the nth term of the number sequence assigned to the number x. 

7 (x): the length of the number sequence assigned to x. 

13 Neg(x): the NEGATION of x. 

15 xGeny: the GENERALIZATION of y with respect to the VARIABLE x. 

17 Zn): the NUMERAL denoting the number n. 

31 Sb(x;): VARIABLE v in x is substituted by y. 

32 xImpy: x implies y. 

42 Ax(x):x isan AXIOM. 

43 Fi(x, y, z): x isan IMMEDIATE CONSEQUENCE of y and z. 

44 Bw(x): x isa PROOF ARRAY. 

45 xBy: x isa PROOF of the FORMULA y. 

46 Bew(x): x isa PROVABLE FORMULA. 

Theorem V: For every recursive relation R(x,, ..., x,,) there exists an n-place RELATION 
SIGN r (with the FREE VARIABLES w,, u», ..., u,,) such that for all n-tuples of numbers (x,, 
..+,X,) we have 

R(X}, «2-5 X,) > Bew[SH(r” geet). am) (3) 

R(X pp «+5 Xn) > Bew[Neg (So zan". zm). (4) 

Proof: (Omitted). 

Let x be any class of FORMULAS. We denote by Flg(x) (the set of consequences of x) 
the smallest set of FORMULAS that contains all FORMULAS of « and all AXIOMS and is 
closed under the relation “IMMEDIATE CONSEQUENCE”. x is said to be w-consistent if 
there is no CLASS SIGN a such that 

(n)[Sb(a‘z,,)€Flg(aW)&[Neg(v Gen a)]eFlg(x), 
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Where v is the FREE VARIABLE of the CLASS SIGN a and (n) denotes Vn. 
Now, Godel’s first incompleteness theorem. 
Theorem VI (Godel’s first incompleteness theorem): For every w-consistent recur- 
sive class x of FORMULAS there are recursive CLASS SIGNS r such that neither v Gen r 
nor Neg(v Gen r) belongs to Flg(x) (where v is the FREE VARIABLE ofr). 
Proof: Let x be any recursive w-consistent class of FORMULAS. We define 
Bw,(x)=(n)[nSl(x)— Ax(nGlx) V (nGlx) ek V (Ep,q) 


{O<p, q<n&Fi(nGlx, pGlx, qGlx)}|&i(x)>0 (5) 

(see the analogous notion 44), 
xB y=Bw,(x)&[l(x)|Gh=y (6) 
Bew,(x)=(Ey)yB,x (6.1) 


(see the analogous notions 45 and 46). 
We obviously have 


(x)[Bew,(x)~xeFlg(x)] (7) 
(~ denotes “equivalence”) and 
(x)[ Bew(x)> Bew,(x)]. (8) 
We now define the relation 
Olx, Y)ExB LSO” z). (8.1) 


Since xB,„y (by (6) and (5)) and Sby” 75) (by Definitions 17 and 31) are recursive, so 
is Q(x, y). Therefore, by Theorem V and (8) there is a RELATION SIGN q (with the FREE 
VARIABLES 17 and 19) such that 


xB,[Sb(y"2,,)] > Bew, [Sba " z0" 2%) (9) 
and 
xB,[Sb(v'?4,))] Bä Bew, [Neg(Sb(q" z" 2))- ( l 0) 
We put 
p=17 Gen q (11) 
(p isa CLASS SIGN with the FREE VARIABLE 19) and 
r=Sb(q" zp) ( 12) 


(r is a recursive CLASS SIGN with the FREE VARIABLE 17). 


Then we have 


Sb(p” 4)=SH(L17 Gen q]?4,))=17 Gen Sb(q”zp)=17 Gen r (13) 
(by (11) and (12)); furthermore 
Sdq* zo 4p) = SH 4) (14) 


(by (12)). If we now substitute p for y in (9) and (10), and take (13) and (14) into account, 
we obtain 
xB,(17 Gen r)> Bew, [Sb(r" zx), (15) 
xB,(17 Gen r)— Bew,[Neg(Sb(r'’,,,)))]- (16) 
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This yields: 
1. 17 Gen r is not e<-PROVABLE. For, if it were, there would (by (6.1)) be an 
n such that nB,(17 Gen r). Hence by (16) we would have 
Bew,[Neg(Sd(r'",)))]. 
while, on the other hand, from the x-PROVABILITY of 17 Gen r that of Sh(r'’,,,,) follows. 
Hence, x would be inconsistent (and a fortiori @—inconsistent). 
2. Neg(17 Gen r) is not «-PROVABLE. Proof: As has just been proved, 17 Gen r 
is not k-PROVABLE; that is (by (6.1)), 
(n)nB {17 Gen r) 
holds. From this, 
(n)Bew,[Sh(r'”,,,)] 
follows by (15), and that, in conjunction with 
Bew,[Neg(17 Gen r)], 
is incompatible with the w-consistency of x. 
17 Gen r is therefore undecidable on the basis of x, which proves Theorem VI. 
Q.E.D. 


12.3.2 The proof of Godel’s first incompleteness theorem is 
erroneous 


Now, let us analyze the errors of the proof of Theorem VI. Because both 17 Gen r 
and DO w) are to eliminate the FREE VARIABLE 17 of r, we regard them as identical, 
as r without the FREE VARIABLE 17, denoted by r’. In doing so, we can simplify our 
discussion. 

In 1, proof by contradiction is used to prove “r’ is not x-PROVABLE”. The proof goes 
as follows: Suppose: “r’ is <-PROVABLE”, according to (6.1), we have nB,(r’). According 
to (16), we infer 

Bew,[Neg(r’)] (the NEGATION of r’ is x-PROVABLE) 

But from the x-PROVABILITY of r’ we can also infer r’. Thus, contradiction occurs: 
Bew,[Neg(r’)] and 7’ (that is, x is not w-consistent, contradicting with the supposition that 
k is w-consistent). Therefore, the supposition “r’ is x-PROVABLE” does not hold, its 
negation “r’ is not x-PROVABLE?” is proved. 

The error of this proof lies in (16): from “r’ is e-PROVABLE” we cannot infer 
Bew,[Neg(r’)], and contradiction does not occur, the proof by contradiction is invalid. We 
will analyze the error of (16) later. 

In 2, proof by contradiction is also used to prove “Neg(r’) is not «-PROVABLE”. 
Starting from what we have proved in | “r° is not «-PROVABLE” (Bew,[Neg(r’)]), by (6.1), 


we can infer 
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(n)nB,{r’). 
From this, by (15), we can infer 

(n)Bew,[r’]. 
And contradiction occurs: Bew,[Neg(r’)] and (”)Bew,[r’]. That is x is not @-consistent, 
contradicting with the supposition that x is w-consistent. Therefore, the supposition 
Bew,[Neg(r’)] does not hold, its negation “Neg[7’| is not x-PROVABLE” is proved. 

The error of this proof lies in (15): from “r’ is not x-PROVABLE” we cannot infer (n) 
Bew,|[r’], and contradiction does not occur, the proof by contradiction is invalid. 

Formulas (15) and (16) are wrong. The correct case is: if x is not the x-PROOF of 
r’, then r’ is not x-PROVABLE. But (15) says: if x is not the x-PROOF of r’, then r’ is, 
on the contrary, «-PROVABLE. The correct case is: if x is the e-PROOF of r’, then r’ is 
«x-PROVABLE. But (16) says: if x is ax-PROOF of r’, then the negation of r’ is x-PROV- 
ABLE. 

Now, let us investigate how do these errors occur. Formulas (15) and (16) are obtained 
form (9) and (10), which are obtained from (8.1) through Theorem V. Formula (3) of Theorem 
V tells us: from positive R, we can infer the PROVABILITY of positive r. Formula (4) of 
Theorem V tells us: from negative R, we can infer the PROVABILITY of negative Neg(r). 
While when we obtain (9) and (10) from (8.1) and Theorem V, we use Theorem V inversely. 
Formula (9) is from the negative premise to the positive conclusion. It says: if x is not the 
x-PROOF of y, then q is x-PROVABLE. Formula (10) is from the positive premise to the 
negative conclusion. It says: if x is the x-PROOF of y, then q is not «-PROVABLE. But 
up to now, we cannot deem that (9) and (10) are wrong, because we have not stipulated the 
relationship between q and y. If we stipulate that q is identical with—y, then (9) and (10) 
are still correct. However, when we use p to substitute for y in (9) and (10), and take into 
account (13) and (14) to obtain (15) and (16), the error occurs: Using p to substitute for y 
means that y is identical with p, formula (13) means that p is identical with r’, formula (14) 
means that 7’ is identical with q; using transitive law twice, we obtain that q is identical with 
y. While from the above analysis we known that (9) and (10) are correct only if q is identi- 
cal with—y. Thus, we start from (9) and(10), through wrong substitutions, obtain the wrong 
formulas: (15) and (16). Because (15) and (16) are wrong, the proof of Theorem VI is erro- 


neous. 


12.3.3 Godel’s second incompleteness theorem 

Theorem XI (Godel’s second incompleteness theorem): Let x be any recursive con- 
sistent class of FORMULAS; then the SENTENTIAL FORMULA stating that « is consistent 
is not <-PROVABLE; in particular, the consistency of P is not provable in P, provided P is 


consistent (in the opposite case, of course, every proposition is provable [in P]). (P is Principia 
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mathematica plus Peano axioms). 

The proof (briefly outlined) is as follows: Let « be some recursive class of FORMULAS 
chosen once and for all for the following discussion (in the simplest case it is the empty 
class). As appears from 1, page 177 above (1 of the proof of Theorem VI), only the consis- 
tency of x was used in proving that 17 Gen r is not x-PROVABLE; that is, we have 

Wid(x)— Bew,(17 Gen r), (23) 
that is, by (6.1), 
Wid(x)—> (x)xB,(17 Gen r). 
By (13), we have 
17 Gen r=Sb(p" 7p), 
hence 
Wid) (xB, Sbp" zp), 
that is, by (8.1), 
Wid(x)>(x)Q(x, p). (24) 

We now observe the following: all notions defined (or statements proved) in Section 
2, and in Section 4 up to this point, are also expressible (or provable) in P. For throughout 
we have used only the methods of definition and proof that are customary in classical math- 
ematics, as they are formalized in the system P. In particular, x (like every recursive class) 
is definable in P. Let w be the SENTENTIAL FORMULA by which Wid(x) is expressed 
in P. According to (8.1), (9), and (10), the relation Q(x, y) is expressed by the RELATION 
SIGN q, hence Q(x, p) by r (since, by (12), r=Sb(q" 7p)), and the proposition(x)Q(x, p) 
by 17 Gen r. 

Therefore, by (24), wimp(17 Gen r) is provable in P (and a fortiori <-PROVABLE).” 
(Footnote 67: That the truth of wlmp(17 Gen r) can be inferred from (23) is simply due to 
the fact that the undecidable proposition 17 Gen r asserts its own unprovability , as was 
noted at the very beginning.) If now w were e-PROVABLE, then 17 Gen r would also be 
x-PROVABLE, and from this it would follow, by (23), that x is not consistent. 


12.3.4 Godel’s second incompleteness theorem is erroneous 


The errors in the proof of Godel’s second incompleteness theorem: 

(1) Formula (23) does not hold, because in proving that 17 Gen r is not x-PROVABLE, 
Godel used not only the consistency of «, but also (16) and (6.1). 

(2) Let us retreat one step. Even if (23) holds, that wIlmp(17 Gen r) is x-PROVABLE 
do not hold, what holds is wlmp( Bew,(17 Gen r)). You may think that footnote 67 
says that 17 Gen r asserts its own unprovability. Therefore, 17 Gen r is equivalent 
to Bew,(17 Gen r), wlmp(17 Gen r) is equivalent to wlmp(Bew,(17 Gen r)).The 


fact is, first, if Godel were right, 17 Gen r asserts that 17 Gen r is unprovable, then 
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17 Gen r is a self-reference proposition, hence wIlmp(17 Gen r)is wrong. Secondly, 
formula (8.1) does not seem to be a self-referenced proposition. Therefore, 
wImp(Bew,(17 Gen r)) is not equivalent to wimp(17 Gen r). Therefore, that 
wImp(17 Gen r) is «-PROVABLE does not hold. 

(3) Let us retreat one step further. Even if that wlmp(17 Gen r) is «-PROVABLE 
holds, then from that w is k-PROVABLE, we cannot infer that 17 Gen r is 
x-PROVABLE. Just as from that human beings are animals and that human beings 


can speak, we cannot infer that animals can speak. 
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Chapter 13 
Mutually-inversistic model theory 


Mutually-inversistic model theory includes model theory of term space and model 
theory of fact space, they are closely related with term space algebra and fact space algebra 


of mutually-inversistic abstract algebra. 


13.1 Model theory of term space 


Suppose the formal language of term space L={{pjfien {fijen {Ck}kexk}, Where p; are 
predicate constants, f; are function constants, c, are term constants, they are all empirical 
or mathematical symbols; L, also implicitly includes logical symbols (Note that=is a 
mathematical symbol, not a logical symbol). The model of L, is: 

Ao {Pien {A tien {Ck beens 

where I, is the universe of terms, p;* are the interpretations of p; in L, f are the 
interpretations of f,, cê are the interpretations of c,. For the languages commonly used 
in mathematics, we use the symbols that are customary to denote the universe of terms, 
predicate constants, function constants, and term constants in models. 

Example 13.1: Suppose we have a formal language L,,={<}, then A, =<N, <> is its 
model. Suppose we have a formal language L,,={<, +, *, 0}, then A,=<R, <, +, *, 0> is its 
model. 

Sequence 6,=<ap, a), a, ...> formed by choosing some elements from the universe 
of terms of model A, is called the assignment of A,, which uses elements ap, a), a5, ... 
from l as the interpretations in model A, of the term variables xp, x), X», ... in the formal 
language L,. 

Suppose @, is a formula in language L, if @, is true in model A, under assignment ©, 
then we say that @, is satisfied by o, in A,, denoted as A,|=,@,, if , is false, then denoted as 
Al Foi Pr: 

Example 13.2: Suppose L={=}, x=y is a formula in L, its term variables are x and y. 
A=<N, =>, 6,=<1, 1>, op=<1, 2>. Then x=y is true in A, under o,,, denoted as A,|=,,,.x=y; 
and x=y is false in A, under op, denoted as A,|F,,..x*=y. 

If ọ, does not contain free term variables, then @, is called a sentence. At this time, the 
truth value of ọ, in model A, is irrelevant to assignment o,. If ọ, is true in A, under one 
assignment, then @, is necessarily true under other assignments. At this time, we say that 9, 


is constantly true in model A, denoted as A,|=q,. If @, is constantly true in any model of L, 
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then we say that ọ, is logically true in L,, denoted as |=@,. 
Example 13.3: Suppose L={=}, x=x is a sentence in L,. X=x is true for all models of 
Ly: Ay=<N, =>, Ap=<Z, =>, Az=<Q, =>, Ay=<R, =>, and we have |=x=x. 


Suppose T, is a set of sentences of L, A, is a model of L,. If for any sentence ọ,e l, we 


have A,|=q,, then we say that T, is constantly true in A, denoted as A,|=I’,. 
Example 13.4: Suppose L={=, +, 0}, its model is A=<G, =, +, 0>. If A, satisfies the 


following set of sentences: 


(1) (xt+y)+z=x+(y+z) (associative law) 
(2) x+0=x/A0+x=x (0 is the identity of +) 
(3) xeGS 'yeG/A '{x+y=0Ay+x=0} (there exists inverse element) 


then we say that A, is a group of term space, or sometimes we say that G is a group of term 
space. If, in addition, A, satisfies: 
(4) x+y=yt+x (commutative law) 


then we say that A, is an Abelian group of term space. 


13.2 Model theory of fact space 


Suppose we have a formal language of fact space L={{{N ', Ul ',c',...},{U,9,~, 
..}, {Ø, U}}. The model of L; is A-=<I,, {JA ', Ul ',c', ...}, {U, N, ~, ...}, {D, UP. 

Sequence o,=<@, {a}, {b}, {a, b}, ...> formed by choosing some elements from 
universe of facts I, of model A; is called the assignment of A, which uses elements Ø, {a}, 
{b}, {a, b}, ... in I, as the interpretations in model A, of the fact proposition variables P, Q, 
and R in formal language L,. 

Suppose @, is a formula of language L,. If @, is true in model A; under the assignment 
Op then we say that @, is satisfied by opin Ap denoted as A;|=,,@;. If @; is false, then denoted 
as Ar| Fotr 

Example 13.5: Suppose L;={=', S}, where S={a, b}. P='Ọ is a formula of Lẹ its 
fact proposition variables are P and Q. A;=<p(S), = ', S>, on=< {a}, {a}>, Op=< {a}, {a, b}>. 
Then P= 'Q is true in A, under op, we have A;|=,,P= 'QO. P= 'Ọ is false in A; under op, we 
have A;lžnP= 'Q. 

If ọ; does not contain free fact proposition variables, then @, is called a sentence. At 
this time, the truth value of @, in model A; is irrelevant to assignment oy. If @, is true in A; 
under one assignment, then @, is necessarily true under other assignments. At this time, we 
say that @; is constantly true in model A, denoted as A,|=@,. If @, is constantly true in any 
model of L, then we say that @; is logically true in L, denoted as|=@,. 

Example 13.6: Suppose L,;={= '}. P= 'P is a sentence in L,. P= 'P is true for model A; 
=<I,, = '> in L, we have A,|=P= 'P. 
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Suppose I’, is a set of sentences of L, A; is a model of Lẹ. If for any sentence per, we 


have A,|=@,, then we say that I’, is constantly true in A,, denoted as A,|=I;. 


Example 13.7: Suppose L;={=', U, N, ~, Ø, S}, where S is a non-empty set. A; 


=<p(S), = 'ULn,~, 2, SX If A, satisfies the following set of sentences: 


(1) PU{QUR}='{PUQ}UR, PN {ONR}='{PNOINR (associative laws) 
(2) PUQ='OUP, PNQ='ONP (commutative laws) 
(3) PUP='P, PN P='P (idempotent laws) 
(4) PU {PN Q}='P, PN {PUQ}='P (absorption laws) 


then we say that A; is a lattice of fact space. If, in addition, A, satisfies: 
(5) PUONR= '{PUQ}N {PUR}, PN{QUR}='PNOUPNR (distributive laws) 
then we say that A, is a distributive lattice of fact space. If, in addition, A; satisfies: 
(6) ~{PUQ}='~PN ~Q, ~{PNQO}='~PU~O (quasi-De Morgan’s laws) 
(7) @#'S, PU@='P, PUS='S, PAØ='Ø, PNS='P, ~S='Ø, ~Ø='S 
(zero-one laws) 


(8) PU~P='S (law of excluded middle) 
PN~P='O (non-contradiction law) 
~~P='P (double complement law) 


then we say that A; is a Boolean algebra of fact space. 
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Part 4 
Mutually-inversistic recursion 
theory 


Mutually-inversistic recursion theory inherits classical 
recursion theory as its first-level recursion theory, and 
proposes second-level recursion theory. Mutually-inversistic 
recursion theory is described from the logic programming 


perspective. 
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Chapter 14 
Mutually-inversistic recursion theory 


14.1 Prolog 


Example 14.1: The known: Bob is Max’s ancestor, Max is Sam’s ancestor, if x is y’s 
ancestor and y is z’s ancestor, then x is z’s ancestor. The unknown: Bob is Sam’s ancestor: 
The Prolog program and goal of this example are shown as follows: 

(1) ancestor(Bob, Max). 

(2) ancestor(Max, Sam). 

(3) ancestor(x, z): -ancestor(x, y), ancestor(y, Z). 

(4) ?-ancestor(Bob, Sam). 

Clauses (1) and (2) are unconditional clauses. Clause (3) is a conditional clause, in 
which ancestor(x, z) is the head, ancestor(x, y) and ancestor(y, z) are the body of the condi- 
tional clause. The predicate ancestor occurs in both the head and the body, it is a recursive 
predicate, the recursion is called first-level recursion. An unconditional clause and a con- 
ditional clause are called by a joint name program clause. Clause (4) is a goal clause, in 
which ?-means —. Prolog can be regarded as based on mutually-inversistic first-level single 
quasi-predicate calculus: the unconditional clauses are zeroth-order fact propositions, the 
conditional clause is a first-order single empirical or mathematical connection proposition, 
the goal clause is a fact proposition. 

The process from the program to the goal is a kind of proof by contradiction, called 
SLD resolution refutation, which can be described by searching the SLD tree. The search 
strategy is: from left to right, top-down, depth-first plus backtracking. “from left to right” 
means the leftmost subgoal are always selected as a resolver to participate in the resolution. 
The other resolver is a program clause. “top-down” means that if the leftmost subgoal can 
resolve with more than one program clauses (candidate clauses), then in the top-down order. 

The SLD tree of Example 14.1 is shown in Fig. 14.1. 

In Fig. 14.1, every downward line represents a resolution. On the top of the line is the 
leftmost subgoal, one resolver. On the left of the line is the number of a program clause, the 
other resolver. On the right of the line is the substitution made between the two resolvers. 


On the bottom of the line is the resolvent. 
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?-ancestor(Bob, Sam). 


{x/Bob, z/Sam} 


?-ancestor(Bob, y), ancestor(y, Sam). 
(1) 7 {y/Max} 


?-ancestor(Max, Sam). 


(2) 


O 
Fig. 14.1 SLD tree for Example 14.1 


The first resolution (the first downward line) goes as follows: when x is substituted by 
Bob, z by Sam (on the right of the line), the initial goal ?-ancestor(Bob, Sam) (on the top 
of the line) unifies successfully with the head ancestor(x, z) of program clause (3) (on the 
left of the line), and the body ancestor(Bob, y), ancestor(y, Sam) of (3) is produced (on the 
bottom of the line). What this resolution actually does is the negative expression of hypothetical 
inference: from the negation of the conclusion —ancestor(Bob, Sam) and the major premise 
ancestor(x, vy) /\ancestor(y, z)< 'ancestor(x, z) to infer the negation of the minor premise 
— {ancestor(Bob, y) \ancestor(y, Sam)}, which is equivalent to—ancestor(Bob, vy) V 
—ancestor(y, Sam), which can be changed to—ancestor(Bob, y)\V/ '—ancestor(y, Sam). 

What the second resolution (the second downward line) does is disjunctive infer- 
ence: from—ancestor(Bob, y)\V/ '— ancestor(y, Sam) and ancestor(Bob, Max) to infer 
—ancestor(Max, Sam). What the third resolution (the third downward line) does is a special 
kind of disjunctive inference: from —ancestor(Max, Sam) and ancestor(Max, Sam) to 
produce an empty clause (NIL), which means contradiction occurs, which also ends a 
success branch. 

Example 14.2: Suppose we have the following Prolog program and goal: 

(1) parent(Bob, Max). 

(2) parent(Max, Sam). 

(3) ancestor(x, z): -parent(x, z). 

(4) ancestor(x, z): -parent(x, y), ancestor(y, z). 

(5) ?-ancestor(Bob, Sam). 


In (4), the first predicate in the body is not a recursive predicate, but the last predicate 
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is. This recursion is called tail recursion. Clause (3) is the recursion exit. 
A first-level tail recursion with exit can be transformed into iteration. 
Program transformation: 
Input: if f(x, z)=f(a, c) then h(a, c) 
else A(x, y), Ay, z) 
Output: read(x, z) 
L: if f(x, z)=f(a, c) then A(a, c) 
else A(x, y), xy 
goto L fi 
According to the program transformation, Example 14.2 can be transformed into iteration: 
Read ancestor(x, z), 
L:if ancestor(x, z)=ancestor(Max, Sam) then parent(Max, Sam) 
else parent(x, y), xv 
goto L fi 


(In the iteration, x—y means the value of y is assigned to x). 


14.2 Second-level single quasi-Prolog 


Second-level single quasi-Prolog is obtained by lifting Prolog up one level; i.e., the 
unconditional clauses are lifted from zeroth-order fact propositions to first-order single 
empirical or mathematical connection propositions, the conditional clauses are lifted from 
first-order single empirical or mathematical connection propositions to second-order single 
logical connection propositions, the goal clauses are lifted from fact propositions to single 
empirical or mathematical connection propositions. Prolog is based on first-level single 
quasi-predicate calculus. Second-level single quasi-Prolog is based on second-level single 
quasi-predicate calculus. 

In second-level single quasi-Prolog, the logical connection operator< ' is denoted by 
<<<===, the empirical or mathematical connection operators //\ ', < ',=', and < ' are 
denoted by!!, <<==, ==, and << respectively. The predicates used in this section are real (real 
numbers), rat (rationals), int (integers), nat (natural numbers), nonnega (non-negative 
integers), pos_zero (positive integers and zero), pos_odd (positive odd integers). 

Example 14.3: The known: rat(x)< 'real(x), int(x)< 'rat(x), {P< 'R}< PIA 'R}, 
{PIA 'O} \{O< 'R}< '{P/A 'R}. The unknown: int(x)//\ 'real(x). 

The second-level single quasi-Prolog program and goal are as follows. 

(1) real(x) ==>> rat(x). 

(2) rat(x) ==>> int(x). 

(3) {RP} ===>>> {R=>>P}. 
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(4) {R!!P} ===>>> {R==>>0}, {Q!!P}. 

(5) ?-{real(x) !! int(x)}. 

In (4), the empirical or mathematical connection operator!! occurs in both the head and 
the body, this is second-level recursion. 

In Prolog, there are many predicates. We use recursive predicates only if we want to 
adopt recursive technique. While in second-level single quasi-Prolog, there are only four 


empirical or mathematical connection operators, second-level recursion is unavoidable. 


14.2.1 One second-order single empirical or mathematical 
connection proposition in the body 


Example 14.4: The known: nonnega(x)= 'nat(x), {P= 'Q}< '{Q= 'P}. The unknown: 
nat(x)= ‘nonnega(x). 

The second-level single quasi-Prolog program and goal are as follows. 

(1) nat(x)==nonnega(x). 

(2) {P==Q} ==>>>{O==P}. 


(3) ?-{nonnega(x)==nat(x)}. 


In (2), there is only one second-order single empirical or mathematical connection 
proposition in the body: {O==P}; occurs in both the head and the body, this is second-level 


recursion. The second-level SLD tree of the program and the goal are shown in Fig. 14.2. 


?- {nonnega(x)==nat(x)}. 


{P,/nonnega(x), Q,/nat(x)} 


?-{nat(x)==nonnega(x)}. 


{P,/nat(x), O,/nonnega(x)} 


Ej ?-{nonnega(x)==nat(x)}. 


(2) /{P;/nonnega(x), Q;/nat(x)} 


?-{nat(x) ==nonnega(x)}. 


(1) (2) 


O infinite branch 


Fig. 14.2 One single empirical or mathematical connection proposition in the body 
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From Fig. 14.2 we learn that there are infinitely many success branches in its second- 
level SLD tree. 


14.2.2 Two second-order single empirical or mathematical 
connection propositions in the body 


Second-level recursions with two second-order single empirical or mathematical 
connection propositions in the body are divided into second-level tail recursions and 
second-level non-tail recursions. In (4) of Example 14.3, the first empirical or mathematical 
connection operator in the body is not a recursive one, the last empirical or mathematical 
connection operator in the body is. It is second-level tail recursion. 

{R==>>P}===>>>{R==>>O}, {O==>>P} (14.1) 

In (14.1), the first empirical or mathematical connection operator in the body is a 


recursive one. It is second-level non-tail recursion. 


14.2.2.1  Second-level tail recursion 

Second-level tail recursions are divided into second-level tail recursions with exit and 
second-level tail recursions without exit. 
14.2.2.1.1  Second-level tail recursion with exit 

Example 14.5: The known: int(x)< 'rat(x), rat(x)< 'real(x), {P< 'R}< '{P< 'R}, 
{P< 'O}A {O< 'R}< '{P< 'R}. The unknown: int(x)< 'real(x). 

The second-level single quasi-Prolog program and goal are as follows. 

(1) rat(x)>>int(x). 

(2) real(x)>>rat(x). 

(3) {R==>>P}===>>>{R>>P}. 

(4) {R==>>P}===>>>{O>>P}, {R==>>O}. 

(5) ?-{real(x)==>>int(x)}. 

Clause (4) is a second-level tail recursion, clause (3) is the recursion exit. The second- 
level SLD tree of the program and the goal is shown in Fig. 14.3. 

From Fig. 14.3, we see that there is a failure branch and a success branch. 

Second-level tail recursion with exit can be transformed into second-level iteration by 
second-level program transformation. 

Second-level program transformation: 
Input: if PyR=p(x)yp(x) then PoR 

else {POQ}n{QuR} 

Output: read(PyR) 

L: if PyR=pAx)yp(x) then PaR 

else POQ, P--O 
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?-{real(x)==>>int(x)}. 


{R,/real(x), P,/int(x)} (4) \ {R,/real(x), P,/int(x)} 


?-{real(x)>>int(x)}. ?-{Q,>>int(x)}, {real(x)==>>Q,}. 
failure 


(1) / {Q,/rat(x)} 


?-{real(x)==>>rat(x)}. 


{R,/real(x), P;/int(x)} 


?-{real(x)>>rat(x)}. 


(2) 


EH 


Fig. 14.3 Second-level tail recursion with exit 


goto L fi 
After the transformation, Example 14.5 becomes the following second-level iteration: 
Read(R==>>P) 
L: if {R==>>P}={real(x)==>>rat(x)} then {real(x)>>rat(x)} 
else {O>>P}, P-Q 
goto L fi 
The second-level iteration is performed as follows: 
Step 1: Read(R==>>P) statement reads {real(x)==>>int(x)}; 
Step 2: L statement compares the value of {R==>>P} with {real(x)>>rat(x)}; 
Step 3: They do not equal, control transfers to {O>>P}; 
Step 4: {Q>>P} unifies with (1) {rat(x)>>int(x)} successfully, O binds to rat(x); 
Step 5: P+-Q statement assign the value of Q; i.e., rat(x), to P; 
Step 6: Control transfers to L statement again; 
Step 7: {R==>>P} equals {real(x)==>>rat(x)}, control transfers to {R>>P}; 
Step 8: {R>>P} unifies with (2) {real(x)>>rat(x)} successfully; 
Step 9: Program terminates. 
14.2.2.1.2 Second-level tail recursion without exit 


Example 14.6: The known: nonnega(x)= 'nat(x), pos_odd(x)< 'nonnega(x), {P 
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<'Q}/A {Q='R}< '{P< 'R}. The unknown: pos_odd(x)< 'nat(x). 

The second-level program and goal are as follows: 

(1) nat(x)==nonnega(x). 

(2) nonnega(x)>>pos_odd(x). 

(3) {R>>P}===>>> {R==Q}, {O>>P}. 

(4) ?-{nat(x)>>pos_odd(x)}. 

Clause (3) is a second-level tail recursion. There is no recursion exit. The second-level 
SLD tree is shown in Fig. 14.4. 


?-{nat(x)>>pos_odd(x)}. 


(3 


w 


{R/nat(x), P/pos_odd(x)} 
?-{nat(x)==Q}, {O>>pos_odd(x)}. 
(1) | {O/nonnega(x)} 


?-{nonnega(x)>>pos_odd(x)}. 


(2) 


o 


Fig. 14.4 Second-level tail recursion without exit 
From Fig. 14.4, we see that there is no infinite branch. 


14.2.2.2 Second-level non-tail recursion 

In second-level non-tail recursion, infinite branch is bound to occur. When there is 
success branch, two cases exist: one is that the success branch occurs prior to the infinite 
branch, the other is that the infinite branch occurs prior to the success branch. 
14.2.2.2.1 Success branch prior to infinite branch 

Example 14.7: The known: rat(x)< 'real(x), int(x)< 'rat(x), {P< 'O} A^ {0< 'R}< ' 
{P< 'R}. The unknown: int(x)< 'real(x). 

The second-level single quasi-Prolog program and goal are as follows. 

(1) real(x)==>>rat(x). 

(2) rat(x)==>>int(x). 

(3) {R==>>P}===>>> {R==>>O},{Q==>>P}. 
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(4) ?-{real(x)==>>int(x)}. 
The second-level SLD tree is shown in Fig. 14.5. 


?-{real(x)==>>int(x)}. 


(3) | {R/real(x), P/int(x)} 


?-{real(x)==>>Q}, {O==>>int(x)}. 


(1) | {Q/rat(x)} 


?-{rat(x)==>>int(x)}. 


(2) (3) 


infinite branch 


Fig. 14.5 Success branch prior to infinite branch 


From Fig. 14.5. we see that success branch is prior to infinite branch. 
14.2.2.2.2 Infinite branch prior to success branch 

Example 14.8: The known: nonnega(x)= 'nat(x), nonnega(x)= 'pos_zero(x), {P= 'Q}/\ 
{O='R} = PE R, {(P='O}V< '{Q= 'P}, The unknown: pos _zero(x)= 'nat(x). 

The second-level single quasi-Prolog program and goal are as follows. 

(1) nat(x)==nonnega(x). 

(2) pos_zero(x)==nonnega(x). 

(3) (R=P}=—>>> {R=Q}, {OP}. 

(4) {P==Q}===>>>{O=P}. 


(5) ?-{nat(x)==vpos_zero(x)}. 


The second-level SLD tree is shown in Fig. 14.6. From Fig. 14.6, we see that the 
infinite branch comes first. If we do not take measures, we cannot reach the success branch. 
The measure we take is that once the infinite branch is detected, it is cut, and backtracking; 


in this way, the success branch can be reached. 
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?-{nat(x)==pos_zero(x)}. 


(3) | {R,/nat(x), P,/pos_zero(x)} 


2-{nat(x)—=O,}, {O,-=pos_zero(x)}. 


(1) | {O,/nonnega(x)} 


?-{nonnega(x)==pos_zero(x)}. 


(3) (4) \ {P,/nonnega(x), O,/pos_zero(x)} 


infinite branch ?-{pos_zero(x)==nonnega(x)}. 


O 


Fig. 14.6 Infinite branch prior to success branch 


14.2.3 Three second-order single empirical or mathematical 
connection propositions in the body 


Dilemmas, including constructive dilemma and destructive dilemma, are the second- 
level recursions with three second-order single empirical or mathematical connection prop- 
ositions in the body. They are second-level tail recursions without exit. 

Example 14.9: The known: prime(x)//\ 'pos_even(x) (some prime numbers are posi- 
tive even numbers), prime(x)< 'pos_int(x) (all prime numbers are positive integers), pos_ 
even(x)< 'even(x) (all positive even numbers are even numbers), {P< 'Q} A {R< 'S} A^ 
{PIA 'R}<'{O// 'S}. The unknown: pos_int(x)//\ 'even(x). 

The second-level single quasi-Prolog program and goal are as follows. 

(1) prime(x)!! pos_even(x). 

(2) pos_int(x)==>>prime(x). 

(3) even(x)==>>pos_even(x). 

(4) {O!!S}===>>>{O==>>P}, {S==>>R}, {PIR}. 

(5) ?-{pos_int(x)!!even(x)}. 

The second-level SLD tree is shown in Fig. 14.7. 
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?-{pos_int(x)!!even(x)}. 


(4) | {O/pos_int(x), S/even(x)} 


?-{pos_int(x)==>>P}, feven(x)==>>R}, {PIR}. 


(2) | {P/prime(x)} 


?-{even(x)==>>R}, {prime(x)!!R}. 


(3) | {R/pos_even(x)} 


?-{prime(x)!!pos_even(x)}. 


(1) 


Fig.14.7 Three single empirical or mathematical 


connection propositions in the body 


14.2.4 Summary of second-level recursion 


The classification of second-level recursions is shown in Fig. 14.8. 


one proposition 


in the body 
with exit 
tail recursion 
without exit 
Second-level two propositions 
recursion in the body 
success branch 
first 
non-tail recursion 
infinite branch 


first 
three propositions 


in the body 


Fig. 14.8 Classification of second-level recursions 


We can draw the following conclusions. iS 
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(1) In second-level tail recursion, infinite branch will not occur. Because the first 
empirical or mathematical connection operator in the body is not a recursive one, 
when it unifies unsuccessfully, control cannot go on. 

(2) In second-level non-tail recursion, infinite branch is bound to occur. Because the 
first empirical or mathematical connection operator in the body is a recursive one, 
recursion can happen between the head and it repetitively. 

(3) For second-level non-tail recursion, if for every empirical or mathematical 
connection operator, there is only one candidate in the conditional clauses, then 
the success branch is prior to the infinite branch. For example, in Example 14.7, 
==>>only has (3) as its candidate. Its every unification is with the head of (3). If 
there is a solution, then control can get it. If for some empirical or mathematical 
connection operator, there is more than one candidates in the conditional clauses, 
then the infinite branch is prior to the success branch. Because second-level single 
quasi-Prolog adopts top-down searching strategy, every unification is with the top 
candidate, no chance with the other candidates, therefore, control runs into infinite 
branch at the beginning. For example, in Example 14.8, ==has two candidates: (3) 
and (4), unification is always with (3), no chance with (4), therefore, control runs 
into infinite branch at the beginning. 

(4) The performance of the four second-level recursion with two propositions in 
the body is: second-level tail recursion with exit is the best, because it can be 
transformed into second-level iteration; second-level tail recursion without exit is 
the second, because it does not have infinite branch; success branch first non-tail 
recursion is the third, because it get the solution before it runs into infinite branch; 
infinite branch first non-tail recursion is the worst, but it is still practical, because 


control can detect the infinite branch and cut it. 


Part 5 
Mutually-inversistic granular 
computing 


Mutually-inversistic granular computing includes mutually- 
inversistic fuzzy logic based granular computing and 
mutually-inversistic rough set based granular computing. 
Mutually-inversistic fuzzy logic based granular computing 
integrates mutually-inversistic logic with such branches 
of granular computing as fuzzy logic, rough set, interval, 
quotient space. In mutually-inversistic rough set, rough set is 
established on the basis of mutually-inversistic set theory. 
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Chapter 15 
Mutually-inversistic fuzzy logic based 
Soranular computing 


Mutually-inversistic fuzzy logic based granular computing includes mutually- 
inversistic fuzzy logic, mutually-inversistic rough fuzzy logic, mutually-inversistic fuzzy 
quotient space, mutually-inversistic fuzzy interval logic, mutually-inversistic rough fuzzy 


interval logic, mutually-inversistic fuzzy interval quotient space. 


15.1 Mutually-inversistic fuzzy logic 


15.1.1 Introduction to mutually-inversistic fuzzy logic 


There are many ways of coping with uncertainty: Bayesian theory, Dempster-Shafer 
theory, fuzzy logic. Each method has its own shortcoming. Bayesian theory requires a priori 
probability which is hard to obtain. Dempster-Shafer theory has combinatorial explosion 
problem, and it is difficult to deal with infinitesimal belief. Fuzzy logic is insensitive to 
changes in parameters, and is subjective. Therefore, no method is generally recognized as 
the best method. Mutually-inversistic fuzzy logic provides people with a new choice of 
coping with uncertainty. 

In mutually-inversistic fuzzy logic, Real numbers in the closed interval of [0, 1] are 
used to represent the degree of truth (membership grade) of propositions. 1 represents 
absolute truth, 0 absolute falsity, 0.5 “need not determine whether it is true or false”. So, 


mutually-inversistic logic is a special case of mutually-inversistic fuzzy logic. 


15.1.2 Adequate set of fuzzy logical operators 


The adequate set of mutually-inversistic logic contains three logical operators: —, /\, 
and < '. The other logical operators can be expressed by the three logical operators. 

A VB can be defined as— {~ A A —B}, 

A@B can be defined as A A ~=BV —A AB, 

A= 'B can be defined as {A< 'B} /\ {B< 'A}, 

A< 'B can be defined as {A< 'B} A — {B< 'A}, 

A/A 'B can be defined as— {A < '—B}, 

A\// 'B can be defined as— A< 'B, 

A® 'B can be defined as — A= 'B, 
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A V 'B can be defined as ~A < 'B, 

AX 'B can be defined as {~ A/A '—B} A {A/A =B} A {A/A 'B}A {A/A 'B}. 

Since mutually-inversistic fuzzy logic is a generalization of mutually-inversistic logic, 
the adequate set of mutually-inversistic fuzzy logic contains three fuzzy logical operators: 


l 
—,, /\, and S; . 


15.1.3 Definitions of fuzzy logical operators 


15.1.3.1 Definition of ~; 
Suppose ae[0, 1], then 
—,a=|-a (15.1) 
The diagram of —,; 1s shown in Fig. 15.1. 
=a 
A 
l 


0 l a 


Fig. 15.1 The diagram for —, 


In mutually-inversistic logic, we have: —F=T, —T=F. In mutually-inversistic fuzzy 


logic, we have: —,0=1, —,1=0. Therefore, — is a special case of — p 


15.1.3.2 Definition of ^; 
Just as we can use two-dimensional contour map to represent three-dimensional topo- 
graphic map, we can use two-dimensional equi-truth value line diagram to represent three- 


dimensional function c=a/\ b. The equi-truth value line diagram is shown in Fig. 15.2. 


Fig. 15.2 Equi-truth value line diagram for /\, 
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There are infinitely many equi-truth value lines in Fig. 15.2, we only draw a few of 
them. Each equi-truth value line in Fig. 15.2 can be written as 
b=-a+intc, (15.2) 
where intc is the intercept of the equi-truth value line on the b axis. 


Formula (15.2) can also be written as 


at+b=inte. (15.3) 
According to Fig. 15.2, we have 
aN çb=intcl2. (15.4) 


Suppose when a=1, b=0.5, we obtain the point A, the intercept on the b axis of the 
equi-truth value line of which is 1.5, according to (15.4), we obtain a A ;b=0.75. 
Substituting (15.3) into (15.4), we have 


a/\,b=(atb)/2. (15.5) 
A and b can have weight: 

a/\,-b=(w,at+w,b)/(w,+ W,)- (15.6) 
Conjuncts can be extended from two to n: 

N\ (Qj, Qo, -.+5 4,=(a;tazt...t+a,)/n. (15.7) 


In mutually-inversistic logic, we have: T/\T=T, F \F=F. In mutually-inversistic fuzzy 
logic, we have: 1 /\,1=(1+1)/2=1, 0/A\,0=(0+0)/2=0. These two operations of A are the 
special cases of /\,. In mutually-inversistic logic, we have: F /\T=F, T/\F=F. While in mu- 
tually-inversistic fuzzy logic, we have: 0/\,1=(0+1)/2=0.5, 1 /\,0=(1+0)/2=0.5. These two 


operations of A are not the special cases of Aș 


15.1.3.3 Definition of <, ' 

“if A(x) is v, then C(x) is w” where v and w are fuzzy concepts is a fuzzy mutually inverse 
implication proposition or a fuzzy association rule, denoted as AX, 'C where A and Ç are 
fuzzy sets. For example, “if x study English every day longer, then x’s English exam score 
is better” where longer and better are fuzzy concepts is a fuzzy mutually inverse implication 
proposition or a fuzzy association rule, denoted as T<, 'S where T and § are fuzzy sets. X 
in “if A(x) is v, then C(x) is w” ranges over n training instances {e;, ..., €, ...€,} and m test 
instances {€,,), ..., €j ---€m}- The membership grade of e; to A is a;, to Ç is c;, a, cie[0, 1] 
where | denotes absolute truth, 0 denotes absolute falsity. From a; and c,, we can determine 
the strength of support ss, of e; to AX; 'C, ss;e[0, 1] where | denotes absolute support, 0 
denotes absolute opposition, 0.5 denotes neutral or “need not determine whether it is true or 
false”. For example, x in “if x study English every day longer, then x’s English exam score 
is better” ranges over 4 training instances {Bob, Max, Pat, Sam} and 3 test instances {Ted, 
John, Alice}. Bob studies English 3 hours every day. 5 hours are regarded as long enough, 
1 hour is regarded as short enough, so, the membership grade of Bob’s 3 hours to T is 0.5. 
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Bob scored 90 points in the English exam. In Chinese exam system, if one scored 60 points, 
then one passed the exam. And 100 points is the full mark. So, the membership grade of 
Bob’s 90 points to § is 0.75. From the membership grades of 0.5 and 0.75 we can determine 
Bob’s strength of support ss,,, to T<; 'S is 0.75. 

From a, and c; to determine ss; is a binary function: ss=f(a,, c;). Just as we can use con- 
tour lines to depict a three-dimensional topography in a two-dimensional plane, we can use 
equi strength of support lines to depict the three-dimensional function ss=f(a;, ¢;) in 
the two-dimensional plane. The diagram of equi_strength_of support line is shown in 
Fig. 15.3. 


0 l 


Fig.15.3 Diagram of equi_strength_of_support line 


There are infinitely many equi_strength of support lines in Fig. 15.3, we only draw a 
few of them. The first, second, third, and fourth row of Table 1.2 correspond to the bottom-left, 
top-left, bottom-right, and top-right corner of Fig. 15.3, therefore, the inductive composition 
of < ' is a special case of the inductive composition of <,'. According to Fig. 15.3, if we 
know a and c then we can determine ss. For example, suppose a=0.75, c=0.5, that is the 
point A in Fig. 15.3, which is on the equi_strength of support line 0.75, so, ss=0.75. 

Every equi_strength_ of support line in Fig. 15.3 can be written as a slope-intercept 
equation: 

c=atintc. (15.8) 
From (15.8) we can obtain: 
intc=c—a. (15.9) 

Fig. 15.3 depicts the relationship among a, c, and ss. But by (15.9), from a and c we 

can determine intc. So, according to Fig. 15.3, we can express the relationship between inte 


and ss as a piecewise function: 
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0.5, 0.5<inte<1 (neutral area) 


l-intc, OSinte<0.5 (support area) 


ss=< Itintc, -0.5<intc<0 (support area) (15.10) 
l+intc, intc=-0.5 (neutral area) 
It+intc. ~—1<intc<-0.5 (opposition area) 


Suppose a=0.75, c=0.5, then by (15.9), inte=0.75—-0.5=0.25. Inte falls into the second 
row of (15.10), so, ss=1—0.25=0.75. 
After SS}, ..., SSi ..., SS, are all computed, then we can mine the total strength of support 
ma of the fuzzy association rule AX, 'C: 
ma=(ss,+...+ss;+...+ss,)/n. (15.11) 
After ma is mined, it serves as the major premise of fuzzy hypothetical inference. The 
membership grade a, of the test instance e; to A is the minor premise. According to the 
affirmative expression of fuzzy hypothetical inference: 
co=ma*mi, (15.12) 
we can compute the conclusion co. When ma=1 and mi=1, according to (15.12), co=1*1=1. 
That is, Table 1.3 is a special case of (15.12). 
The membership grade c; of the test instance e; to C is the conclusion. And the negative 


expression of fuzzy hypothetical inference is: 


1-mi=max(1-co). (15.13) 
Both sides of (15.13) are subtracted by 1, then (15.14) is obtained: 
mi=I—ma*(1-co). (15.14) 


When ma=! and co=0, according to (15.14), mi=1—1#(1—0)=0. That is, Table 1.4 is a special 
case of (15.14). 


15.1.4 An example 


Example 15.1: Suppose we have English study databases shown in Tables 15.1 and 


15.2, and we want to do (1) fuzzy association rule mining; (2) machine inference. 


Table 15.1 Training set of English study database 


U every day T (hours) A(%) S (points) 
Bob 3 100 90 
Max 4 100 

Pat 2 70 
Sam 3 60 
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Table 15.2 Test set of English study database 


Universe English study time Attention English exam score 
every day T (hours) A (%) S (points) 
Ted 100 100 
John 50 80 
Alice 0 60 


(1) Fuzzy association rule mining. 
We want to mine the fuzzy association rule “if x study English every day longer, and x’s 
attention is focused, then x’s English exam score is better”, denoted as T/\,A<, 'S. 


Longer, focused, and better are fuzzy concepts, their membership functions are shown 


in Figs. 15.4 to 15.6. 


Hionger Hiocused 
A A 


l 


0 1 > T(hours) 0 100 T(%) 
Fig. 15.4 Membership function Fig. 15.5 Membership function 
for longer for focused 

Hbetter 


60 100. S(points) 


Fig. 15.6 Membership function for better 


0 


The fuzzy association rule mining algorithm is shown in Fig. 15.7. 
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ma=(ss,+...+ss,)/n 


Component C empty? 


N 
Convert C into c 


Both A, and A, empty? 
N 


None of A, and A, empty? 
Convert A, and A, into a, and a, 
a=(a,+a,)/2 


Al empty? 


Convert A, into a, 


intc=c-a 


Compute ss using( 15.10) 


Fig. 15.7 Fuzzy association rule mining algorithm 


According to Fig. 15.7, the algorithm uses the data in the training set. For Bob, 
S(Bob)=90 points, using Fig. 15.6, the algorithm converts 90 points into c,=0.75; T(Bob)=3 
hours, using Fig.15.4, the algorithm converts 3 hours into a,,=0.5; A(Bob)=100%, using 
Fig.15.5, the algorithm converts 100% into a,.=1. A,=(a,,;+a),2)/2=(0.5+1)/2=0.75. Inte,=c,. 
~a,=0.75-0.75=0. Inte, falls into the second row of (15.10). Ss,=1~inte,=1-0=1. Likewise, 
for Max, ss,=0.75; for Pat, ss,=1; for Sam, ss,=0.75. Ma=(ss,+ss,+ss;+ss,)/4=(1+0.75+1+0. 
75)/4=0.875. So, the total strength of support of T/\,;A<; 'S is 0.875. 

(2) Machine inference. 

Now, we use the data in the test set. For Ted, T(Ted)=5 hours, using Fig.15.4, 
we convert 5 hours into a,,=1; A(Ted)=100%, using Fig. 15.5, we convert 100% into 
as,=1; Mi,=(as,+a5,)/2=(1+1)/2=1. Co<=ma*mi,=0.875*«1=0.875. Using Fig. 15.6, we 
convert co,=0.875 back into points, and we estimate Ted’s score is 60+40*0.875=95 
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points, which is near to his real score 100 points. Likewise, for John, mi,=0.5, 


co; =5ma*xmi;=0.875*0.5=0.4375, John’s estimated score is 77.5, which is near to his real 


score 80; for Alice, mi,=0, coj=ma*m1i,=0.875*0=0, Alice’s estimated score is 60, which 


equals to her real score 60. 


15.1.5 Conclusions on mutually-inversistic fuzzy logic 


We can draw the following conclusions: 

(1) In fuzzy logic, a membership function is subjective, while in mutually-inversistic 
fuzzy logic, a membership function is objective. Take Fig. 15.6 as an example. In 
Chinese exam system, if one does not get 60 points, then one fails the exam; if one 
gets 100 points, then one gets full mark. So, 60 points is the worst score (membership 
grade 0), 100 points is the best score (membership grade 1). Draw a straight line 
between (60, 0) and (100, 1), we obtain the membership function of better. 

(2) In mutually-inversistic fuzzy logic, in Fig. 15.3, the equi_strength of support line 
of strength of support | is on the main diagonal, and the membership functions 
such as Figs. 15.4 to 15.6 are proportional lines. This means for relatively true 
mi.,=1, relatively neutral mi,=0.5, relatively false mi,=0, one fuzzy association 
rule T/\,;A<,'S and its membership grade ma=0.875 is enough. While in fuzzy 
logic, corresponding to Fig. 15.6, we have three membership functions. For better 
score, we have Fig. 15.8, for plain score, we have Fig. 15.9, for worse score, we 
have Fig. 15.10. The same is true for Figs. 15.4 and 15.5. Therefore, in fuzzy logic, 
we need three fuzzy association rules. For relatively true mi, we need “if x study 
English every day longer, and x’s attention is more focused, then x’s English exam 
score is better”. For relatively neutral mi, we need “if x study English every day 
not long and not short, and x’s attention is medium, then x’s English exam score is 
plain”. For relatively false mi, we need “if x study English every day shorter, and x’s 


attention is less focused, then x’s English exam score is worse”. 


Hbetter Hplain 


0 > S(points) 0 S(points) 


80 100 


70 90 


Fig. 15.8 Membership function Fig. 15.9 Membership function 


for better for plain 


164 


Mutually-inversistic logic, mathematics, and.their applications 
u worse 


0 60 80 S(points) 


Fig. 15.10 Membership function for worse 


(3) Fuzzy logic is insensitive to the changes in parameter. While mutually-inversistic 
fuzzy logic is sensitive to the changes in parameter. From Fig. 15.3 we see that ss 
changes if a or c changes. From (15.5) we see that a A pb changes if a or b changes. 


From (15.12) we see that co changes if ma or mi changes. 


15.2 Mutually-inversistic rough fuzzy logic 


Mutually-inversistic rough fuzzy logic is the integration of mutually-inversistic fuzzy 


logic and rough fuzzy sets. 


15.2.1 Rough fuzzy sets 


Rough fuzzy set is the integration of rough set and fuzzy set. It introduces equivalence 
relation into the definition of fuzzy set, defines membership grade on equivalence classes, 
and objects in the same equivalence class have the same membership grade. Its definition is 
as follows. 

Suppose U is a given universe, A is a fuzzy set, R is an equivalence relation on U, the 
partition R corresponds is U/R={U,, U, ..., U,}, then the lower and upper approximations 
of fuzzy set A under the equivalence relation R are: 

HRA(U;)=inf{uA(u):ueU;}, 

WRA(U;)=sup{uA(u):ueU;}, 


respectively. 


15.2.2 Mutually-inversistic rough fuzzy logic 


Example 15.2: Suppose we have English study databases shown in Tables 15.1 and 
15.2. We want to: (1) use the attribute A as the equivalence relation, and mine the lower and 
upper approximations of the fuzzy association rule on equivalence classes “if x study English 
every day longer, then x’s English exam score is better” denoted as T<, 'S. (2) make 


machine inference. 
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(1) Fuzzy association rule mining. 

Now, we use the data in the training set. The attribute A is used as the equivalence 
relation. A=50% is the equivalence class Attention={Bob, Max}, A<50% is the equivalence 
class Inattention={Pat, Sam}. Longer and better are fuzzy concepts, their membership functions 
are shown in Figs. 15.4 and 15.6. Converting the attribute T in Table 15.1 by Fig. 15.4, we 
obtain the fuzzy set T: 

T=0.5/Bob+0.75/Max+0.25/Pat+0.5/Sam. 

The lower and upper approximations of T are AT and AT respectively: 
AT=0.5/Bob+0.5/Max+0.25/Pat+0.25/Sam, 
AT=0.75/Bob+0.75/Max+0.5/Pat+0.5/Sam, 
uAT(Attention)=0.5, 
uAT(Inattention)=0.25, 
uwAT(Attention)=0.75, 
uwAT(Inattention)=0.5. 

Likewise, 

S=0.75/Bob+1/Max+0.25/Pat+0/Sam, 

AS=0.75Bob+0.75/Max+0/Pat+0/Sam, 

AS=1/Bob+1/Max+0.25/Pat+0.25/Sam, 

uAS(Attention)=0.75, 

uAS(Inattention)=0, 

uAS(Attention)=1, 

uAS(Inattention)=0.25. 

Now, let us mine the lower approximation of the fuzzy association rule T<,'S on 
equivalence class Attention. 

Inte=nAS(Attention)-npAT(Attention)=0.75-0.5=0.25, intc falls into the second row 
of (15.10), and ss=1-inte=1—0.25=0.75. Likewise, the ss’s of the upper approximation of 
T<, 'S on Attention, the lower approximation of T<, 'S on Inattention, the upper approxi- 
mation of T<; 'S on Inattention are all 0.75. 

(2) Machine inference. 

Now, we use the data in the test set. T(Ted)=5 hours. Using Fig. 15.4, we convert 5 
hours into mi,=1. Ted falls into the equivalence class Attention. Co==ma*mi,=0.75+*1=0.75. 
Using Fig. 15.6, we convert co;=0.75 back to points, and we estimate that Ted’s score is 
60+40*0.75=90, which is not near to his real score 100. 


15.2.3 Conclusions on mutually-inversistic rough fuzzy logic 


We can draw the following conclusions. 


The advantage of mutually-inversistic rough fuzzy logic over mutually-inversistic 


165 


-Mutually-inversistic logic, mathematics, and their applications 


fuzzy logic is that in the latter, we have to mine for every object, while in the former, we need 
only to mine once for the entire equivalence class. The disadvantage of mutually-inversistic 
rough fuzzy logic over mutually-inversistic fuzzy logic is that in the former, the attribute of 
the equivalence relation does not included in the fuzzy association rule, what we mine is “if 
x study English every day longer, then x’s English exam score is better”, and the ss is low, 
only 0.75. While in the latter, what we mine is “if x study English every day longer, and x’s 


attention is focused, then x’s English exam score is better”, and the ss is high; i.e., 0.875. 


15.3 Mutually-inversistic fuzzy quotient space 


Mutually-inversistic fuzzy quotient space is the integration of mutually-inversistic 


fuzzy logic and fuzzy quotient spaces. 


15.3.1 Fuzzy quotient space 


Suppose U is the universe, A is a fuzzy set on U, [U] is the quotient space of U, [A] is 
the quotient fuzzy set induced on [U], then 

Hy a([u])=max {u (u)ue[u]}, where [u]e[U] 
is the quotient membership grade of the quotient fuzzy set. 


15.3.2 Mutually-inversistic fuzzy quotient space 


Example 15.3: Suppose we have English study databases shown in Tables 15.1 and 
15.2, and we want to (1) mine the fuzzy association rule “if x study English every day lon- 
ger, and x’s attention is focused, then x’s English exam score is better”, denoted as TA; A 
Se = on the equivalence classes. (2) make machine inference. 

(1) Fuzzy association rule mining. 

We use the data in the training set. 

We use attribute A to classify U. A250% is one equivalence class, A <50% is the 
other one, obtaining the quotient space of U: {(Bob, Max), (Pat, Sam)} or {[Bob],, [Pat], }. 

Longer, focused, and better are fuzzy concepts, their membership functions are shown 
in Figs. 15.4 to 15.6. Using Fig. 15.4 to convert the attribute T in Table 15.1 into membership 
grades, we obtain the fuzzy set T: 

T=0.5/Bob+0.75/Max+0.25/Pat+0.5/Sam, 
and 

Hy 7([Bob],)=0.75, 

Hy 7)([Pat],)=0.5. 

Likewise, 

A=1/Bob+0.75/Max+0.25/Pat+0/Sam, 
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Hy, ([Bob],)=1, 

Hy a([Pat],)=0.25. 

$=0.75/Bob+1/Max+0.25/Pat+0/Sam, 

It) ([Bob],.)=1, 

Hs )([Pat],)=0.25. 

For equivalence class [Bob],, we have a=(t)-)([Bob],)+H;4([Bob],))/2=(0.75+1)/2= 
0.875, c=pHys([Bob],)=1, inte=c-a=1-0.875=0.125. Inte falls into the second row of (15.10), 
and ss=1-intc=1—0.125=0.875. 


Likewise, for equivalence class [Pat],, ss=0.875. 


(2) Machine inference. 

Now, let us use the data in the test set. For Ted, a;;=1, a;=1, mi;=(as,+ a5,)/2=(1+1)/2=1. 
Ted belongs to the equivalence class [Bob],, and cos==ma*mi,;=0.875+1=0.875. Using Fig. 
15.6 to convert 0.875 back to points, we estimate that Ted’s score is 60+40+*0.875=95, 
which is near his real score 100. 


15.3.3 Conclusions on mutually-inversistic fuzzy quotient space 


In mutually-inversistic fuzzy logic, we have to mine for every object. While in 
mutually-inversistic fuzzy quotient space, we need only to mine once for the entire 
equivalence class. In mutually-inversistic rough fuzzy logic, what we mine is “if x study 
English every day longer, then x’s English exam score is better”, and ss’s are low, only 0.75. 
While in mutually-inversistic fuzzy quotient space, what we mine is “if x study English 
every day longer, and x’s attention is focused, then x’s English exam score is better”, and 
ss’s are high; 1.e., 0.875. Therefore, mutually-inversistic fuzzy quotient space is the best of 
the three logics. 


15.4 Mutually-inversistic fuzzy interval logic 


Mutually-inversistic fuzzy interval logic is the integration of mutually-inversistic fuzzy 


logic and interval arithmetic. 


15.4.1 Interval arithmetic 


Suppose [x , x ] denotes an interval, where x is the lower limit, x’ is the upper limit of 
the interval. The arithmetic operations of intervals are as follows. 

[x x; Hx, x; = [x) +x2, x; +x], 

[x x; Jx, x F Le, x2, x; =x], 

[x). x; J [xz x ]=[min(x, x3, x, *X3, X7 X3, X 4X3 ), MAX(X, #Xy, X, 2X3, XP HX, X/*X) )], 
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15.4.2 Mutually-inversistic fuzzy interval logic 


The membership grade of an interval cannot be described by a single value, but by a 
membership grade interval. Suppose the membership grade interval of the interval [x;, x; | is 
[ux;, ux; ], then we use 

A=[bx,, wx: VIX), x) ]+...+[Mx;, ax; V/DX;, Xi]. FLW X ns Xn [Xn Xn] 
to denote the fuzzy interval A’. 

— [ux , px'] is defined as [1-px', 1px ]. [ux;, px;]^p[uxz, wx] is defined as [(ux, 
+px, )/2, (ux; +px;)/2]. 

As to the fuzzy interval mutually inverse implication proposition (fuzzy interval association 
rule) A’<,'C’, there is a process of mining it, and after it is mined, there is a process of 
using it as the major premise to make fuzzy hypothetical inference. 

Fuzzy interval association rule mining is as follows: Suppose the universe is {[e,, e; |, 
..+5 [e;, €], ..., [e,, &, ]}. Suppose the membership interval of [e;, ej] to A’ is [a;, a;], to C 
is [c;, c; ]. We use Algorithm 15.1 to compute the strength of support interval [ss,, ss; ]. Af- 
ter [ss,, SS; ],...,[S8,, SS, ] are all computed, we use [ss,, ss, ]=([Ss,, ss; ]+...+[ss,, ss, ])/n to 
compute the total strength of support [ss,, ss, ]. 

[ss;, ss; ] is computed as follows: Let 

[inte;, inte; ]=[c;, ¢;]-[a;, a;], 
that is, 

intc,=c,—a;, 

intc; =c; —a;. 

After [intc;, intc;] is computed, we can obtain [ss;, ss;] according to Fig. 15.3 and 


(15.10). The algorithm from [a;, a; ] and [c;, c; ] to [ss;, ss; ] is shown in Algorithm 15.1. 


Algorithm 15.1 
(1) inte =c -a’; 
(2) intc’=c"-a ; 
(3) if (inte <0<intc’)/*[inte , intc’] span both sides of the main diagonal of Fig. 15.3*/ 
(4) then {ss’=1; 


(5) if(intc’ =0.5) then temp,=0.5; 
(6) else temp,=1-intc’; 
(7) temp,=!+inte ; 

(8) If(temp,<temp,) then ss =temp,; 
(9) else ss=temp,; 
(10) } 


(11) else if(inte >0)/*[inte , inte’] is on the top-left corner of Fig. 15.3*/ 


(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
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then {if(intc 20.5) then ss =ss’=0.5; 
else if(intc’ =0.5) 
then {ss =0.5; 
ss'=1-inte ; 
} 
else {ss'=1-intc ; 
ss =l-intc’; 
j 


\ 
j 


(21) else if(intc' <0)/*[intc , intc'] is on the bottom-right corner of Fig. 15.3*/ 


(22) 
(23) 
(24) 


then {ss'=]+inte ; 
ss =I+intc ; 


l 
j 


15.4.3 An example 


Suppose we have an air quality interval-valued database shown in Table 15.3. 


Table 15.3 Air quality interval-valued database 


Universe X Coal consumption CC Traffic density TD SO, density SO, 


[0.58, 0.62] [2.5, 3.5] [0.015, 0.025] 
[2, 2.5] [8.5, 9.5] [0.085, 0.095] 


[0.2, 0.3] [18, 20] [0.011, 0.015] 
[1.35, 1.45] [47.5, 48] [0.08, 0.095] 


[0.135, 0.142] [10, 11.5] [0.02, 0.03] 


We use the first four tuples as the training set, the fifth tuple as the test set. We want to 


do (1) fuzzy interval association rule mining; (2) machine inference. 


(1) Fuzzy interval association rule mining. 


We want to mine “if coal consumption (CC) Hhigh 


is high, and traffic density (TD) is heavy, then SO, 
density (SO,) is dense”, denoted as CC’ A; TD’ <; ' 
SO, . High, heavy, and dense are fuzzy concepts, 
their membership functions are shown in Figs. 
15.11 to 15.13. 


Using Fig. 15.11 to convert every interval in 


CC 


25 


the attribute CC into membership grade interval, we Fig. 15.11 Membership function 
obtain the fuzzy interval CC’: for high 169 
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Hheavy Haense 


. >SO, 
50 7 0.15 a 


0 0 
Fig. 15.12 Membership function Fig. 15.13 Membership function 
for heavy for dense 


CC*=[0.232, 0.248]/[x,, x;]+[0.8, 1]/[x,, x; ]+[0.08, 0.12]/[x,, x;"]+[0.54, 0.58]/ 


ix, xj]. (15.15) 
Likewise, 
TD‘=[0.05, 0.07]/[x,, x; ]+[0.17, 0.19]/[x,, x» ]+[0.36, 0.4]/[x;, x; ]+[0.95, 0.96]/ 
[x4, x4], (15.16) 
SO, =[0.1, 0.167)/[x;, x; ]}+[0.566, 0.633]/[x,, x; ]+[0.073, 0.1]/[x;, x; ]+[0.533, 0.633]/ 
i ae X4]. (15.17) 


Now, let us compute the strength of support interval of [x,, x/] to CC’ /\, ID’ <,' SO): 

[a,, a, ]=({0.232, 0.248]+[0.05, 0.07])/2=[(0.232+0.05)/2, (0.248+0.07)/2]=[0.141, 
0.159]. 

[intc,, inte; ]=[c,, c, ]-[a,, a; J=[0.1, 0.167]-[0.141, 0.159]=[(0.1-0.159), (0.167- 
0.141)]=[-0.059, 0.026]. 

Ss;=1. Temp, ,=1-intc;=1-0.026=0.974. Temp,,=1+intc, =1+(-0.059)=0.941. Ss, =temp,, 
=0.941. 

So, the strength of support interval of [x,, x;] to CC’ /\, ID’<, ' SO; is [ss,, ss, ] 
=[0.941, 1]. 

Likewise, the strength of support intervals of [x;, x; ], [x;, X;], and [x,, x4] to CC ^e 
IDSF so, are [0.952, 1], [0.823, 0.88], and [0.763, 0.888]. The total strength of support 
interval [ss,, ss,] of [x,, xi], [X2, X2], [xs, x5], and [x,, x4] to CC’ /\; ID’<, ' SO; is: 

[ss,, ss, ]=([ss,, ss; ]+[ss,, ss;]+[ss;, ss; ]+[ss,, ss, ])/4=([0.941, 1]+[0.952, 1]+[0.823, 
0.88]+[0.763, 0.888])/4=[(0.941+0.952+0.823+0.763)/4, (1+1+0.88+0.888)/4]=[0.871, 
0.942]. 

(2) Machine inference. 

[CC;, CCįŻ]=[0.135, 0.142], [TD;, TD; ]=[10, 11.5]. Using Fig. 15.11 into fuzzy interval, 
we obtain: 

‘CC. =[0.054, 0.057]/[xs, x5]. (15.18) 


Likewise, 
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TD;=[0.2, 0.23]/[x;, xs]. (15.19) 
[mi,, mi; ]=({0.054, 0.057]+[0.2, 0.23])/2=[(0.054+0.2)/2, (0.057+0.23)/2]=[0.127, 
0.144]. (15.20) 


[co;, co, ]=[ma, ma ]*[mi,, mi; ]=[ss,, ss; ]*[mi;, mi; ]=[0.871, 0.942]*[0.127, 
0.144]=[0.871+*0.127, 0.942*0.144]=[0.111, 0.135]. 

Using Fig. 15.13 to convert [0.111, 0.135] back to SO,, we have [SO,;, SO};]= 
[0.111*0.15, 0.135*0.15]=[0.017, 0.02], which is not far from its actual interval [0.02, 0.03]. 


15.4.4 Conclusion on mutually-inversistic fuzzy interval logic 


The conventional fuzzy interval association rule mining algorithm mines the interval- 
value as a single value, while mutually-inversistic fuzzy interval logic mines the strength of 


support intervals, more accurate than the former. 


15.5 Mutually-inversistic rough fuzzy interval 
logic and mutually-inversistic fuzzy interval 
quotient space 


Rough fuzzy set can be generalized to rough fuzzy interval. Mutually-inversistic rough 
fuzzy interval logic is the integration of mutually-inversistic fuzzy interval logic and rough 
fuzzy interval, just as mutually-inversistic rough fuzzy logic is the integration of mutually- 
inversistic fuzzy logic and rough fuzzy set. The construction of mutually-inversistic rough 
fuzzy interval logic is left to the reader. 

Fuzzy quotient space can be generalized to fuzzy interval quotient space. Mutually- 
inversistic fuzzy interval quotient space is the integration of mutually-inversistic fuzzy 
interval logic and fuzzy interval quotient space, just as mutually-inversistic fuzzy quotient 
space is the integration of mutually-inversistic fuzzy logic and fuzzy quotient space. The 


construction of mutually-inversistic fuzzy interval quotient space is left to the reader. 


15.6 Conclusions of mutually-inversistic fuzzy 
logic based granular computing 


Mutually-inversistic fuzzy logic mines the fuzzy association rule on the finest granule 
object. Mutually-inversistic rough fuzzy logic and mutually-inversistic fuzzy quotient 
space mine it on the coarser granule equivalence class. Mutually-inversistic fuzzy interval 
logic mines it on the coarser granule interval. Mutually-inversistic rough fuzzy interval 
logic and mutually-inversistic fuzzy interval quotient space mine it on the coarsest granule 


equivalence class of interval. 
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Chapter 16 
Mutually-inversistic rough set based 
sranular computing 


Mutually-inversistic rough set is formed by building rough set on the basis of mutually- 
inversistic set theory. Mutually-inversistic rough set based granular computing includes 
mutually-inversistic rough set, mutually-inversistic fuzzy rough set, mutually-inversistic 
mathematical morphology, mutually-inversistic evidence theory, mutually-inversistic point 
set topology, mutually-inversistic concept lattice, mutually-inversistic second-type covering 


rough set. 


16.1 Mutually-inversistic rough set 


16.1.1 Conventional rough set 


Given a knowledgebase K=(U, R), where U is the universe, R is an equivalence relation 
on U, then for every XcU, the lower approximation and upper approximation of X with 
respect to R are: 

R(X)={x|(vxeU) A ([x]xpcX)} 

=U {Y|(YeU/R)A(YcX)}, 
R(X) ={xl(VxeU) A (De, N X4D)} 
=U {Y|(Y EU/R)A(Y N X#@)}. 

Set bn,(X)=R(X)-R(X) is called the R boundary of X. If bng(X) is not empty, then X 
is called a rough set. The lower and upper approximations and the boundary can be denoted 
by Fig. 16.1. 


upper approximation gat universe 


lower approximation 
rough set 


boundary 


Fig. 16.1 Rough set 


16.1.2 Mutually-inversistic rough set 


Rough set can be constructed on mutually-inversistic set theory to form mutually- 
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inversistic rough set. The lower and upper approximations can be defined as: 
RX) =x EU) A(x] 'X)} 
=U {Y\(YeEU/R)A(Yc 'X)}, 
R(X)={x\(eU) A (Lx]al 9 X); 
=U {Y(YeEU/R)A(Y|N 'X)}. 

Pc 'Q is a mutually inverse being contained connection, it is a decision rule in conven- 
tional rough set. P|M 'Q is a mutually inverse intersection connection. { P|N 'Q}N ~{ P| 
N '~Q} is a strongly mutually inverse intersection connection. { PIN 'Q} N { PIN '~Q} 
is a weakly mutually inverse intersection connection, it is a boundary in conventional 


rough set. 


16.1.3 An example 


Example 16.1: Suppose we have a college entrance exam knowledgebase shown in 
Table 16.1. 


Table 16.1 College entrance exam knowledgebase 


In Table 16.1, U denotes the universe, in which there are 10 examinees. E denotes 
the exam score, there are four kinds of scores: A, B, C, and D. H denotes health checkup, 
in which P denotes pass, F denotes fail. S denotes admission to college, in which+denotes 
admitted, - denotes not admitted. 

According to Table 16.1, we can make indiscernible relation as follows: 

U/E={{1, 2}, (3, 4, 5}, {6, 7, 8}, {9, lO}}={E,, Eg, Ec, Ep}, 

U/H={{1, 3, 6, 7, 9}, {2, 4, 5, 8, 10}}={Hp Hp}, 

U/S={{1, 2, 3, 4, 6}, {5, 7, 8, 9, 10}}={S,, S_}. 


173 


174 


Mutually-inversistic logic, mathematics, and their applications 


16.1.3.1 Mutually inverse being contained connection and strongly mutually 
inverse intersection connection mining 

We start from the lower approximations, take E and H as the conditional attributes, 

take S as the decision attribute, make knowledge reduction on Table 16.1, mine the following 


mutually inverse being contained connections: 


Bc Se (16.1) 
E,MH.<'S,, (16.2) 
EcN Hc 'S, (16.3) 
Epa S.. (16.4) 


From the mutually inverse being contained connection Pc 'Q and (16.5), (16.6), using 
second-level hypothetical inference, we can infer the strongly mutually inverse intersection 


connection (16.7). 


Pec (Fin 'O}, (16.5) 
PE 'Q}='~{ PIN =k puai 
{PIN 'O}N~{ PIN '~Q}. (16.7) 


For example, starting from (16.1), using (16.5) and (16.6), we can infer: 
{Eal 9 'S,} M= EN aSk 


16.1.3.2 Single antecedent weakly mutually inverse intersection connection 
mining 

(PIN 'O}N {PIN ' ~O}. (16.8) 

Formula (16.8) is a single antecedent weakly mutually inverse intersection connection, 
because there is only one antecedent P. 

We can use upper approximations to mine single antecedent weakly mutually inverse 
intersection connections. 

The S, upper approximation of E is 

E(S,)=U {E,eU/E:E| 0 'S,}, 
that is, the union of those E, in E that intersect with S,. Because E,|M 'S., E,|M 'S.,E.|9 | 
Sa ~ {Eol N'S}, 

E(S,)=E, U Ep U Ec. 
Likewise, 

E(S_.)=E(~S,)=E, U Ec U Ep. 

For E, in E(S,), we have E/N 'S,. For E, in E(~S,), we have E|N '~S.. E, and Ec 
belong to both E(S,) and E(~S,), therefore, we have 

{Esl N'S} N {Esl N '~S.3, (16.9) 

{Ecd N 'S,}N {Ecd N ~S}. (16.10) 


Likewise, we have 
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{HN 'S,}M {HN '~S,}, (16.11) 

{HN SN {HAN ~S}. (16.12) 
Combining (16.11) and (16.12), we have 

H,~ 'S,. 


16.1.3.3 Double antecedents weakly mutually inverse intersection 
connections transform to single antecedent ones 
{PNOIN 'REN{PNO|N '~R}. (16.13) 
Formula (16.13) is called double antecedent weakly mutually inverse intersection 
connection, because there are two antecedents P and Q. According to (16.14), double 
antecedents weakly mutually inverse intersection connections can be transformed into 


single antecedent ones. 


(PNOIN Ric {PIN 'R} NA {OJN 'R}. (16.14) 

Observing the rows of examinees 4 and 5 in Table 16.1, we can establish 

{E,NH,|N 'S,}N {Ek N HN '~S,}. (16.15) 
From EN H;|N 'S, in (16.15) and (16.14), using second-level hypothetical inference, we 
can infer 

{Ekl N SL} NA {HEN 'S,}. (16.16) 
From EN H;|N '~S, in (16.15) and (16.14), using second-level hypothetical inference, we 
can infer 

El N '~S.}9 {HAN '~S,}. (16.17) 
Combining (16.16) and (16.17), we have 

{EBIN IS} N {Ebl N '~S,}, (16.18) 
and 

HAN SNA {H,|N ~S}. (16.19) 


Thus, we transform the double antecedents weakly mutually inverse intersection connection 
(16.15) into two single antecedent ones (16.18) and (16.19). 


16.1.3.4 Chain reasoning of mutually inverse intersection connections 


According to (16.20), we can make chain reasoning on |N '. 


{PIN 'O} N {Qc Ric {PIN 'R}. (16.20) 

For example, from examinee | in Table 16.1, we have 

Ht! “Ey. (16.21) 
Take the intersection of (16.21) and (16.1) as the minor premise (see (16.22)), 

(HN Ey} {Exc 'S,}, (16.22) 


Take (16.20) as the major premise, use the second-level hypothetical inference, we can infer 
H NAS, (16.23) 
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16.1.3.5 Conclusions on mutually-inversistic rough set 

Conventional rough set can only mine decision rules; i.e., mutually inverse being 
contained connections. Mutually-inversistic rough set, in addition to mutually inverse being 
contained connections, can also mine mutually inverse intersection connections, strongly 
mutually inverse intersection connections, weakly mutually inverse intersections, it can also 


make chain reasoning. 


16.2 Weakly mutually inverse intersection 
connection mining algorithm 


16.2.1 Weakly mutually inverse intersection connection mining 
algorithm 


Suppose the database to be mined has m attributes. On each attribute an equivalence 
relation is defined. The database has n tuples. 

Weakly mutually inverse intersection connection mining algorithm is divided into the 
upper level and the lower level. The upper level is attribute couple determination algorithm, 


the lower level is weakly mutually inverse intersection connection determination algorithm. 


The attribute couple determination algorithm: 
Suppose i and j range over the attributes. 
For i=1 to m-1 step 1 
For /=i+1 to m step | 
{Select i and j as the attribute couple to be mined; } 


Termination of the upper level algorithm. 


The weakly mutually inverse intersection determination algorithm is divided into three 
steps: 

Step 1: 

(Suppose the attribute couple the upper algorithm selects is attributes e and f.) 

For e=1 to n step 1 

{Change the attribute value to its corresponding partition block, say, E,;} 

For f=1 ton step | 

{Change the attribute value to its corresponding partition block, say, F,;} 

Step 2: 


For e=1 ton step 1 
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For f=1 to n step | 

(Suppose e is E,, f is F,) 

{Generate mutually inverse intersection connection E,| F /* if E, and F, are in 
the same tuple, then they have mutually inverse intersection connection. */ 

If the bank of mutually inverse intersection connections does not have E,| N Fy. 
then insert it into the bank;} /* Up to now, all mutually inverse intersection connections 
have been mined. */ 

Step 3: 

(Suppose the bank of mutually inverse intersection connections have r mutually inverse 
intersection connections, numbered 1, 2, ..., r.) 

For A=1 to r-l step 1 

(Suppose the Ath mutually inverse intersection connection is E,|N 'F,;) 

For /=k+1 to r step | 

{If the /th mutually inverse intersection connection is E,|M 'F,, and F,#F,, 

then generate weakly mutually inverse intersection connection {E| N ' 
FEA {EIA '~ Fi]; 

if {EJN 'F,}N {EJN '~F,} is not in the bank of weakly mutually inverse inter- 
section connections, 

then insert it into the bank; 

else if the /th mutually inverse intersection connection is E,| 'F,, and E,4E,, 

then generate weakly mutually inverse intersection connection {F| N ' 
E} N {Fd N ~E}; 

if {FIO 'E,} N {FIN '~E,} is not in the bank of weakly mutually inverse in- 
tersection connections, 

then insert it into the bank;} 


Termination of the lower level algorithm. 


16.2.2 An example 


Example 16.2: Suppose the knowledgebase is the first five examinees of Table 16.1, 


redrawn as Table 16.2. 


Table 16.2 College entrance exam knowledgebase 
[ uU E H S 


| 
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Now, we exert weakly mutually inverse intersection connection mining algorithm on 
Table 16.2. Suppose after the upper level algorithm is exerted, the attributes selected are j=l 
and /=3; i.e., E and S. 

Now, we exert the lower level algorithm on E and S. 

After step | is exerted, Table 16.2 becomes Table 16.3. 


Table 16.3 Exert step 1 on Table 16.2 


In Table 16.3, E, denotes the partition block for score A, E, for score B, S, denotes the 
partition block for admission to colleges, S_ for not admission to college. 

Exerting step 2 to Table 16.3, we obtain the bank of mutually inverse intersection 
connections {E,|M 'S,, Egl N 'S,, Eal N S}. 

Exerting step 3 on the bank of mutually inverse intersection connections, we obtain the 
bank of weakly mutually inverse intersection connections {{S,] N 'Ea} N {S.N '~E,}, 
{Esl N'S} A { Eal N '~S,}}. 


16.3 Mutually-inversistic fuzzy rough set 


Mutually-inversistic fuzzy rough set is the integration of mutually-inversistic rough set 


and fuzzy rough set. 


16.3.1 Fuzzy rough set 


Fuzzy rough set is defined as follows. 

Suppose K=(U, S) is a Pawlak approximation space; i.e., Reind(K) is an equivalence 
relation on the universe U, A is a fuzzy set on U, VxeU, then we define that the lower 
and upper approximations of the fuzzy set A with respect to knowledge R are RA and RA 
respectively, they are all fuzzy subsets on U, their membership functions are: 

HRA (x)=inf{u 0) Yye[x]r}, 

HRA(x)=sup {u 0) Yve [x]r}. 
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16.3.2 Mutually-inversistic fuzzy rough set 


Example 16.3: Suppose we have a college entrance exam knowledgebase shown in 
Table 16.4. 


Table 16.4 College entrance exam knowledgebase 


Exam score E |Exam score type ET |Health checkup H | University admitted S 


Tsinghua University 
Peking University 
BUAA 

BUPT 

BUIC 

BUIS 

BUU 

BCC 


ET is an equivalence relation, it divides the universe into four blocks: ET,, ET,, ETc, ETp. 
H is also an equivalence relation, it divides the universe into two blocks: Hpeaithys and Hysheatthy- 
E is a quantitative attribute, if we want to convert it into a fuzzy set “high score” (denoted 
as E), then we need a membership function for it. Suppose the membership function is 

Hy, (E\=(E;-350)/400, 
where E, is the exam score of x;. For example, the exam score of x, is 700, converting to 
membership grade, it is (700-350)/400=0.875. Suppose the membership grade of Tsinghua 
University, Peking University, BUAA, BUPT, BUIC, BUIS, BUU, and BCC to “good 
university” (“good university” is a fuzzy set, denoted as S) are 1, 1, 0.9, 0.8, 0.4, 0.3, 0, and 0. 

We change E and all of its attribute values into E, followed by their membership 
grades. We change S and all of its attribute values into §, followed by their membership 


grades, obtaining Table 16.5. 


Table 16.5 Changes made to Table 16.4 


U ; ET H 

A A healthy 

X, A unhealthy 
X; B healthy 

X4 B unhealthy 
Xs G healthy 

X C unhealthy 
X, D healthy 

Xs D unhealthy 
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Exerting knowledge reduction algorithm of conventional rough set on Table 16.5, we 


can mine the mutually inverse being contained connections: 


ETc 'S (16.24) 
Ele S (16.25) 
ET: 'S (16.26) 
ETc 5 (16.27) 


Considering their membership grades, (16.24) to (16.27) becomes semi-fuzzy mutually 


inverse being contained connections: 


ETc 'S [1] (16.28) 
ETc 'S [0.9] (16.29) 
ETc 'S [0.8] (16.30) 
ETc 'S [0.4] (16.31) 
ETc 'S [0.3] (16.32) 
ETc 'S [0] (16.33) 


For example, 0.4 in (16.31) is the upper approximation of C with respect to S under the 
partition ET pETS(C), 0.3 in (16.32) is the lower approximation pETS(C). 

Taking (16.28) to (16.33) respectively as the minor premise, taking 

{Po'Q}o {PIN O) (16.34) 

{Pa 0j] = Pin ~Q} (16.35) 
as the major premise, using second-level hypothetical inference as the inference rule, we 
can infer semi-fuzzily strongly mutually inverse intersection connections. For example, 
from (16.31), (16.34), and (16.35) we can infer 

{ET,|M 'S}0.4] N ~ {ETN '~S}[0.4] (16.36) 

Formula (16.36) can be transformed into semi-fuzzily weakly mutually inverse inter- 


section connection 


{ETN 'S}[0.4]N {ETN '~$}[0.6] (16.37) 
where 0.6=uET~S(C)=1-uETS(C)=1-0.4. Likewise, we can infer 
{Hyeatyl N 'E}[0-875] N {Hpcatnyl N '~E}[0.125] (16.38) 


which says: the upper approximation of healthy examinees having high scores is 0.875, the 
lower approximation of healthy examinees not having high scores is 0.125. 

The third and seventh columns of Table 16.5 are fuzzy sets, we can mine them using 
the fuzzy association rule mining algorithm shown in Fig. 15.7, mining 

Ec 'S [0.86] (16.39) 
which says: having higher score is bound to be admitted by a better university. 

In mutually-inversistic set theory, there is set theorem 

{PIN 'O}N {OSR} {PIN CR} (16.40) 
which can be used for chain reasoning on |N '. Taking the intersection of {Hhreannyl N E} 


Part.5....Mutually-inversistic granular computing 


[0.875] in (16.38) and (16.39) as the minor premise (see (16.41)), 

(Hyeainy| N 'E}[0.875] 1 {Ec 'S }[0.86] (16.41) 
taking (16.40) as the major premise, using second-level hypothetical inference as the 
inference rule, we can infer 

Hyeatny| N'S [0.75] (16.42) 
where 0.75=0.875*0.86, it is the upper approximation of (16.42), which says: healthy 


examinees can be admitted into good university. 


16.4 Mutually-inversistic mathematical 
morphology 


Mutually-inversistic mathematical morphology is the integration of conventional 


morphology and mutually-inversistic rough set. 


16.4.1 Mathematical morphology 


In conventional mathematical morphology, the dilation of A by B is defined as 
A@B={z|(B ), N AZO}. 
The erosion of A by B is defined as 
A@B={z|(B),cA}. 
In mutually-inversistic mathematical morphology, the dilation of A by B is defined as 
A® ' B={z|(B°),|N 'A}. 
The erosion of A by B is defined as 
AO ' B={z|(B),c 'A}. 
And 
~{AO'B}='~A@'B (16.43) 
holds. 
Proof (16.43): ~ { AO ' B}='{z|~ {(B), c ' A}}=' {z|(B),|N '~A}='~A@'B. 


16.4.2 Boundary extraction algorithm 


The conventional boundary extraction algorithm is 

A-(A@B). 

That is the boundary of a set A is obtained by first eroding A by B and then performing 
the set difference between A and its erosion. Suppose a binary image is shown in Fig. 16.2, 
the structuring element is shown in Fig. 16.3, then AOB is shown in Fig. 16.4, A-(A@B) is 
shown in Fig. 16.5, from which we see that the boundary is the outer edge of the binary 


image. 
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Fig. 16.2 Binary image A Fig. 16.3 The structuring element 


Fig. 16.4 AOB Fig. 16.5 A-(A@B) 


The mutually-inversistic mathematical morphology based boundary extraction algo- 
rithm is 

{A®'B}N{~A@ 'B}. 

Suppose the binary image is shown in Fig. 16.2, the structuring element is shown in 
Fig. 16.3, then A@ ' B is shown in Fig. 16.6, ~A@ ' B is shown in Fig. 16.7, { A® ' B} N 
{~A@ | B} is shown in Fig. 16.8, from which we see that the boundary is the outer edge 
of the binary image and the inner edge of the background, doubling the thickness of the 


boundary of the conventional boundary extraction algorithm. 


Fig. 16.6 A®'B Fig. 16.7 ~A®'B 


Fig. 16.8 {A®'B}N{~A@'B} 
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16.5 Mutually-inversistic evidence theory 


In conventional evidence theory, belief function is defined as 
Bel(X)=),-xm(A) VXep(U). 

Likelihood function is defined as 
PI(X)=Yanxzom(A) VX ep(U). 
In mutually-inversistic evidence theory, belief function is defined as 
Bel(X)=} a- :xm(A) VXep(U). 

Likelihood function is defined as 
PI(X)=Yaya_ixm(A) VX ep(U). 


16.6 Mutually-inversistic point set topology 


In conventional point set topology, suppose X is a nonempty set, T is the topology of X. 
Suppose Ac(X, T), xe X. If Vue U, we have uM (A/{x})#@, then x is called the limit point 
of A. A’={x\3ueU, xeucA} is called the inner core of A. If xeX and VueU,, we have 
u N A#@ and u N A‘4@, then x is called the boundary point of A. 

In mutually-inversistic point set topology, suppose X is a nonempty set, T is the topology 
of X. Suppose Ac(X, T), xeX. If VuweU, we have u| N '(A/{x}), then x is called the limit 
point of A. A°={x|3weU, xeuc 'A} is called the inner core of A. If VueU,, we have {u| N | 
A} {ul N 'A‘}, then x is called the boundary point of A. 


16.7 Mutually-inversistic concept lattice 


In conventional concept lattice, for a formal concept (U, V, R), we define a pair of set- 
theoretic operators *, #: 2‘ +2", called the sufficiency and dual sufficiency operators, as 
follows: 

X*={yeV|XcRy}, 

X= ye VIXEN (Ry) #O}. 

In mutually-inversistic concept lattice, we define the sufficiency and dual sufficiency 
operators as follows: 

X`={yeV|Xc 'Ry}, 

X*={yeV|X|N |(Ry)}. 
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16.8 Mutually-inversistic second-type covering 
rough set 


In conventional covering rough set, suppose set XCU, C.(X)={KeC|KcX} is called 
the covering lower approximation set family. In conventional second-type covering rough 
set, X=U {K eC|K N XØ} is called the second-type covering upper approximation. 

In mutually-inversistic covering rough set, suppose set XCU, C.(X)={KeC|Kc |X} 
is called the covering lower approximation set family. In mutually-inversistic second-type 
covering rough set, X=U {KeC|K|M 'X} is called the second-type covering upper approxi- 
mation. 


Part 6 
Unified logics 


Mutually-inversistic logic is unified logics. It unifies classical 
logic, Aristotelian logic, ancient Chinese logic, mutually- 
inversistic modal logic, relevance logic, inductive logic, 
many-valued logic, Boolean algebra, fuzzy logic, natural 
deduction, paraconsistent logic, non-monotonic logic. It is 
the unifications of mathematical logic and philosophical 
logic, of ancient logic and modern logic, of western logic and 
Chinese logic, of two-valued logic and many-valued logic, of 
inductive logic and deductive logic, of crisp logic and fuzzy 


logic, of extensional logic and intensional logic. 
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Chapter 17 
Unified logics 


17.1 Unification of classical logic 


Unified logics unify classical logic. Classical logic has two calculi and four theories. 
Unified logics also have two calculi and four theories. Unified logics inherit Frege’s principle 
from classical logic. The truth tables for, A, V, >, and<~are the same as Tables 1.6, 
1.8, 1.9, 2.4, and 2.7 respectively. In classical logic, individual variables are first-order 
variables, function variables and predicate variables are second-order variables. In unified 
logics, term variables are first-order variables, function variables and predicate variables are 
second-order variables. Invariable propositions and variable propositions in unified logics 


correspond to propositions and proposition functions in classical logic. 


17.2 Unification of Aristotelian logic 


Single concept, singular judgment, universal judgment, and existential judgment in 
Aristotelian logic correspond to term, fact proposition, single empirical or mathematical 
connection proposition with the outmost connection operator being < ', and single empirical 
or mathematical connection proposition with the outmost connection operator being//\ '. 
Inferences in Aristotelian logic, including immediate inference and syllogism, are inference 
rules. If they are transformed into theorems, then they are the single logical theorems in unified 
logics. There are five Euler diagrams in Aristotelian logic, corresponding to Figs. 2.7, 2.8, 
2.9, 2.10, and 2.12 respectively. 


17.3 Unification of ancient Chinese logic 


2400 years ago, Chinese philosopher Mozi defined “dagu” (A is a sufficient condition 
of B) with “youzhibiran” (if A is true, then B is necessarily true). That is, in ancient Chinese 
logic, necessary connection is the same as sufficient conditional relationship, which is in- 


herited by unified logics. 


17.4 Unification of mutually-inversistic modal logic 


Mutually-inversistic modal logic has two features: (1) necessary connection is the same 


Part. 6... Unified logics 


as sufficient conditional relationship. (2) there are four modalities: necessity, probability, 
reality, possibility, they are all binary ones, and necessity vs. probability, reality vs. possibility 
are two categories of dialectic logic. 

If man(x)< 'mortal(x) is established by implicit inductive composition, then we have “it 
is necessary that man be mortal”, denoted by man(x)<, 'mortal(x). If man(x)< 'mortal(x) 
is established by explicit inductive composition, then we have “it is probable that man be 
mortal”, denoted by man(x)<,'mortal(x). If man(x)//\ 'mortal(x) is established by explicit 
inductive composition, then we have “‘it is realistic that man be mortal”, denoted by man(x)/ 
/\.'mortal(x). If man(x)//\ 'mortal(x) is established by implicit inductive composition, 
then we have “it is possible that man be mortal”, denoted by man(x)//\;'mortal(x). The four 


propositions form a chain shown in Fig. 17.1. 
man(x)<; '‘mortal(x) 
man(x)<, 'mortal(x) 
man(x)//\,'mortal(x) 


man(x)//\;'mortal(x) 


Fig. 17.1 Chain of mutually-inversistic modal logic 
In the chain of Fig. 17.1, the upper proposition mutually inversely implies the lower 
proposition. 


Mutually-inversistic modal logic also has a logical square shown in Fig. 17.2. 


man(x)<,'—land_on_Moon(x) man(x)//\,'land_on_Moon(x) 


man(x)<,'—land_on_Moon(x) man(x)//\,'land_on_Moon(x) 


Fig. 17.2 Logical square of mutually-inversistic modal logic 


Fig. 17.2 tells us that in the history of mankind, man(x)<,'—land_on Moon(x) was 
being truthified, but we had not been able to truthify man(x)<,'—land_on_Moon(x). Contrarily, 


at the beginning of the twentieth century, scientists had found out that as long as the speed 
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of a spaceship reaches the second cosmic velocity, it can escape the attraction of the Earth 
and fly to the Moon. This is to say, scientists had truthified man(x)//\,'land_on_ Moon(x). 
At this time, both man(x)<,'—land_on_Moon(x) and man(x)//\;'land_on_Moon(x) had 
been true. Through man’s continuous effort, at last, on July 20, 1969, Neil Armstrong landed 
on the Moon. Possibility turned to reality. We truthified man(x)//\,'land_on_Moon(x), fal- 


sifying man(x)<,'—land_on Moon(x) at the same time. 


17.5 Unification of extensional logic and 
intensional logic 


Explicit inductive composition concerns extension. Implicit inductive composition 


concerns intension. 


17.6 Unification of relevance logic 


In relevance logic, A relevantly implying B, if A and B share the same variable. In unified 
logics, a variable is relevantly bound or quasi-relevantly bound, if it is shared by both the 


antecedent and the consequent. 


17.7 Unification of inductive logic and 
deductive logic 


From Fig. 2.4, we learn that first-level explicit inductive composition belongs to induc- 
tion, first-level implicit inductive composition and first-level decomposition belong to de- 
duction. 


17.8 Unification of two-valued logic and 
many-valued logic 


Superficially, unified logics have four values: F, T, n, and u. Since n and u cannot be 
generated, actually, they have only two values: F and T. 
17.9 Unification of Boolean algebra 


In unified logics, logical theorems are proved by main-auxiliary algebras of set theorems 
(see Section 23.3), which are variants of Boolean algebra. 


Part 6 Unified logics 


17.10 Unification of fuzzy logic 


Unified logics unifies fuzzy logic, see Chapter 15. 


17.11 Unification of natural deduction 


In unified logics, logical theorems are proved by second-level implicit inductive 


composition without logical axioms. 


17.12 Unification of paraconsistent logic 


Paraconsistent logic allows contradictions. Because P /\ PQ does not hold, the 
contradictions will not spread. In unified logics, PA — P< 'Q also does not hold. It is a 
quasi-logical connection proposition with the outmost connection operator being < ', the 


antecedent is meaningless, Q is free, inductive composition cannot go on. 


17.13 Unification of non-monotonic logic 


In non-monotonic logic, when evidence increases, conclusion decreases, at least not 
increase; i.e., (P-R)—(P/\Q—R) does not hold. In unified logics, {P< 'R} < '{PAQ< 'R} 
also does not hold. It is a single logical connection proposition, Q is free, inductive composition 


cannot go on. 
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Part 7 
Mutually-inversistic analytic 
geometry 


Mutually-inversistic analytic geometry is the expansion of 
conventional analytic geometry. Points on the Cartesian 
coordinate axes are continuous. While points on the 
coordinate axes of mutually-inversistic analytic geometry can 
be continuous or discrete, can be terms or facts. Mutually- 
inversistic analytic geometry consists of analytic geometry 
of terms and analytic geometry of facts, which are based on 
coordinate system of terms and coordinate system of facts 


respectively 
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Chapter 18 
Mutually-inversistic analytic geometry 


18.1 Analytic geometry of terms 


18.1.1 Linear analytic geometry of terms 


In a linear coordinate system of terms, there is only one axis: the x-axis. 

Example 18.1: Truthify the first-order single empirical or mathematical connection 
proposition nat(x)c ‘int(x). 

Solution: This example is one of mathematical abstraction. Set nat(x) is composed of 
the vertices in Fig. 18.1 marked with “O”, set int(x) is composed of the vertices in Fig. 
18.1 marked with “X”. From Fig. 18.1, we see that nat(x) is a subset of int(x), therefore the 
proposition holds. 

= =i E e E E 
=2. =] 0 l 2 
Fig. 18.1 truthification of nat(x)c ‘int(x) 


18.1.2 Planar analytic geometry of terms 


In a planar coordinate system of terms, there are two axes: the x-axis and y-axis. 

Example 18.2: Truthify parent(x, y)c ‘ancestor(x, y). 

Solution: This example is one of empirical abstraction. Suppose John is the parent 
of Bob, Bob is the parent of Sam. Set parent(x, y) is composed of the vertices in Fig. 18.2 
marked with “^A”, set ancestor(x, y) is composed of the vertices in Fig. 18.2 marked with 
“C]”. From Fig. 18.2, we see that parent(x, y) is a subset of ancestor(x, y), therefore the 


proposition holds. 


Sam 2 
Bob 
John x 
John Bob Sam 


Fig. 18.2 Truthification of parent(x, y)c ‘ancestor(x, y) 
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18.1.3 Spatial analytic geometry of terms 


In a spatial coordinate system of terms, there are three axes: the x-axis, y-axis, and z-axis. 


18.1.3.1 XryOyr.zc 'xr,z type propositions 

In xry Nyra 'xr,z type propositions, r), r» and r, are binary relations of empirical 
abstraction such as parent, ancestor, or mathematical abstraction such as=, <. This type of 
propositions needs the concept of projection cylinder of spatial curves, so, let us review it 
first. 

In conventional analytic geometry, suppose we have two equations of curved surface: 

F(x, y, z)=0, (18.1) 

F,(x, y, z)=0. (18.2) 
The intersection of the two equations is a spatial curve: 

F(x, y, z)=0, 


F,(x, y, Z)=0. (18.3) 
If y is eliminated from (18.3), then the projection cylinder of the spatial curve is obtained: 
F(x, z)=0. (18.4) 
Example 18.3: Suppose the two equations of spherical surfaces are: 
x+y +z =], (18.5) 
x+(y-1)/+(z-1)=1. (18.6) 


Calculate their projection cylinder on the y axis. 


Solution: Subtract (18.5) from (18.6), and reduce, we obtain: 


ytz=1. (18.7) 
Substitute y=1-z into (18.5), we then obtain the projection cylinder: 
x'+2z"-22=0. (18.8) 


The establishment of xr,yMyr.zc 'xr,z type propositions is as follows: xr,y corre- 
sponds to (18.1), yrz to (18.2), xry N yrz to (18.3), the projection cylinder of xry N yrz to 
(18.4), if the projection cylinder of xry N yrz is mutually inversely contained in xr,z, then 
xry N yraa ‘xry is truthified, otherwise, it is falsified. 

Example 18.4: Truthify x=y N y=z= 'x=z. 

Solution: For the straight lines (1, 1, z), (2, 2, z), and (3, 3, z) in Fig. 18.3 (marked with 
“/\”), x=y hold. For the straight lines (x, 1, 1), (x, 2, 2), and (x, 3, 3) in Fig. 18.3 (marked 
with “(]”) y=z hold. X=y N y=z, the intersection of x=y and y=z, is the vertices that mark 
with both “^” and “LJ”, that is, vertices A, B, and C in Fig. 18.3. Making projection cylinder 
along the y-axis through A, B, and C, the projection cylinder is the same as x=z, which is 
the straight lines (1, y, 1), (2, y, 2), and (3, y, 3) in Fig. 18.3 (marked with “*”). Therefore, 


x=y N y=z= 'x=z is truthified. 
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Fig. 18.3 truthification of x=y N y=z= 'x=z 


Example 18.5: Falsity parent(x, y) N parent(y, z)c 'parent(x, z). 

Solution: Suppose John is the parent of Bob, and Bob is the parent of Sam. From 
Fig.18.4, we learn that, parent(x, y)is composed of the two straight lines (John, Bob, z) and 
(Bob, Sam, z) marked with “^A”, parent(y, z) is composed of the two straight lines (x, John, 
Bob) and (x, Bob, Sam) marked with “LJ”. The intersection of parent(x, y) and parent(y, 
z) is the vertex A that is marked with both “^” and “O”. Making the projection cylinder 
along the y-axis through vertex A, we obtain the straight line (John, y, Sam). But, parent(x, 
z) is composed of the two straight lines (John, y, Bob) and (Bob, y, Sam). The projec- 
tion cylinder is not mutually inversely contained in parent(x, z). Therefore, parent(x, y) 


N parent(y, z)c 'parent(x, z) is falsified. 
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18.1.3.2 Non-xr,yN yr,zc ‘xr,z type propositions 

Example 18.6: Truthify x<yN.x<zc 'x<ytz. 

Solution: From Fig. 18.5, we learn that, x<y is the straight line (0, 1, z) marked with 
“A”, x<z is the straight line (0, y, 1) marked with “O”. X<yMx<z is vertex A that is 
marked with both “^A” and “(J”.¥<y+z is the vertices marked with “*”. Vertex A is mutually 


inversely contained in x<y+z. Therefore, x<yNx<zc 'x<y+z is truthified. 


Fig. 18.5 Truthification of x<yNx<zc-'x<ytz 


18.2 Analytic geometry of facts 


18.2.1 Planar analytic geometry of facts 


In a planar coordinate system of facts, there are two coordinate axes of facts: the P-axis 
and Q-axis. 

Example 18.7: Truthify the second-order single set connection proposition {Pc 'Q}c' 
{PINO}. 

Solution: We use the mathematical abstraction. In Fig. 18.6, P< 'Q is composed of the 
vertices marked with “A”, P|M 'Q is composed of the vertices marked with “O”. From 
Fig. 18.6, we see that Pc 'Q is mutually inversely contained in P|N 'Q. Therefore, {Pc | 
Otc {PIN 'O} is truthified. 


Q 
A A A 
c<y 
XS) o o o 
A 
x<y ê o 
„a | 
VA o 7P 
x=y x<y xSy 


Fig. 18.6 Truthification of {Pc 'O}c '{PIN 'Q} 
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Example 18.8: Truthify {Pc 'O}c '{Pc'Q}. 

Solution: We use the set-theoretic abstraction. (The points on the coordinate axes of 
facts cannot be empty sets.) In Fig. 18.7, P< 'Q is composed of the vertices marked with 
“A”, Pa 'Q is composed of the vertices marked with “O”. From Fig. 18.7, we see that Pc 'O 


is mutually inversely contained in Pc 'Q. Therefore, {Pa 'O}<'{Pc 'Q} is truthified. 


Q 
{a,b} Ê : 7 
{b} 
a5 P 
fa} {b} {a, b} 


Fig. 18.7 Truthification of {Pc 'O}c {Pc 'Q} 


18.2.2 Spatial analytic geometry of facts 


In a spatial coordinate system of facts, there are three coordinate axes of facts: P-, Q-, 


and R-axes. 


18.2.2.1 P~,Q 1 Qqg,Rc 'Pg,R type propositions 

In Pg,ON Qg,Rc 'Po,R type propositions, y,, Ø» and ø; are empirical or mathemati- 
cal connection operators, such as=', c ', c ', and |N '. These type of propositions can 
be established by empirical, mathematical, or set-theoretic abstractions. They will use 
the concept of projection cylinder of spatial curve. Their establishments are the lifting of 
xry Nyra 'xr,z one level up. 

Example 18.9: Truthify {PIN 'O}N {Oc 'R}c PIN 'R}. 

Solution: We use the empirical abstraction. In Fig. 18.8, PIN 'O is composed of the 
seven straight lines marked with “^A”: (parent(x, y), parent(x, y), R), (grandparent(x, y), 
grandparent(x, y), R), (ancestor(x, y), ancestor(x, y), R), (parent(x, y), ancestor(x, y), R), 
(ancestor(x, y), parent(x, y), R), (grandparent(x, y), ancestor(x, y), R), and (ancestor(x, 
y), grandparent(x, y), R). Oc 'R is composed of the five straight lines marked with “0”: 
(P, parent(x, y), parent(x, y)), (P, grandparent(x, y), grandparent(x, y)), (P, ancestor(x, y), 
ancestor(x, y)), (P, parent(x, y), ancestor(x, y)), and (P, grandparent(x, y), ancestor(x, y)). 
{PIN 'O} {Oc 'R}, the intersection of P|N 'O and Qc 'R, is composed of the vertices 
marked with both “^A” and “[0”, that is, vertices: A, B, C, D, E, F, G, H, I, J, K, through 
which we make projection cylinder along the Q-axis: (parent(x, y), Q, parent(x, y)), 
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(grandparent(x, y), Q, grandparent(x, y)), (ancestor(x, y), Q, ancestor(x, y)), (parent(x, y), 
Q, ancestor(x, y)), (ancestor(x, y), Q, parent(x, y)), (grandparent(x, y), Q, ancestor(x, y)), 
and (ancestor(x, y), Q, grandparent(x, y)). The projection cylinder coincides with the seven 
straight lines of P|N 'R extending along the Q-axis marked with “*”. Therefore, {P| ' 
O}N{Oc'R}c '{P|N 'R} is truthified. 


r 
ancestor(x, y) A iA JA 
i 
A 
T ag 
D 
*o * a 


P 
Fig. 18.9 truthification of {P= 'Q}N {Qc 'R}c '{Pc 'R} 
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Example 18.10: Truthify {P='0}N {Qc 'R}c {Pc 'R}. 

Solution: We use the set-theoretic abstraction. In Fig. 18.9, P= 'QO is composed of the 
three straight lines marked with “A”: ({a}, {a}, R), ({a, b}, {a, b}, R), and ({a, b, c}, {a, 
b, c}, R). Oc 'R is composed of the three straight lines marked with “O0”: (P, {a}, {a, b}), 
(P, {a, b}, {a, b, c}), and (P, {a}, {a, b, c}). {P='0}M {Oc 'R}, the intersection of P=' 
Q and Oc 'R, is composed of the vertices marked with both “^A” and “L)”, that is, vertices 
A, B, and C, through which we make projection cylinder along the Q-axis: ({a}, Q, {a, b, 
c}), ({a, b}, Q, {a, b, c}), and({a}, QO, {a, b}). The projection cylinder coincides with the 
three straight lines of Pc 'R extending along the Q-axis marked with “*”. Therefore, {P= ' 
O}N {Oc 'R}c'{Pc'R} is truthified. 

Example 18.11: Falsify {Po 'O}N{O|N Ryc {PIN 'R}. 

Solution: We use the mathematical abstraction. In Fig. 18.10, P< 'O is composed of 
the five straight lines marked with “A”: (x=y, x=y, R), (xw=y, xy, R), (x<y, x<y, R), (x 
<y, x<y, R), and (x<y, x<y, R). Q|N 'R is composed of the seven straight lines marked 
with “O”: (P, x=y, x=y), (P, xy, x=y), (P, x<y, x<y), (P, xSy, x<y), (P, x=y, x Sy), (P, 
x<y, x<y), and (P, x<y, x<y). {Pa 'O}N {O|N 'R}, the intersection of P< 'Q and Q|N ! 
R, are the vertices marked with both “A” and “C1”, through which we can make projection 
cylinder along the Q-axis. Two of the projection straight lines: (x=y, Q, x<y) and (x<y, Q, 
x=y) made through vertices A and B are not mutually inversely contained in P|N 'R, which 
is composed of the seven straight lines extending along the Q-axis marked with “*”. There- 
fore, {Pa 'O}N{O|N 'R}c' {PIN 'R} is falsified. 


Fig. 18.10 Falsification of {Pc 'O}N{O|N 'R}c '{P|N 'R} 
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18.2.2.2 Non-Pg,QN Qg,Rc 'Po,R type propositions 

Example 18.12: Truthify {Po 'R} N {Oc 'R}='{PUQc'R}. 

Solution: We use the set-theoretic abstraction. In Fig. 18.11, Pc'Ris composed of the 
five straight lines marked with “A”: ({a}, Q, {a}), ({b}, Q, {b}), ({a, b}, Q, {a, b}), ({a}, 
Q, {a, b}), and ({b}, Q, {a, b}). Oc 'R is composed of the five straight lines marked with 
“O”: (P, {a}, taf), (P, {b}, {b}), (P, fa, b}, fa, b}), (P, {a}, {a, b}), and (P, {b}, {a, b}). 
{Pa 'R} N {Oc 'R} is composed of the vertices marked with both “A” and “O”. {PU Qc 
IR} is composed of the vertices marked with “*”, From Fig. 18.11, we learn that a vertex 
marked with both “^?” and “C]” is bound to be marked with “*”, vice versa. Therefore, 
{Pa 'R} N {Qc 'R}=' {PU Qc 'R} is truthified. 


Fig. 18.11 Truthification of {Pc 'R} N {Oc 'R}='"{PU Qc 'R} 


18.3 Loci of moving points 


Establishments of propositions using mutually-inversistic analytic geometry are with 
the loci of moving points. Take Example 18.12 as an example. When the moving points 
move along the axes, they either reach a vertex not marked with both “^A” and “O”, or they 


reach one also marked with “*”. Therefore, the proposition is truthified. 


Part 8 
Mutually-inversistic 
mathematical analysis 


Numerical analysis deems that numerical differential 
and numerical integral are mutually inverse operations. 
Whereas mutually-inversistic mathematical analysis deems 
that difference quotient (part of numerical differential, 
regarded as discrete derivative) and the variant of summation 
formulas (regarded as discrete integral) are mutually inverse 
operations. Mutually-inversistic mathematical analysis 
consists of double-sided discrete calculus, single-sided 
discrete calculus, and unified calculus. Double-sided discrete 


calculus is based on the coordinate system of terms. 
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Chapter 19 
Double-sided discrete calculus 


Double-sidedness in derivative refers to that both the left derivative and the right one 
exist and equal to each other, in integral refers to that both the negative axis and the positive 


one are integrable. 


19.1 Double-sided discrete calculus of unary 
functions 


19.1.1 Planar coordinate system of terms and double-sided 
unary functions 


Double-sided unary function is in the form of m=f(n), where n and m are discrete. 
M=f(n) can be expressed by planar coordinate system of terms, points on the axis of which 
are numbers. The distance between numbers is h, which does not approach 0. Fig. 19.1 is 
an example of planar coordinate system of terms, on which m=/(n) is denoted as marking 
the ordered pairs (n, f(m)) with “A”. For example, m=-2n is denoted by marking the ordered 


pairs in Fig. 19.1 with “A”. 


Fig. 19.1 Planar coordinate system of terms and double-sided unary functions 
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19.1.2 Derivatives 


Definition 19.1: The right derivative of double-sided function m=f(n) at ny is defined 
as the forward difference quotient 


Am, _ f(nl)-f(n0) 
An n=n0 n ] -n0 2 (19. l ) 


where n, is adjacent to n, at the right of the n axis. 


The geometric interpretation of right derivative is as follows: Suppose we have 
a function m=f(n) denoted by the vertices marked with “A” in Fig. 19.2, in which the 
coordinates of P, are (no, f(no)), those of P, are (n,, f(n,)). We draw a straight line through P, 
and P,, called the right tangent line of Po, the slope 


f(n1)-f(n0) 
nl-n0 


of which is the right derivative of m=f(n) at no. 


e al 
wes (m, Ah) 
A Py 


if (ro, Adio) A 
Fig.19.2 geometric interpretation of right derivative 
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Definition 19.2: the left derivative of m=f(n) at ny is defined as the backward difference 


quotient 


VT (FCM DNAN no), (19.2) 


where n_, is adjacent to ny at the left of the n axis. 


Similarly, the geometric interpretation of the left derivative of m=f(n) at n, is the slope 


of the left tangent line through the point (ny, f(ny)). = `; 7 
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Definition 19.3: The derivative of m=f(n) at ny (denoted as f’ (no), a tts m eat) 
exists, if the left derivative equals the right derivative; i.e., 

Vm, _Am 

Vn n= w An n=n0 > (19.3) 


and we say that m=f(n) is derivable at nọ. 

Theorem 19.1: Function m=/(n) is derivable at n=no, if and only if the three points (n_,, 
fa), (no, f(p)), (n,, f(n,)) are on the same straight line. 

Proof: The derivability of m=/(n) is equivalent to the holding of (19.3), which is 
equivalent to that the slope of the left tangent line equals the slope of the right one, which is 
equivalent to the coincidence of the left tangent line and the right one, which is equivalent 
to that the three points (n_,, f(n_,)), (no, f(no)), (n,, f(n,)) are on the same straight line. 

Q.E.D. 

Example 19.1: Suppose function m=f(n) is denoted by the points marked with “A” in 


Fig. 19.3. Verify that the function is derivable at np. 
Am 
An 


_ f(nl)-f(n0) 
"o nI—n0 


Solution: The right derivative of function m=/(n) at nọ is =2, the 


left derivative is i 


Therefore, m=f(n) is derivable at ny. 


n-ny=({(n_,)-f(ny))/(n_,-ny)=2. The right derivative equals the left one. 
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19.1.3 Derivative functions 


Definition 19.4: The derivative of function m=f(n) is called derivative function, 
denoted as f (n), m m’, if for any n; in the domain, f’ (n;) exists. 


Theorem 19.2: Function m=f(n) has derivative function f(n), if and only if f(n) is a 
straight line. 

Proof: Necessity: Suppose function m=f(n) has derivative function f(n), then f°(n;) 
exists. From Theorem 19.1, we know that the three points (n;,, f(n1)), (n, f;)), (nias 
f(na)) are on the same straight line. Because also /°(nj,,,) exists, the three points (n;, f(n;)), 
(n;.,,./(n;.;)), Mpa /(n;.2)) are on the same straight line. Because both f (n;) and f°(n,,,) exist, 
the four points (n;_,, f(n;_,)), (n;,/(n;)), (Mi f(n;.,)), and (n2, f(n;,»)) are on the same straight 
line. Repeat the above procedures, we can obtain that all points of f(n) are on the same 
straight line. 

Sufficiency: Suppose f(n) is a straight line, then the three points (n; ,, f(n; ,)), (n; 
Jf (n;)), (ni /(n;.,)) are on the same straight line. According to Theorem 19:1, f (n;) exists. 
Considering the fact that n; is an arbitrary point in the n axis, therefore f(n) exists. 

Q.E.D. 

Suppose the domain and range of m=f(n) are Z (integer domain), then only functions 
in the form of m=pn+q (p, qeZ) has derivative functions, because only they are the 
straight lines. For example, suppose m=-3n+2, then m’=-3. Suppose m=4, then m’=0. If no 


confusion occurs, then we simply call derivative functions derivatives. 


19.1.4 Derivatives of compound functions 


Definition 19.5: Suppose /=f(m) and m=g(n), then, similar to Newtonian calculus, we have 
di di dm „, i 
dn dm* dn € (m)*g (n). 
| 
Example 19.2: Suppose /=-4m, m=3n, compute E 


. di, dm_ = di dl dm_ 7 
Solution: im * an hence, da ae dn =(—4)*3=-12. 


19.1.5 Higher-order derivatives 


d 
Definition 19.6: Suppose m=pn-+q, then an? The second-order derivative of m to n is: 


5 > d ;dm 
dm ian’=4 (a7) 


19.1.6 Integrals 


First, let us see an example of summation formula: );_ ,3=15. In this example, n ranges 
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over —2, —1, 0, 1, and 2 five values. For each value of n, a 3 is added to the partial sum, and 
five additions in total, hence the sum is 15. Double-sided discrete integral is similar to this 
example. The only difference is that the first value of n is not included. N ranges over —1, 0, 1, 


and 2 four values. For each value of n, a 3 is added to the partial integral, and four additions 


in total, hence the integral is 12. The integral can be denoted as 3n|_,=3*(2-(-2)=3*4=12. 
In order to distinguish the double-sided discrete integral with the summation formula, we 
denoted the integral as: 

(Vn=1)1,..3 3-30, (19.4) 
where I is the integral sign, Vn=n;-n,_, is the integral step; i.e., the distance between two 
adjacent points on the n axis, n is the integral variable, 3 is the integrand, -2 is the lower 
limit of the integral, 2 is the upper limit of the integral, 37 is the primitive function. 

Integral step can be any constant. Suppose Vn is 0.5, then the above integral becomes 

(Vn=0.5)I,- p325 „7 =6+(2-(-2))=6*4=24. 

Because every time n is assigned a value, a 3 is added to the partial integral, and n is 
assigned 1/0.5=2 values in an unit length, and there are 2-(-2)=4 unit length, thus, the 
integral is 24. 

Generally, we have 

Definition 19.7: Suppose f(n)=p, p is a constant, then the double-sided discrete integral 
of f(n) is 

(Yn=h)ia p= =E (b-a). (19.5) 

The geometric interpretation of double-sided discrete integral is the sum of the length 


of the vertical lines enclosed by m=p, n=a+h, n=b, and the n axis, shown in Fig. 19.4. 


m 


Fig. 19.4 Geometric interpretation of double-sided discrete integral 


The geometric interpretation of Newtonian integral is the area of curved trapezoid, 
it is the infinite sum to the differential of area. The geometric interpretation of double- 
sided discrete integral is not the area of curved trapezoid, no need for the differential of 
area. Therefore, the concept of differential is not introduced into double-sided discrete 


calculus. 
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19.2 Double-sided discrete calculus of binary 
functions 

19.2.1 Spatial coordinate system of terms and double-sided 
discrete binary functions 


A double-sided discrete binary function is in the form of /=f(m, n), which can be 


expressed by the spatial coordinate system of terms, an example of which is shown in 


Fig. 19.5. 


l=m+n 


Fig. 19.5 Spatial coordinate system of terms and double-sided 


discrete binary functions 


L=f(m, n) is denoted in the coordinate system of terms by marking the triple tuples (m, 
n, f(m, n)) with “A”. For example, /=m+n is denoted by the vertices in Fig. 19.5 marked 


with “A”. 207 
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19.2.2 Partial derivatives 


Suppose /=f(m, n) is a function of two variables m and n. If n is held constant, say 


n=ny, then /=f(m, ny) is a function of the single variable m. Its right derivative at m=m, is 


called the right partial derivative of f with respect to m at (mọ, ny) and is denoted by Al m, 
Af 
N)|n=m0, n=no OF Am ™ N)|n=mo, n=n0° 


Definition 19.8: Atm, N)|n-mo.n-no 1S defined as 


Al _ f(m1, n0)-f(m0, n0) 


Am ™ N )|in=mo. n=n0 ml—m0 
where m; is the right neighbor of mp. 


Definition 19.9: The left partial derivative of /=f(m, n) with respect to m at (mo, no), 
Vi Vf g 
denoted as Ym ™ N)|m=mo, n=n0 OF vm ™ N)|n=mo, n=no> 1S defined as 


yI 
Jm ™ N)|n-mo, n=no= (f(m I> no) f(m, Ny))/(m 1 Mo), 


where m, is the left neighbor of mp. 


Definition 19.10: The partial derivative of /=f(m, n) with respect to m at (mo, no), 
denoted as 2 im, N)| n=m0, n=no OF Sm, N)|mn-mo, nno» CXiSts, if the left partial derivative of 


l=f(m, n) with respect to m at (mp, ny) equals the right one; i.e., 


Al Al 
Am (™ ne 0 Am (> N)|n=m0, n=n0* 


Theorem 19.3: Sim, N)|n-mo. nno ©XiSts, if and only if the three points (m_,, no, f(m}, 


No)), (Mp, Np, f(Mp, No)), and (m,, no, f(m,, Ny)) are on the same straight line. 


Proof: Similar to the proof of Theorem 19.1, so omitted here. 


Definition 19.11: If, when n=no, for any m,, 2 im, N)|n-mi. nno EXists, then we say that 
the linear partial derivative function of fto m at n=n, exists, denoted by Sm, N)|,-n0- 


Theorem 19.4: Sim, N)|,-n0 exists, if and only if /=f(m, ny) is a straight line. 


Proof: Similar to the proof of Theorem 19.2, so omitted here. 
AL 
An 
similarly discussed. 


Vi ol él 
(m, N )|in=mo. n=n0 vn ™ N)| n=mo, n=n0> on ™ N)| m=mo, n=n0> and an ™ N)|m=m0 can be 


Definition 19.12: If for any (m, n), the partial derivative of f to m exists, then we say 


of 


that the surface partial derivative function of fto m exists, denoted by pam m, n) or om ™ n). 
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i ol mae? ; ; 
Similarly, we can define an n). If no confusion occurs, then we simply call linear 
partial derivative function and surface partial derivative function partial derivative. 


When computin Dl te, n), we regard as constant. Likewise, when computin 
pug >m 8 puting 


al 
<(m, n), we regard m as constant. 


There are two kind of partially derivable functions: /=pm+qn+r and /=pmn+q. 


Example 19.3: Suppose /=m+n shown in Fig. 19.5, then 


él ol él 
om ™ N)|m=0,-0 By (M, n)a- = 5m (> n)=1 > 


ol él ol 
on™ N)|m-0, m0 Gy ™ N)|m-0- By (M, n)=1 . 
Example 19.4: Suppose /=mn shown in Fig. 19.6, then 


Fig. 19.6 Partial derivative for /=mn 209 
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ol él ol 
Bm CM Pli. Fry (Ms MIn-2=2, g (M n)=n, 


él él ol 
on™: N)|m=1,0-2= 3, (M, N)|m-1=! > on™ n)=m. 
The second-order partial derivative of f to m, denoted by 0°1/6m’(m, n), is defined 
as ELTA n)). Similarly, O'1/dn’(m, n), O1/Omen(m, n), and 071/Ondm(m, n) can be 
defined. 

Example 19.5: Suppose /=m-+n, then 

2'1/dm7(m, n)=0'1/Omdn(m, n)=0'1/dndm(m, n)=8°1/ðn"(m, n)=0. 

Example 19.6: Suppose /=mn, then 

0'1/dm7(m, n)=0'l /On’(m, n)=0, 

21/Omén(m, n)=el/Ondm(m, n)=1. 

Definition 19.13: Directional derivative is defined as 

Duf(m, n= (m, n)cos0+ (m, n)sin0, 
where u is the unit vector in the m-n plane, 0 is the angle between u and positive axis of m, 
shown in Fig. 19.5. 


Example 19.7: Suppose /=m+n, 9=7/4, then 
Duf(m, n)=1#V2/2+1+*V2/2=v2. 


19.2.3 Double integrals 
Definition 19.14: Double integral is defined as 


(Vm=h 1 )Lm-a (Vn=h,)1,-<p=(Vm=h, Jln- HENT): 


Example 19.8: Compute (Vm=0.2)I,,- ;'(Vn=0.5)I,-9 7. 
Solution: (Vm=0.2)I,,-;'(Vn=0.5)I,-9 7 


=(Vm=0.2)I,,- s'T4(22) 

5-0) (1-(-3) 
=7#(75)*( = ) 
=7*10*20 


=1400. 
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Chapter 20 
Singsle-sided discrete calculus 


In single-sided discrete calculus, backward difference quotient (regarded as single- 
sided left derivative) and the variants of summation formulas (regarded as single-sided 
discrete integral) are mutually inverse operations. Single-sidedness in derivative means that 
only the left derivative exists, in integral means that only the positive axis is integrable. 
Newtonian calculus defines derivative first, integral second. While single-sided discrete 
calculus develops from the known summation formulas, so it defines integral first, 


derivative second. 


20.1 Single-sided discrete calculus of unary 
functions 


20.1.1 Single-sided discrete definite integrals of variable upper 
limit and single-sided discrete infinite integrals 


20.1.1.1 Concept of single-sided discrete definite integral of variable upper 
limit 


th 


Example 20.1: A power plant discharges | ton of smoke the 0" day, 1/2 ton of smoke 
the first day, 1/4 ton of smoke the second day, ..., 1/2" ton of smoke the nth day. How many 


th 


tons of smoke the power plant discharges from the 0" day to the nth day? 


Solution: According to the summation formula 


Sia ={1-a""'}/{1-a}, (20.1) 
where a=1/2, we know that from the 0"" day to the nth day, the power plant discharges 
n I n+ 
Dios) ={1-1/2)""/{1-(1/2)} (20.2) 


tons of smoke. 
Example 20.2: The problem is the same as Example 20.1. The question is: how many 
tons of smoke the power plant discharges from the first day to the mth day? 


th 


Solution: The smoke discharged the first day is the smoke discharged from the 0" day 
to the first day 1+1/2 tons minus the smoke discharged the 0" day 1 ton, that is 
{1-(1/2)''¥/41-1/2}-{1-(1/2)"""}/41-1/2}, 
denoted as 
(Vk=1)I,-'(1/2)*={1-(1/2)"3/{1-1/2} 0". 


The smoke discharged from the first day to the second day is the smoke discharged 
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from the 0" day to the second day 1+1/2+1/4 tons minus the smoke discharged the 0" day | 
ton, that is 

{1-(1/29""3/ {1-1/2} -{1-(1/2)" 3/41 1/2}, 
denoted as 

(Vk=1)ly-9 (1/2)*={1-(1/2)""}/ {1-1/2}, 

The smoke discharged from the first day to the mth day is the smoke discharged from 
the 0" day to the nth day 1+1/2+1/4+...+1/2" minus the smoke discharged the 0" day 1 ton, 
that is 

{1-(1/2)™'}/{1-1/2}-{1-(1/2)™'}/{ 1-1/2}, 
denoted as 

(Vk=1)Iy-g"(1/2)*={1-(1/2)'3/ {1-1/2} 9". (20.3) 

Formula (20.3) is a variant of (20.2). Formula (20.2) is used to compute the smoke 


th 


discharged from the 0" day to the nth day, while (20.3) is used to compute the smoke 
discharged from the 0" day to the nth day minus the smoke discharged the 0" day. 

Formula (20.3) is a formula of single-sided discrete definite integrals of variable upper 
limit: I is the integral sign, Á is the integral variable, 0 is the lower limit, n is the upper limit, 
Vk is the integral step, representing the value the integral variable k increases each time, 
when Vé=1, k varies from 0, to 1, to 2, ..., (1/2)* is the integrand, {1-(1/2)""¥/{1-1/2} is 
the primitive function. 

Definition 20.1: M=f(n) is a single-sided discrete function, if neN (natural number) 
and meR (real number). 

Definition 20.2: Suppose f(n) and F(n) are single-sided discrete functions. If 

FOO) 

FOAFOA) 

F(2)=f(O)+fU)+4(2) 

F(n)=y\-of(k) 

Then we say that F(n) is the sum of f(k), and call 

Yi-of(k)=F(n) 

a summation formula. 

Definition 20.3: Suppose f(n) and F(n) are single-sided discrete functions. If 

F(0)=f(0)-f(0) 

FU)=f(0)+f)-f(0) 

FDF OAOA) 

F(n)=Xi-of(k)-f(0) 


Then we say that F(n) is the single-sided discrete definite integrals of variable upper limit 
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of f(k), denoted by 

(Vk=1)I 9" f(k)=F(n), (20.4) 
where I is the integral sign, k is the integral variable, 0 is the lower limit, n is the upper 
limit, Vk is the integral step, f(k) is the integrand, F(n) is the primitive function. 

From Definitions 20.2 and 20.3 we know that formulas of single-sided discrete definite 
integrals of variable upper limit can be obtained by subtracting f(0) from summation 
formulas; i.e., 

(Vk=1)l,-9"f(kK)=?-of(k)-£(0). (20.5) 

All summation formulas with the lower limit being 0, upper limit being n can be 
transformed into formulas of single-sided discrete definite integrals of variable upper limit 
like this. 


20.1.1.2 Formulas of single-sided discrete definite integrals of variable 
upper limit 
The following are some of the important formulas of single-sided discrete definite 
integrals of variable upper limit. 


Integrals of exponential functions: 


(Vk=1)l,-o'a“={1-a""'}/{1-a}-1 (a<1) (20.6) 

(Vk=1)l,-,"a°={a""'-1}/{a-1}-1  (a>1) (20.7) 
Integral of power functions: 

(Vk=1)I,.."l=n (20.8) 

(Vk=1)I,-o"k=n(n+1)/2={n?+n}/2 (20.9) 

(Vk=1)I,.o"k’=n(n+1)(2n+ 1)/6={2n'+3n°+n}/6 (20.10) 

(Vk=1)I,-o"k = (n+1)°/4={n"+2n?+n7}/4 (20.11) 

(Vk=1)I,-o"k*={6n’+15n‘+10n°-n}/30 (20.12) 
Integrals of products: 

(Vk=1)I,-"ka‘={[(a-1)n-1]a™™'+a}/(a-1)° (20.13) 


(Vk=1)l,-"k’a‘={[(a-1)n-1]’a""'+a"?-a(at1)}(a-1y (20.14) 

Formulas (20.6) to (20.13) can be transformed from the known summation formulas 
using (20.5). Now, let us prove (20.14). 

Proof: A in (20.13) is continuous, it can take any real number except |. We take 
continuous derivative (the derivative in Newtonian calculus) on a to both sides of (20.13), 
obtaining 

(Vk=1)I,-9"k’a’ | 

={[[(a- 1-1 Ja" +a] (a-1)-[[(@-1)n-1]a™"'+a][(a-1)°] a1)" 
={n’a"?-2n’a"'-2na™'+a™'+n’a"+2na"+a"-a-1}/(a-1)° (20.15) 


Both sides of (20.15) times a, and the following formula is obtained: 
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(Vk=1)I,."k’a‘ 
={n’a"*-2n’a"’*-2na"’*+n’a™ '+2na™!+a™'+a""*-a’—-a} /(a-1)° 
={[(a-1)n-1]’a™’'+a"’*-a(at1)}/(a-1)° 

Q.E.D. 


20.1.1.3 Single-sided discrete infinite integrals 
Let the upper limit of the formulas of single-sided discrete definite integrals of variable 
upper limit approach infinity, then we obtain single-sided discrete infinite integrals. For 


example, when a< 1, 


(Vk=1)l,-o°a‘=I,-o"a'=1-a""'}/{ 1-a}-1=1/{1-a}-1 (20.16) 
(Vk=1)I,»’ka* 

=l ka“ 

=|(a-1)n-1]a™'+a}/(a-1) 

=al(a-1)? (20.17) 


20.1.1.4 Properties of single-sided discrete definite integrals of variable 
upper limit 
Single-sided discrete definite integrals of variable upper limit have the following 
properties. 
Property 20.1: (Vk=1)I,-o'(f(k)+2(k))= (Vk=1)I,-9"f(k)+ (Vk=1)1,-"g(k). 
Proof: Suppose the primitive function of f(n) is F(n), that of g(n) is G(n), that of 


f(n)+g(n) is H(n). From Definition 20.3, we obtain 


H(0)=f(0)+g(0)-( f(0)+2(0))=( £(0)-f(0))+(_g(0)-g(0) )=F(0)+G(0), 

HOVA OOA +g )-( £00) LOEO AOO) )-9(0)) =F) +G(1), 

H(n)=Y-o(f(k)+8(k))-(£(0)+ (0) =(Xi-of(k)-F(0))+(Lik-og(k)-g(0))=F()+G(n). 
Therefore, we have 

(Vk=1)1,-9"(f(k)+2(k))=H(n)=F(n)+G(n)= (Vk=1)I,-9"f(k)+ (Vk=1)I,-0"g(k). 

Q.E.D. 

Property 20.2: (Vk=1)I,-9 (f(k)-2(k))= (Vk=1)I,-9'f(k)- (Vk=1)I,-9"g2(k). 

Proof: Similar to the proof of Property 20.1, so omitted here. 

Property 20.3: (Vk=1 )I,_. bf(k)=b(Vk=1)I f(k), where b is a constant. 

Proof: Suppose the primitive function of fin) is F(n), that of bfin) is H(n). From 
Definition 20.3, we obtain 

H(0)=bf(0)-bf(0)=b(7(0)-(0))=bF (0), 

H(1)=bf(0)+bf(1)-bf(0)=b( £(0)+ 71 )-7(0))=bF (1), 
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H(n)=Y}.-obf(k)-bf(0)=bY}. off k)-bf(0)=bY?. ofl k)-f(0)=bF (1). 
Therefore, we have 

(Vk=1)I,-.'bf(k)=H(n)=bF(n)=b(Vk=1)I,_-)'f(k). 

Q.E.D. 


20.1.2 Single-sided discrete definite integrals 


20.1.2.1 Concept of single-sided discrete definite integrals 
Example 20.3: Suppose we have a single-sided discrete function m=f(n)=n, shown in 


Fig. 20.1. Compute the sum of length of the vertical lines enclosed by n=3, m=f(n)=n, n=6, 


and n-axis. 


m=fin) 
A 


>n 


0 1 2 3 4 5 6 7 8 


Fig. 20.1 Geometric interpretation of single-sided discrete definite integrals 


Solution: The result is )°_,n=3+4+5+6=18. 

In this example, there are only 4 terms to sum, which can be done directly. If there are 
thousands of terms to sum, direct sum is infeasible. We must use primitive functions. For 
this reason, we transform (20.9) into the formula of single-sided discrete definite integrals. 
In Newtonian calculus, the integral of variable upper limit Jf(t)dt can be written as [of(x)dx. 
Likewise, (Vk=1)I,9"k of (20.9) can be written as (Vn=1)I,-»'n. And (20.9) becomes 

(Vn=1)I,,-9 n=n(n+1)/2|."=n(n+1)/2-0(0+1)/2=n(n+1)/2. (20.18) 
Notice that now, the lower limit is b (b may not equals 0), the upper limit is no longer n, but 
c (b and c are natural numbers), formula (20.9) becomes 

(Vn=1)I,., n=n(n+1)/2),° (20.19) 
(every formula of single-sided discrete definite integrals of variable upper limit can be 
transformed into one of single-sided discrete definite integrals like this). As to this example, 
b=2, c=6, and we have 

(Vn=1)I,_,°n=n(n+1 )/2|,°=6(6+1)/2-2(2+1)/2=21-3=18. 
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Through Example 20.3, we learn the following: (1) The geometric interpretation of 
single-sided discrete definite integrals is the sum of length of the vertical lines enclosed 
by n=b+1, fn), n=c, and n-axis. (2) (Vn=1)I,., f(n)=} S- f(n). (3) A single-sided discrete 
definite integral is computed by the upper limit of the primitive function minus the lower 
limit. (4) The transformation from formulas of single-sided discrete definite integrals of 
variable upper limit to formulas of single-sided discrete definite integrals. 

In Newtonian calculus, the geometric interpretation of definite integrals is curved 
trapezoid; i.e., to sum, then to take limit of the differential of area. While the geometric 
interpretation of single-sided discrete definite integrals is not curved trapezoid, no need 
to introduce the concept of differential, and single-sided discrete definite integrals are not 
denoted as I,- f(n)Vn, but (Vn=1)I,4,f(n). 

Definition 20.4: ¥¢- f(n) is called the single-sided discrete definite integral of fn) 
from b to c, denoted by (Vn=1)I,.,, f(n). 


From Definition 20.4 we learn 


(Vn=1)I,,, f(n) af). (20.20) 
Theorem 20.1: Suppose F(n) is the primitive function of f(n) and b, ceN, c >b, then 
(Vn=1)I,.,, f(n)=F(n)|, =F(c)-F(b). (20.21) 


Proof: From Definition 20.3, we know 

F(b)=f(0)+f(U1)+...+f(b-1)+(b)-/(0), 

F(c)=f(0)+f(C1)+.. + f(b-1)+f(b)+f(b+ 1+... +7(c)-f(0). 
Therefore, 

F(c)-F(b)=f(b+1)+...+f(C)=Ys,., f()=(Vn=1 1,4, fn). 

Q.E.D. 


20.1.2.2 Properties of single-sided discrete definite integrals 

Property 20.4: (Vn=1)I,- »f(n)=0. 

Proof: (Vn=1)I,.,°f(n)=F(n)],"=F(b)-F(b)=0. 

Q.E.D. 

Property 20.5: Suppose b<d<c, then (Vn=1)I,,f(n)=(Vn=1)I,,"f(n)+(Vn=1)I,_¢f(n) 

Proof: (Vn=1)I,-,f(n)=>5,.,f(n)=> 44. f(n)+d 5... f(n)=(Vn=1)1,-,°f(n)+(Vn=1 
l-a f(n). 

Q.E.D. 


20.1.3 Single-sided discrete left derivatives 


20.1.3.1 Concept of single-sided discrete left derivatives 
Example 20.4: Suppose we have a single-sided discrete function m=f(n)=n’ shown i 
216 Fig. 20.2. What is the slope of the left tangent line of m=n’ at n=3. 
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m 
ol m=" 


94 

44 

14 i 
ee ~ >n 
0 l 2 3 4 


Fig. 20.2 Geometric interpretation of single-sided discrete left derivatives 


Solution: The left tangent line of m=7" at n=3 is the line segment connecting (2, f(2)) 
and (3, f(3)), shown as the dotted line marked Q) in Fig. 20.2. (the line segment has no 
definition except for the two ends, therefore, it is drawn with dotted line). The slope of the 
left tangent line is 

{£(3)-f(2)}/{3-2}={f(3)-£(2) }/1=f(3)-f(2)=9-4=5. 

The geometric interpretation of the single-sided discrete left derivative of f(n) at ny is 
the slope of the tangent line of f(n) at ny. 

Definition 20.5: The single-sided discrete left derivative of m=f(n) at no is the backward 
difference quotient of m=f(n) at no: 


Vm) vi 
Vn n=n0 Vn 


where Vf(no) is the backward difference of f(n) at no. 
Definition 20.6: Suppose the single-sided discrete left derivative of m=f(n) exist 


n=n0 {f(n -f(n 1) }/ {g-(ng 1) }= {f(g -f(n 1) }/1= f(n) f(n- 1 =V fino), 


except for n=0, then we say that the left derivative function of m=f(n) exist, denoted by 


Win WE opis f(n—1)}/{n-(n-1)}={f(n)-f(n-1)}/1=f(n)-f(n- 1)=V f(n). 


Example 20.5: What is the left derivative function of m=n°? 

Solution: There is no left derivative of m=n’ at n=0, the left derivative at n=1 is 1°- 
0°=1, at n=2 is 2?-17=3, at n=3 is 3° 2°=5, at n=4 is 4°-3°=7, ... We can induce that the left 
derivative function of m=n’ is 

Vn/Vn=2n-1. 


If no confusion occurs, we simply call the left derivative function left derivative. 


eae a 
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20.1.3.2 Relationship between left derivatives and primitive functions 
m n) 


Theorem 20.2: Suppose (Vk=1 )I,_9"f(k)=F(n), then =f(n). 


Proof: From (Vk=1)I,_)"f(k)=F(n) and Definition 20.3 we know 
F(0)=f(0)-f(0), 
FU)=Zi-of(k)- (0), 
F(2)=Yi-of(k)-f(0), 
F(n)=Y-oftk)- (0). 
Now, we compute the left derivative of F(), obtaining 


VF 
Vn 


bia 


n-1=VF(1)=F(1)-F(0)=f(1), 


y= VF(2)=F(2)-F(1)=f(2), 


Soe |e VF(n)=F(n)-F(n-1)=fi(n). 


Q.E.D. 


vo n) 


From (Vk=1)I,-o'f(k)=F(n) and = ———=f(n) we know the relationship between the left 


derivative and the primitive function: the single-sided discrete integral of Ak) is F(n), the 


single-sided discrete left derivative of F(n) is An). 


20.1.3.3 pe of single-sided discrete left derivatives 

Property 20.6: af (n)+f,(n))=VF,(n)/Vn+V£(n)/Vn. 
Proof: Do not lose generality, suppose 7 is any natural number on the -axis except 0. 
V : 
OEO) 

=V(fi(n)+f(n)) 

=f,(n)+£,(n)-(f,(n-1)+£,(n-1)) 

=(f,(n)-f,(n-1))+(£(n)-f(n- 1) 

=Vf,(n)+Vf,(n) 

=Vf,(n)/Vn+Vf,(n)/Vn. 
Q.E.D. 
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Property 20.7: © (f(n)-£(n))=VA(ny/Vn-VE(n)/Vn. 


Proof: Similar to the proof of Property 20.6, so omitted. 


ono). ra 


Property 20.8: =b—5—~, where b is a constant. 


Vbf(n) 
Vn 


Q.E.D. 


Vito) 


Proof: 


> =V(bf(n))=bf(n)-bf(n- 1 )=b(f(n)-f(n- 1 ))=bV f(n)=b 


20.1.3.4 Deduction of formulas of single-sided discrete left derivatives 
The following are some of the important formulas of single-sided discrete left 
derivatives. 


Single-sided discrete left derivatives of exponential functions: 


V(a")/Vn=(a-1)a" | (20.22) 
Single-sided discrete left derivatives of power functions: 

Vb _ ; 

vn © (b is a constant) (20.23) 
Vn 

wn (20.24) 
V(n’)/Vn=2n-1 (20.25) 
V(r )/Vn=3n-3n+1 (20.26) 
V(n’)/Vn=4n’-6n'+4n- | (20.27) 
V(n°)/Vn=Sn*-10n°+10n*—Sn+1 (20.28) 
V(n°)/Vn=(-1)°(,')n” '+(-1)'(,)n” 7+...+(-1)” '(,")n°, where beN (20.29) 


nan discrete left derivatives of products: 


V(na")/Vn= wea "+n(V(a")/Vn)-(a-1)a" | (20.30) 


V(n’a")/Vn=(V(n’)/Vn)a"+n(V(a")/Vn)-(a-1)na"+(a-1)[(a-2)n+1 Ja” | (20.31) 

Prove (20.23): 

Do not lose generality, suppose n is any point on the n-axis except 0, we have 

Vb; _ b-b 

Vni'™ n-(n-1) 

Q.E.D. 

Prove (20.22): 

We change (20.7) into 

(Vk=1)I,-0" 'a‘={a"-1}/{a-1}-1. (20.32) 
Both sides of (20.32) times (a1), obtain 

(Vk=1)I,-." (a-1)a"=a"-a. (20.33) 


=0. 
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We take single-sided discrete left derivative on 7 to both sides of (20.33), according to 
Theorem 20.2, obtaining 

(a-1)a" '=V(a")/Vn. 

Q.E.D. 

Prove (20.24): 

We rewrite (20.8) as follows: 

(Vk=1)I,9"l=n. 

We take single-sided discrete left derivative on n to both sides of (20.8), according to 
Theorem 20.2, obtaining 


Q.E.D. 

Prove (20.25): 

We rewrite (20.9) as follows: 

(Vk=1)l o k={nn}/2. 
Both sides of (20.9) times 2, obtain 

(Vk=1)I,-9"2k=n’+n. (20.34) 
We take single-sided discrete left derivative on n to both sides of (20.34), according to 
Theorem 20.2, obtaining 

2n=V(n°)/Vn+Vn/Vn=V(n°)/Vn+1 : (20.35) 
Shift terms, obtaining 

V(n?)/Vn=2n-1. 

Q.E.D. 

The proofs of (20.26) to (20.28) are similar to that of (20.25). Observe (20.24) to 


(20.28), we can find that their coefficients form a Pascal triangle of alternate positive and 


negative sign. Therefore, it is easy for us to induce (20.29). 

Prove (20.30): 

We change (20.13) into 

(Vk=1)l-0" 'ka‘={[(a-1)(n-1)-1]a"ta}/(a-1)°. 
Both sides of (20.13) times (a-1)’, obtain 

(Vk=1)I,-9" '(a-1)’ka‘=[(a-1)(n-1)-1]Ja"+a=(a-1)na"-aa"+a. (20.36) 
We take single-sided discrete left derivative on to both sides of (20.36), according to 
Theorem 20.2, obtaining 

(a-1)(n-1)a" '=(a-1)(V(na")/Vn)-a(V(a")/Vn). (20.37) 
Both sides of (20.37) are divided by (a1), and 

(a-1)(n-1)a" | 
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a-I+l 


=V(na_)/Vn- =] 


(V(a")/Vn) 


=V(na')/Vn-V(a')/Vn- AHV) 


=V(na")/Vn-V(a")/Vn-a" | (20.38) 
is obtained. Shift terms for (20.38), obtaining 
V(na")/Vn 
=(a-1)(n-1)a" '+V(a")/Vnta" | 
=(n-1)(V(a")/Vn)+V(a"V/Vnta" | 
=n(V(a"//Vn)+a" |. (20.39) 
Formula (20.30) is 
V(na")/Vn 


= aren V(a"/Vn)-(a-I ya"! 

=a"tn(V(a")/Vn)-a"+a" ' 

=n(V(a")/Vn)+a" | (20.40) 
Comparing the right sides of (20.39) and (20.40), we see that they equal each other, 
therefore (20.30) is proved. 


The proof of (20.31) is similar to that of (20.30). 


20.1.3.5 Higher-order single-sided discrete left derivatives 

Definition 20.7: Second-order single-sided discrete left derivative is defined as the 
second-order backward difference quotient: 

V’f/Vn? 


fn) Vf(n-1 f(n)-f(n-1)-(f(n-1)-f(n-2 
= (VD VOD fn-(a-1)}= (n)-fin Ki )-f(n-2) 
=f(n)-2f(n-1)+f(n-2) 
=V'f(n). 


Second-order backward difference quotient is the same in value as second-order 
backward difference. 
Example 20.6: Suppose m=n’, compute V'm/Vn’. 


‘ Vm 2 2 V Vm 
Solution: yn l, V“m/Vn =a 
20.1.4 Single-sided discrete indefinite integrals 


Suppose f(n) has a primitive function F(n); i.e., VE ttn), then for any constant C, we 


have 
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V(F(n)+C)_ VF(n) vC VF(n) ne VF(n) _ 
Vn Vn Vn Vn Vn 


That is, for any constant C, F()+C is also a primitive function of f(n). This shows, if f(n) 


fin). 


has one primitive function, then it has infinitely many primitive functions. 


On the other hand, if G(n) is another primitive function of fin); i.e., VS Rn). Then 


V(G(n)-F(n))_VG(n) VE(n) 
Vn ~ Vn Vn 


According to (20.23), we have 
G(n)-F(n)=C,, (Co is a constant). 


This shows, the difference of G(n) and F(n) is a constant. Therefore, when C is an arbitrary 


=f(n)-f(n)=0. 


constant, 

F(n)+C 
can denote any primitive function of fin). 

Definition 20.8: Suppose F()+C is any primitive function of f(n), then 

(Vn=1 )If(n)=F(n)+C 
is called the single-sided discrete indefinite integral of f(n), where I is the integral sign, /(7) 
is the integrand, n is the integral variable, F(”)+C is the primitive function. 

Formulas of single-sided discrete indefinite integral can be obtained from those of 
single-sided discrete definite integral of variable upper limit by eliminating the lower and 
upper limits from the left side and adding constant C to the right side. For example, (20.9) 
can be transformed into 

(Vn=1)In={n°+n}/2+C (20.41) 


20.2 Single-sided discrete calculus of binary 
functions 


Definition 20.9: The single-sided discrete left partial derivative of /=f(m, n) to m at (mo, 
no) is defined as 


Vi 
vm ™ n)|in=mo, n-n0 {f(Mo, Ny)-f(m_,, Ny)}/{Mpo-M_ 1 }- 


Vi 


vm ™ 1)|m-mo, n-no CAN be defined similarly. 


Example 20.7: Suppose /=mn’, compute TL em, N)|m=3, n24: 


Solution: We use the matrix shown in Fig. 20.3 to denote =mr’. 
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n0 12 3 4 
m 
070 00 0 0 
1};0 14 9 16 
2/0 2 8 18 32 
3 |0 3 12 27 48 
4 LO 4 16 36 64 


Fig. 20.3 Matrix representation of =mn’ 


In Fig. 20.3, the column index is m, the row index is n, the matrix element is /. For 
example, when m=3 and n=4, then /=48. From Fig. 20.3, we learn 
me 48-32 
Ym ™ n)|in- 3, n4 ={f(m;, ny)- f(m,, ny)}/{m3- M,;=3-5 = 16. 


Definition 20.10: If for any (m, > T (m, n) exists, then Ilm, n) is called the 


single-sided discrete left partial derivative function of fto m. 


TL em, n) can be defined similarly. When no confusion occurs, single-sided discrete 


left partial derivative function is simply called single-sided discrete left partial derivative. 
When computing T im, n), n is kept constant. When computing ç E m n), m is kept 


constant. 


Example 20.8: Suppose /=mr’, compute 2 Li, n) and + Xl m, n). 


ion: XL ae AL Oe 
Solution: Ym ™ n)=n’, = a n)=m(2n-1). 


20.2.2 Single-sided discrete double integrals 


Definition 20.11: Suppose /=f(m, n), then 
(Vm=1)I,,-.\(Vn=1)I,-. f(m, n) 
is called the single-sided discrete double integral, and when integrating on n, m is kept constant. 

Example 20.9: Compute (Vm=1 MIn (Vn=1 )l,-2 m 
Solution: 
(Vm=1)I,,-; (Vn=1)I, -m 

=(Vm=1)In-; (mn)|; ` 

=(Vm=1)I,,-;’m(5~2) 

=(Vm=1)I,,-;/3m 

=3{m*+m}/2|,’ 


=3(7+7-3°-3) 
=66. 
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20.3 Single-sided discrete ordinary differential 
equations 


An equation containing an unknown single-sided discrete unary function and some of 
its left derivatives is called a single-sided discrete ordinary differential equation. Solving 
the equation is to find the unary function. Given the equation and its initial conditions to 


find the particular solution is called the initial value problem of the equation. 


20.3.1 Simple single-sided discrete ordinary differential equations 


A simple single-sided discrete ordinary differential equation is one that only the 
highest-order left derivative exists. 


Example 20.10: Given the side 7 of a square, the area 7° of the square is shown in Fig. 


o m AB HE 


n 0 3 4 5 
m=n" 0 l 4 9 16 25 
Vm 

Tn 1 3 5 7 9 
V’m/Vn? 2 2 2 2 


Fig. 20.4 Example of single-sided discrete ordinary differential equation 


The first row in Fig. 20.4 is the sides of the square, the second row is the areas, the 
third row is the first-order single-sided discrete left derivatives of area to side, the fourth 


row is the second-order left derivatives. The initial value problem is 


V'm/Vn°=2 (20.42) 
m|,-o=0 (20.43) 
u el (20.44) 


In this example, the function is known: m=n°. Our aim is to compute the function 
from the initial value problem, to verify the correctness of single-sided discrete ordinary 
differential equation theory. Later examples in this chapter are the same. 

Solution: We take single-sided discrete integral on n to both sides of (20.42), obtaining 

(Vn=1)I(V’m/Vn’)=(Vn=1)I2 


and 


vm -2n+C, (20.45) 
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Substitute (20.44) into (20.45), obtaining 
1=2*1+C, > C=-l] 


and 


yn on! (20.46) 


We take single-sided discrete integral on n to both sides of (20.46), obtaining 


(Vn= DIX =(Vn=1)12n 1) 


and 

m=2 {nn }/2-n+C,=n°+C, (20.47) 
Substitute (20.43) into (20.47), obtaining 

0=0°+C,, C,=0 
and 

m=r. (20.48) 


20.3.2 Single-sided discrete second-order linear constant- 
coefficients homogeneous ordinary differential equations 


A single-sided discrete second-order linear constant-coefficients homogeneous 


ordinary differential equation is in the form of: 


V’m/Vn+p ye +qm=0 (20.49) 
Suppose the solution is m=a”, then we have 
waa"! (20.50) 
and 
V°m/Vn=(a-1)(a-2)a" (20.51) 
Substitute (20.50) and (20.51) into (20.49), obtaining 
(a-1)(a-2)a" *+p(a-1)a" '+qa" 
=(a-1)(a-2)a" *+pa(a~1)a" “+qa°a" 7 
=a" “[(a-1)(a-2)+pa(a~1)+qa"] 
=() (20.52) 
Because a”? is not equal to 0, formula (20.52) becomes 
(a-1)(a-2)+pa(a-1)+qa°=0 (20.53) 
and 
(ptqtl)a—(p+3)at2=0 (20.54) 


Solve (20.54) for a, obtaining 


—_ pt3+y/[-(pt3)]"-4*2*(ptq+1) 
a) o> 2(p+q+1 ) 
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Suppose a, and a, are two distinct real numbers, then m,=a,” and m,=a,” are two 


particular solutions of (20.49) and m=C,a,"+C,a,” is a general solution of (20.49). 


20.4 Single-sided discrete partial differential 
equations 


Example 20.11: Suppose /=mn shown in Fig. 20.5. 


n0 123 4 


>o ooo 
UN= O 
‘AANO 


2 
6 


hun-=og 
—OAWS 


0 
4 
8 
] 
l 


0 4 8 12 


Fig. 20.5 Matrix representation of =mn 


We have IL em, n)=n, V'l/VmVn(m, n)=1. The initial value problem is: 


V'1/VmVn(m, n)=1 (20.55) 
Iln-0, n070 (20.56) 
Vi 

Ym ™ 1)|m=1,n-1= (20.57) 


Solution: Integrate on n to both sides of (20.55), obtaining 
(Vn=1)IV'1/VmVn(m, n)=(Vn=1)I1 
and 
Vi 
Vm 
Substitute (20.57) into (20.58), obtaining 
C,=0 


and 


(m, nj=n+C, (20.58) 


vl E 
Ym ™ n)=n (20.59) 


Integrate on m to both sides of (20.59), obtaining 
=v! eines 
(Vm=1)I5 7 (m, n)=(Vm=1)In 


and 

l=mn+C, (20.60) 
Substitute (20.56) into (20.60), obtaining 

C,=0 


and 


/=mn. 
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Chapter 21 
Unified calculus 


21.1 Overview of this chapter 


Unified calculus unifies single-sided discrete calculus and Newtonian calculus. In 
single-sided discrete calculus, the arguments range over natural numbers (i.e., the distance 
between two points in the axes of the arguments /=1), the function value ranges over real 
numbers. In Newtonian calculus, the arguments and the function value all range over real 
numbers (4-0). In unified calculus, the distance between two points in the axes of the 
arguments / can be any number with A=! and h—0 being two special cases, the function 
value ranges over real numbers. 

Unified calculus is different from time scales calculus constructed by Hilger in that 
the former unifies single-sided discrete calculus including single-sided discrete differential 
equation and Newtonian calculus including continuous differential equation, the latter 
unifies difference equation and continuous differential equation. The similarities of the two 


calculi are shown in Table 21.1. 


Table 21.1 Similarities between time scales calculus and unified calculus 


Time scales calculus Unified calculus 


T=R h-0 
T=Z h=] 
T=hZ h is any number 


The differences between time scales calculus and unified calculus are: 

(1) Time scales calculus adopts forward difference, while unified calculus adopts 
backward difference quotient. 

(2) When T=hZ, the integral of time scales calculus is defined as 

PDAS khh  ifa<b, 


which means that the geometric interpretation of the integral of time scales calculus is the 


area of the curved trapezoid enclosed by k=, f(kh), k=?-1, and f-axis, and f(kh)h is a 


rectangle of the curved trapezoid, f(kh) is the height of the rectangle, / is the width of it. 
The integral of unified calculus is defined as 
(Vn=h)l,,.,’f(n), 


20 
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which means that the geometric interpretation of the integral of unified calculus is the sum 
of the length of the vertical lines enclosed by n=ath, f(n), n=b, and n-axis, and the distance 
between two vertical lines is h. 

(3) In time scales calculus, when 7=Z, the domain is Z. In unified calculus, when A=1, 
the domain is N. 

In Chapters 19 and 20, the formulas of derivatives and integrals are obtained by 
deductive inference. In this chapter, the formulas of integrals are obtained by inductive 


inference; the formulas of derivatives are obtained from 


f(n)-f(n-Vn) _ f(n)-f(n-h) 
Vn Vn=h h > 
When h=1, it becomes the single-sided discrete left derivative, when h—0, it becomes 


Newtonian derivative. 


21.2 Unified calculus of unary functions 


21.2.1 Power functions 


21.2.1.141 Unified left derivatives of power functions 


V 
Sahra =I (21.1) 
When h=1, formula (21.1) becomes wel, the same as (20.24). When h—0, formula (21.1) 
dx _ 
becomes do h 
V(n?)/Vn|y n =2n-h (21.2) 


When /A=1, formula (21.2) becomes V(n°)/Vn=2n-1, the same as (20.25). When h—0, 
formula (21.2) becomes d(x°)/dx=2x. 

Vn?) Vn =3n-3nh+h? (21.3) 
When h=1, formula (21.3) becomes V(n°)/Vn=3n°-3n+1, the same as (20.26). When h—0, 
formula (21.3) becomes d(x*)/dx=3x’. 

V(n’V/Vn\y.-,=40-6n7h+4nh-h° (21.4) 
When h=1, formula (21.4) becomes V(n*)/Vn=4n’-6n'+4n-1, the same as (20.27). When 
h—0, formula (21.4) becomes d(x*)/dx=4x", 

V(r /Vn\_,-,=5n"*-10n°h+10n,h—Snh'+h* (21.5) 
When A=1, formula (21.5) becomes V(n°)/Vn=5n*-10n'+10n*-5n+1, the same as (20.28). 
When h—0, formula (21.5) becomes d(x°)/dx=5x". 

To sum up, the unified left derivatives of power functions treat both single-sided 


discrete left derivatives and Newtonian derivatives as its special cases. 
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21.2.1.2 Unified integrals of power functions 


(Vk=h)l, “=; (21.6) 


When /A=1, formula (21.6) becomes (Vk=1)I,_)'l=n, the same as (20.8). When h—0, we 
continuize (continuize is a new English word coined by the author, meaning the opposite 
of discretize) formula (21.6): When the distance A between two adjacent points on the 


argument axis approaches 0, the discrete variable n becomes the continuous variable x; i.e., 


lim, op =% obtaining Jl dt=x. 


(Vk=hyh-o"k={(FY +E} =) (21.7) 


When 4=1, formula (21.7) becomes (Vk=1)I,."k={n' +n}/2, the same as (20.9). When h—0, 


we continuize (21.7): We retain only the highest order of infinity, obtaining 


(Vk=h— 0) c"k-( PNE) (21.8) 


In (21.8), when A—0, k becomes ż, n becomes x, 2 is kept constant; i.e., 
f ny2 
lim,-o(5) (F) x2 

obtaining J}tdt=x=x’/2. 


(Vk=h)|, K={2(5 


When h=1, formula (21.9) becomes (Vk=1 Mlo k= {2n?+3n7+n}/6=n(n+1 )(n+2)/6, the same 
as (20.10). When h—0, we continuize (21.9), obtaining [otdt=x°/3. 


JHE] + }/(6/h?) (21.9) 


h h 
When h=1, formula (21.10) becomes (Vk=1)I,-o"k’={n'+2n'°+ }/4=n"(n+1)7/4, the same as 
(20.11). When h—0, we continuize (21.10), obtaining fiedt=x*/4. 


(Vk=h)I,-"k’= (PHPH) (21.10) 


(Vk=h)l,.."k'={6( p SEH EE Gm’ (21.11) 


When /=1, formula (21.11) becomes (Vk=1)I,-,"k*={6n°+15n*+10n°-n}/30, the same as 
(20.12). When 4-0, we continuize (21.11), obtaining Sot'dt=x°/5. 
To sum up, after introducing continuization, the unified integral of power functions 


treats both single-sided discrete integrals and Newtonian integrals as its special cases. 


21.2.2 Unified left derivatives of exponential functions 


V(a° VV n|yq-4= {a"-1 }+h*(a" ") (21.12) 
When A=1, formula (21.12) becomes V(a")/Vn=(a-1)a" ', the same as (20.22). When h—0, 


notice that lim, .,{a"-1}/h=Ina, formula (21.12) becomes d(a*)/dx=(Ina)a*. 
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To sum up, the unified left derivative of exponential function unifies both single-sided 


discrete left derivative and Newtonian derivative. 


21.2.3 Unified left derivatives of products of functions 


V(na")/Vn\v9- Sean V(a"/Vn)-(a- ja” (21.13) 


Vn 


When /=1, formula (21.13) becomes V(na")/Vn= Vn 


a"+n(V(a")/Vn)-(a-1)a" ', the same as 


(20.30). When h—0, formula (21.13) becomes dxa dx= a'+x(d(a")/dx)=a+x#Inasa’ 

V(na")/ Vn =(V(n)/Vn)a"+n?(V(a")/Vn)-(a"-1)na™+(a"-1)[(a"-2)n+h]a"® (21.14) 
When h=1, formula (21.14) becomes V(n°a")/Vn|=(V(n°)/Vn)a"+n?°(V(a")/Vn)-(a-1) 
na"+(a-1)[(a-2)n+1 Ja" |, the same as (20.31). When A—0, formula (21.14) becomes d(x’a‘)/ 
dx=(d(x°)/dx)a‘+x°7(d(a*)/dx=2xa*+x"*Ina*a*. 


To sum up, the unified left derivatives of products of functions unifies both single-sided 


discrete left derivatives and Newtonian derivatives. 


21.2.4 Unified left derivatives of negative power functions 


The single-sided discrete left derivative of this section and next section are obtained by 
inductive inference. 
l 


l = — 
Và )/V nly i m- Dn (21.15) 
l o 
V({VValvn-n= (n-h)n (21.16) 
When h=1, formula (21.16) becomes (21.15). When h—0, formula (21.16) becomes a(Ży 
dx=~1/x’. 
V(1/n?)/ Vnlg- =- {20-1 }/(n-1)n? (21.17) 
V(1/n°)/ Vnlg =- {2n-h}/(n-h)°n? (21.18) 


When /=1, formula (21.18) becomes (21.17). When h—0, formula (21.18) becomes d(1/x°)/ 
dx=-2/x°. 


21.2.5 Unified left derivatives of quotients of functions 
V(a"/n)/Vn\yn-;={(a-1)a" ‘n-a"}/(n-1)n (21.19) 
V(a"/n)/Vn|yn={(a"-1)+hxa" "*n-a"}/(n-h)n (21.20) 

When /=1, formula (21.20) becomes (21.19). When h—0, formula (21.20) becomes d(a*/x)/ 
dx={(Ina)a‘x—a*}/x°. 
V(a"/n?)/Vn|y,={(a-1)a" 'n?-a"(2n-1)}/(n- 1)? (21.21) 
V(a"/n?)/V njon = {(a"-1)+h*a" "#n?-a"(2n-h)} /(n-h)'n? (21.22) 
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When /A=1, formula (21.22) becomes (21.21). When h—0, formula (21.22) becomes d(a‘/ 
x’)/dx={(Ina)a*x’-a*2x }/x*={(Ina)a*x—2a*}/x’. 
To sum up, the unified left derivatives of quotients of functions treat both single-sided 


discrete left derivatives and Newtonian derivatives as its special cases. 


21.3 Unified calculus of binary functions 


21.3.1 Unified left partial derivatives 


Definition 21.1: The unified left partial derivative of /=f(m, n)lym-ni. ynm ON m at (Mo, 
Ny) is defined as 


Vil 
vm ™ 1) | n=m0, n=n0, Vm=hl, vn-n27 {f(Mo, Ny)—f(m_—h,, no) }/hy. 


? Vil 
Example 21.1: Suppose =m" |ym-3, Vn=2> compute Ym ™ Min 3, n=2, Vm=3, Vn=2° 


Solution: I=mn*|y.4-3. yn- iS Shown in Fig. 21.1. 


n0 2 4 6 
m 
070 0 0 0 
3 | 0 12 48 108 
6 |0 24 96 216 
9 LO 36 144 324 


Fig. 21.1 Matrix representation of I=mn’|,,,-5 yn-2 


VI 12-0 
vm ™ n)|m- 3, n=2, Vm=3, Vn=2 -g A 


SECM, n)an. ero. vni, vaie Can be similarly defined. 


21.3.2 Unified left partial derivative functions 


Suppose l=f(m, n)|ym-hi. vnn When we compute the unified left derivative function 


Yl m, N)\ym-h1. va-h2 Of / on n, we keep m constant. When we compute the unified left 


ee ca wi . : ; 
derivative function Vm ™ N)|ym-ni, vach2 Of / on m, we keep n constant. Obviously, single- 


sided discrete left partial derivative functions and Newtonian partial derivative functions are 
the special cases of unified left partial derivative functions, for they do the same. 

, Tais VI vl 
Example 21.2: Suppose l=mn"|ym-3. ya-2, Compute Vm (™ N)|ym-3. va-2 and Vn ™ 


N)|ym=3, vn=2" 
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Solution: Vm ™ Hlos: ws i5 Yn ™ N)|ym=3, vn-2=m(2n-h,)=m(2n-2). 


21.3.3 Unified double integrals 
Suppose I=f(m, n)|ym-ni. vam, then (Vm=h,)I,,-."(Vn=h,)1, .f(m, n) is unified double 


integral, and when integrating on n, we keep m constant. Obviously, single-sided discrete 
double integrals and Newtonian double integrals are the special cases of unified double 
integral, for they do the same. 

Example 21.3: Suppose I=mn’|,,,-3, y2 compute (Vm=3)I,,-o. (Vn=2)I,,-¢' mn’. 

Solution: 

(Vm=3)I,,-9 (Vn=2)I,-)' mn 


=(Vm=3)lq-0!'m{2(5) +3(5) +(5)} (6/2?) 


=(Vm=3)I,,-9' 120m 


=120{(S PSV)" 


=3600. 


21.4 Unified ordinary differential equations 


We only consider simple unified ordinary differential equations; i.e., only the highest- 
order derivative exists. At this time, integrals cannot be performed as (Vn=h)If(n), but as 
If(n)(Vn=h). (Vn=h)l,- f(n) is different from I,_,"f(n)(Vn=h). The geometric interpretation 
of the former is the sum of the length of the vertical lines enclosed by n=ath, f(n), n=b, 
and n-axis, and f(n) is the length of any of the vertical lines. The geometric interpretation 
of the latter is the area of the curved trapezoid enclosed by n=a, f(n), n=b, and n-axis, and 
J (n)h is the area of any of the rectangles, f(n) is the height of the rectangle, / is the width of 
the rectangle. For example, (Vn=2)I,-;’n is the sum of the length of the three vertical lines 
shown in Fig. 21.2 (a), (Vn=2)I,-9°n=2+4+6=12. While I,-.°n(Vn=2) is the sum of the area 
of the three shaded rectangles shown in Fig. 21.2 (b), the heights of the three rectangles are 2, 


4, and 6 respectively, the width is 2, the area of the curved trapezoid is (2+4+6)*2; i.e., we 
first compute (Vn=2)I,,-o°n=2+4+6, and then we multiply it by 2. 
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44 
94 
0 —>n 
0 2 4 6 
(a) (Vn=2)I,-9'n (b) I- n(Vn=2) 


Fig. 21.2 Different geometric interpretations of (Vn=2)I,_,‘n and I,_,°n(Vn=2) 


Example 21.4: The squares with sides being nonnegative even numbers are shown in 
Fig, 2133 


| | | 
HE 
| | | 
uE 
SE 
ne 
Z F 
‘ EE 
n 0 2 4 6 8 
mly, =0° 0 4 16 36 64 
Vm 4-0 16-4 36-16 64-36 
Vn m= > =2 “z ~z = 10 ae whee 
Vim/VM |n- 6-2_ 10-6 _, 14-10 _ 
= a: 7 


Fig. 21.3 An example of unified ordinary differential equations 


The first row are the sides of the squares, the second row are the areas of the squares, 
the third row are the first-order left derivatives of area to side, the fourth row are the 


second-order left derivatives of area to side. The initial value problem is 


Vim/Vn'|,,-=2 (21.23) 
M|,-0, vn-2=0 (21.24) 
Vm B 

Vn n=2, vn (2 l 25) 


Solution: Integrating on n to both sides of (21.23), obtaining 
I(V'm/Vn’)(Vn=2)=12(Vn=2) 


and 


2m va 2(B)2+C\=2n+C, (21.26) 


Substituting (21.25) into (21.26), obtaining 233. 
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C2 
and 

vm 

Vn 
Integrating on n to both sides of (21.27), obtaining 


oneg=2n-2 (21.27) 


Vm 
I yn (V052) I(2n 2)(Vn=2) 
and 
m|, =2 {n°/4+n/2}1(2/2)2-2(5)2+C:=n+C, (21.28) 


Substituting (21.24) into (21.28), obtaining 

C,=0 
and 

m|yn-=n". 

Single-sided discrete ordinary differential equations are special cases of unified 
ordinary differential equations, because (Vn=1)If(n) and If(n)(Vn=1) are the same in 
value. For example, (Vn=1)I,-9'n is the sum of the length of the three vertical lines shown 
in Fig. 21.4 (a), (Vn=1)I,- n=1+2+3=6. l,- n(Vn=1) is the sum of the area of the three 
shaded rectangles, the heights of the rectangles are 1, 2, and 3 respectively, the width is 1, 
Lao N(Vn=1)=(1+2+3)*1=6. 


0 1 2 3 
(a) (Vn=1)I,-9 n (b) I,- n(Vn=1) 


Fig. 21.4 (Vn=1)I,- n and I,_, n(Vn=1) are the same in value 


Example 21.5: Let us redo Example 20.10 using unified ordinary differential equation. 
The initial value problem is 


V’m/Vn’=2 (21.29) 
m|a-070 (21.30) 
V 

a eive] (21.31) 


Solution: Integrate on n to both sides of (21.29), obtaining 
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I(V'm/Vn’)(Vn=1)=12(Vn=1) 
and 


Vm 
Vn 


Substitute (21.31) into (21.32), obtaining 
C,=-1 


=2n*1+C, (21.32) 


5 2n-1 (21.33) 
Integrate on n to both sides of (21.33), obtaining 


Vi any ait 7 
loa (V05! )=1(2n 1)(Vn=1) 


and 

m=2« {n-+n}/2*1-n*1+C,=n +C, (21.34) 
Substitute (21.30) into (21.34), obtaining 

C,=0 
and 

m=n. 


From this example we see that single-sided discrete ordinary differential equations are 
special cases of unified ordinary differential equations. Continuous ordinary differential 
equations are also special cases of unified ordinary differential equations, see Example 21.6. 


Example 21.6: The continuous ordinary differential equation is 


d’y/dx*=2 (21.35) 
The initial condition one is 

y|x-0=0 (21.36) 

; Vm ‘ Vm 

Because in Example 21.4. when Vn=2, Tn I vn2=2; in Example 21.5, when Vn=1, Wn lek 
vn-t=!. We believe that when Vn—0, there is the initial condition two 

d 

= 70 (21.37) 

Solution: Integrate on x to both sides of (21.35), obtaining 

fy"dx=f2dx 
and 

D ax+C, (21.38) 


Substitute (21.37) into (21.38), obtaining 
C,=0 


and 
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= —-=2x (21.39) 


Integrate on x to both sides of (21.39), obtaining 
fy"dx=f2xdx 
and 
y=x+C, (21.40) 
Substitute (21.36) into (21.40), obtaining 
C,=0 
and 
yor. 
From this example we see that continuous ordinary differential equations are special 


cases of unified ordinary differential equations. 


21.3 Unified partial differential equations 


We only consider the simple unified partial differential equations; i.e., only the highest- 
order derivative exists. At this time, integrals cannot be performed as (Vm=h,)I(Vn=h,) 
If(m, n), but as IIf(m, n)(Vn=h,)(Vm=h,). (Vm=h,)I p- (Vn=h;)l -a f(m, n) is different 


from In- la f(m, n)(Vn=h,)(Vm=h,). The geometric interpretation of the former is the 


m=c 


sum of length of the vertical lines in the domain ath,<n<b/\ct+th,<m<d, and f(m, n) 


is the length of any of the vertical lines. The geometric interpretation of the latter is the 


96 


00 
(a) (Vm=3)l,y-¢(Vn=2)I,-9 mn" (b) I,,-0°l,-0 mm (Vn=2)(Vm=3) 
Fig. 21.5 Different geometric interpretations of (Vm=3)I p (Vn=2)l, mn? and 
Ino 1-0 Mmn’(Yn=2)(Vm=3) 
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sum of the volume of the cuboids in the domain aXn<b/\cSmWd, and f(m, n)h,h, is 
the volume of any of the cuboids, f(m, n)is the height, h, is the width, A, is the depth of 
the cuboid. For example, (Vm=3)I,,-¢°(Vn=2)I,-,'mn’ is the sum of the length of the four 
vertical lines shown in Fig. 21.5 (a), (Vm=3)I,,-9°(Vn=2)I,-9 mn’ =12+24+48+96=1 80. 
While I-I,- mn*(Vn=2)(Vm=3) is the sum of the volume of the four cuboids shown 
in Fig. 21.5 (b), In- I,- mn (Vn=2)(Vm=3)=12*2*3+2442*3+484243+96*2+*3=1080. 
Ino Io Mn’(Vn=2)(Vm=3) is computed as follows: first, (Vn=2)I,-9'mn’ is computed, and 
20m is obtained. Secondly, 20m is multiplied by Vn=2, and 40m is obtained. Thirdly, (Vm=3) 
In- 40m is computed, and 360 is obtained. Lastly, 360 is multiplied by Vm=3, and 1080 is 
obtained. 
Example 21.7: Suppose |=mn|,,,-3. y,-2 Shown in Fig. 21.6. 


n0 2 4 6 8 


m 

0 00 0 0 Q 
3 0 6 12 18 24 
6 0 12 24 36 48 
9 0 18 36 54 72 
12 LO 24 48 72 96 


Fig. 21.6 Matrix representation of l=mn|,,,-3 yn-2 


We have wm, N)\ym-3. ve2=0, VI/VnVm(m, n)|ym-3 ya-2=1. The initial value problem is 


Vi1/VnVm(m, n)|ym-3. vn-2=! (21.41) 
I ,n=0, n=0, vm=3, vn=2-O. (21.42) 
Vil 6—0 

Ym ™ N)|n=3, n=2, Vm=3, v25 2 (21 .43) 


Solution: Integrate on n to both sides of (21.41), obtaining 
IV-l/VnVm(Vn=2)=I1(Vn=2) 


and 

Ka 2=7*24+C, (21.44) 
Substitute (21.43) into (21.44), obtaining 

C,=0 
and 

a — (21.45) 


Integrate on m to both sides of (21.45), obtaining 


1XL (Ym=3)=In(Vm=3) | 
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and 


Iym=3, very *3+C, (2 J| .46) 


Substitute (21.42) into (21.46), obtaining 

C2=0 
and 

Iym-3, vn-2=Mn. 

Single-sided discrete partial differential equations are special cases of unified partial 
differential equations, because (Vm=1)I(Vn=1)If(m, n) and If(m, n)(Vn=1)(Vm=1) are 
the same in value. For example, (Vm=1)I p-o (Vn=1)I -p mn? is the sum of the length of 
the four vertical lines shown in Fig. 21.7 (a), (Vm=1)I,,-9 (Vn=1 )I,-o mn°™=1+2+4+8=15. 
Ino l-o Mn’(Vn=1)(Vm=1) is the sum of the volume of the four cuboids shown in Fig. 21.7 
(b), Ino Io MN’ (Vn=1 )(Vm=1 = 1 #1 #142 1 4 14+4* 14 14+8v1 #1 = 15, 


00 
(a) (Vm=1)I,,- (Vn=1)1,-¢ mn” (b) Im-o l-o mn’(Vn=1)(Vm=1) 


Fig. 21.7 (Vm=1)I,,-9 (Vn=1)l o mn’ and Ino I, mn’ (Vn=1)(Vm=1) 


are the same in value 


Example 21.8: We redo Example 20.11 using unified partial differential equations. 


Solution: The initial value problem is 


V'1/VmVn(m, n)=1 (21.47) 
Imn-0, n-0-O (2 l 48) 
Vl 

Tm ™ Dlm, 1-1 (21.49) 


Integrate on n to both sides of (21.47), obtaining 
[V’1/VmVn(Vn=1)=11(Vn=1) 

and 
Vi 
Vm 

Substitute (21.49) into (21.50), obtaining 


(m, n)=n+C, (21.50) 


(m, n)=n (21.51) 
Integrate on m to both sides of (21.51), obtaining 
VI Ee = 
lo (m, n)(Vm=1)=In(Vm=1) 


and 

l=mn+C, (21.52) 
Substitute (21.48) into (21.52), obtaining 

C.=0 
and 

[=mn. 

From this example we see that single-sided discrete partial differential equations are 
special cases of unified partial differential equations. 

Continuous partial differential equations are also special cases of unified partial 
differential equations, see Example 21.9. 

Example 21.9: The continuous partial differential equation is 


z/dyéx=1 (21.53) 
The initial condition one is 
Zle, y0 (21.54) 


In Example 21.7, when Vn=2, IL m, N)|m=3, n=2, Ym=3, vn-272. In Example 21.8, when 


Vn=1, T ím, N)|m=1, n=1, Ym-1, vn-17 1. We believe that when Vn—>0, we have the initial 
condition two 
se 2070 (21.55) 


Solution: Integrate on x to both sides of (21.53), obtaining 
\0°z /yOxdx=J1dx 

and 
Oz 


Bons, (21.56) 
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Substitute (21.55) into (21.56), obtaining 


ie (21.57) 
Integrate on y to both sides of (21.57), obtaining 

Š dy=lxdy 
and 

Z=xy+C, (21.58) 
Substitute (21.54) into (21.58), obtaining 

C,=0 
and 

z=xy. 

From this example, we see that continuous partial differential equations are special 


cases of unified partial differential equations. 


Part 9 
Mutually-inversistic abstract 
algebra 


Mutually-inversistic abstract algebra inherits from classical abstract algebra 
and has many innovations. For example, in mutually-inversistic abstract 
algebra, new properties such as binary bijection, complement idempotency 
are proposed; new algebras such as Boolean sum-Boolean product algebra, 
Nand-Nor algebra, main-auxiliary algebras of set theorems are constructed; 
transaxis (transaxis is a new English word coined by the author) straight lines 
in mutually inverse diagrams are used to denote double-sided discrete linear 
partial derivative functions, and to reveal algebraic properties. Algebraic 
systems are reclassified. Vertically, according as whether an algebra is 
described by a term space or a fact space, the algebra is classified as algebra 
of term space or algebra of fact space. Horizontally, according as whether 
the operators of an algebra contain the auxiliary only or contain both the 
auxiliary and the partially ordered main, the algebra is classified as auxiliary 
algebra or main-auxiliary algebra. Auxiliary algebras are further classified 
into associative auxiliary algebras (including semigroup and monoid), 
binary bijective auxiliary algebra (including group, ring, field, Boolean sum- 
Boolean product algebra), idempotent auxiliary algebra (including lattice), 
complementary idempotent auxiliary algebra (including NAND-NOR 
algebra). Main-auxiliary algebras are further classified into lattice, Boolean 
algebra, main-auxiliary algebras of set theorems. In Chapter 22, auxiliary 


algebras are studied. In Chapter 23, main-auxiliary algebras are studied. 
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Chapter 22 
Auxiliary algebras 


22.1 Algebraic structures 


22.1.1 Constituents of an algebra 


An algebra is usually composed of three parts: 

(1) A carrying set. 

(2) Operations defined on the carrying set. Operations can be unary or binary. 
Operations should be closed; i.e., the results of the operations should be within the 
carrying set. 

(3) Distinguished elements of the carrying set, called algebraic constants. Some 
algebras do not contain algebraic constants. 

An algebra is usually denoted by an n-tuple of the carrying set, the operations, and the 

algebraic constants. 

Example 22.1: (a) Integers, addition, and constant 0 constitute an algebra of term 

space. 
(1) The carrying set is Z={...,-2, -1, 0, 1, 2, ...}. 
(2) The operation defined on Z is addition (denoted as +). 
(3) The constant is 0. 
(4) This algebra is denoted as <Z, +, 0>. 

(b) The power set p(S), U, N, ~, Ø, and S constitute an algebra of fact space. 
(1) The carrying set is the power set p(S) of S. 
(2) The operations defined on p(S) are U, N, œ~. 
(3) The constants are @ and S. 

This algebra is denoted as <p(S), U, N, ~, Ø, S>. 


22.1.2 Identities and zero elements 


Identities and zero elements are algebraic constants. 

Definition 22.1: Suppose * is a binary operation on S (S is a subset of I), which is 
a domain of terms; i.e., the set of zeroth-order terms), |, is an element of S. If for every 
element x in S, we have 

1 ,*x=x 
then we say that 1, is the left identity of term space for the operation *. Suppose 0, is an 


element of S. If for every element x in S, we have 
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0,*«x=0, 
then we say 0, is the left zero element of term space for the operation *. 

Similarly, we can define the right identity of term space 1, and right zero element of 
term space 0,. 

Definition 22.2: Suppose * is an operation on S (Sc 'I,), 1 is an element in S. If for 
every element x in S, we have 

| +x=x*]=x 
then we say that | is the identity of term space for the operation *. Suppose 0 is an element 
of S. If for every element x in S, we have 

O*x=x*0=0 
then we say that 0 is the zero element of term space for the operation *. 

Definition 22.3: Suppose © is a binary operation on S (S is a subset of I,, which is the 
domain of fact propositions; i.e., the set of first-order fact propositions), 1, is an element of S. 
If for every element P in S, we have 

1,©P='P 
then we say that 1, is the left identity of fact space for the operation ©. Suppose 0, is an 
element in S. If for every element P in S, we have 

0, P= '0, 
then we say that 0, is the left zero element of fact space for the operation ©. 

Similarly, we can define right identity of fact space 1, and right zero element of fact 
space 0. 

Definition 22.4: Suppose © is a binary operation on S (Sc '1,), 1 is an element in S. If 
for every element P in S, we have 

1©P='PO1='P 
then we say that 1 is the identity of fact space for the operation ©. Suppose 0 is an element 
in S. If for every element P in S, we have 

0OP= 'PO0= '0 
then we say that 0 is the zero element of fact space for the operation ©. 

Example 22.2: The algebra of term space <{a, b, c}, *> is defined by Table 22.1. 


Table 22.1 Operation table for <{a, b, c}, *> 


* a b c 


From Table 22.1 we learn that a and b are the right zero elements of term space, there 
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is no left zero element of term space; b is the left identity of term space, there is no right 
identity of term space. 

Example 22.3: (1) The algebra of term space <Z, *, 1, 0>, where * denotes multiplication, 
has an identity | and a zero element 0. 

(2) The algebra of term space <N, +> has an identity 0 but no zero element. 

(3) Suppose S is a finite set, the algebra of fact space <p(S), U, N, ~, Ø, S> has two 
binary operations. For the operation U, Ø is the identity, S is the zero element; for the 


operation N, Ø is the zero element, S is the identity. 


22.1.3 Inverse elements 


If an algebra has an identity, then we can define inverse elements. 

Definition 22.5: Suppose * is a binary operation on S (Sc 'I)),1 is the identity for *. 
If xxy=1, then we say that x is the left inverse element of term space of y with respect to *, 
and y is the right one of x. If both x*y=1 and y*x=1 hold, then we say that x is the inverse 
element of term space of y (and y is also the inverse element of term space of x). The 
inverse element of x is usually denoted by x '. 

Similarly, we can define the inverse element (left inverse element, right inverse 
element) of fact space. If the inverse element (left inverse element, right inverse element) of 
an element exists, then the element is said to be invertible (left invertible, right invertible). 

Example 22.4: The algebra of term space <{a, b, c}, *> is defined as Table 22.2. 


Table 22.2 Operation table for <{a, b, c}, *> 


From Table 22.2 we learn that b is the identity, the right inverse element of a is c, the 
inverse element of b is itself, the left inverse element of c is a. 

Example 22.5: (1) The algebra of term space <Z, +> has the identity 0, every element 
xeZ has an inverse element -x with respect to +, for x+(—x)=0. 

(2) For the algebra of term space <N, +>, only the identity 0 has an inverse element, 
which is itself. 

(3) For the algebra of term space <R, *>, all elements but the zero element 0 have 
inverse elements. 

(4) For the algebra of fact space <p(S), U >, only the identity Ø has inverse element 


which is itself. 
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22.1.4 Complementary identities, complementary zero elements, 
and complementary inverse elements 


Definition 22.6: Suppose © is a binary operation on S(Sc 'I,), 1, is an element of S. If 
for every element P in S, we have 

1OP='~P 
then we say that 1, is the left complementary identity of fact space with regard to ©. 
Suppose 0, is an element of S. If for every element P in S, we have 

0,.OP='~0, 
then we say that 0, is the left complementary zero element of fact space with regard to ©. 

Similarly, we can define right complementary identity of fact space and right 
complementary zero element of fact space. 

Definition 22.7: Suppose © is a binary operation on S(Sc 'I,), 1 is an element of S. If 
for every element P in S, we have 

1©P= 'PO@1= '~P 
then we say that 1 is the left complementary identity of fact space with regard to ©. 
Suppose 0 is an element of S. If for every element P in S, we have 

0©P= 'PO0= '~0 
then we say that 0 is the left complementary zero element of fact space with regard to ©. 

If the complementary identity in an algebra exists, then the complementary inverse 
element can be defined. 

Definition 22.8: Suppose © is a binary operation on S(Sc 'I,), 1 is the complementary 
identity of fact space with regard to ©. If for every elements P, Q in S, we have 

POQ='1 
then we say that P is the left complementary inverse element of fact space of Q and Q is the 
right complementary inverse element of fact space of P with regard to ©. If we have 

POQ='QOP="'1 
then we say that P is the complementary inverse element of fact space of O (of course, Q 
is also the complementary inverse element of fact space of P). The complementary inverse 
element of fact space of P is denoted as P` '. 

An element having a complementary inverse element (left complementary inverse 
element, right complementary inverse element) is said to be complementary invertible (left 


complementary invertible, right complementary invertible). 


22.2 Transaxis straight lines 


Definition 22.9: If there exists at least one axis, the projection of a straight line on the 
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axis span over the whole axis, then the straight line is called a transaxis straight line. 
Example 22.6: The mutually inverse diagram of /=n+,m (+, is addition modulo 4) is 
shown in Fig. 22.1. In Fig. 22.1, straight line A,A,A;A, is a transaxis straight line, because, 
for the n-axis, the projection of A, is on n=0, that of A, is on n=1, that of A, is on n=2, that 
of A, is on n=3. For the same reason, the projection of A,A,A;A, is on the whole /-axis. 
While straight line D is not a transaxis straight line, because for the n-axis, no projection is 
on n=0; for the m-axis, no projection is on m=O; for the /-axis, no projections are on 1, 2, 3. 
In Chapter 19, every straight line denotes a double-sided discrete derivative. In this 
chapter, every transaxis straight line denotes a derivative, reveals an algebraic property. 
While non-transaxis straight lines do not denote derivatives, do not reveal algebraic properties. 
Example 22.7: In Fig. 22.1, the transaxis straight line A,A,A,A, denotes the partial 


. . Ol ; . ; 
derivative on m-o=!. It reveals that as n increases, / increases linearly; and that when m=0, 


l=m+,n 


246 Fig. 22.1 Transaxis straight lines 
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n+,0=n; i.e., m=0 is the right identity with regard to +,. Likewise, the transaxis straight line 


al ; ; : P : 
B denotes Im | o=l, reveals that n=0 is the left identity with regard to +,. The transaxis 
, : om . 
straight line C denotes znl 3=—1. It reveals that when /=3, as n increases, m decreases 


linearly, their sum retains the maximum value 3. The non-transaxis straight line D does not 


denote a derivative, does not reveal an algebraic property. 


22.3 Associative auxiliary algebras 


Associative auxiliary algebras include semigroup and monoid. 

Definition 22.10: An algebra having the constituent <S, *>, where * is a binary 
operation, and satisfying the associative law 

X*( y*z)=(x*y)*Z 
is called a semigroup of term space. 

Similarly, we can define semigroup of fact space. 

Definition 22.11: An algebra having the constituent <S, *, 1>, where * is a binary 
operation, | is the identity, and satisfying the associative law 

x*( y*z)=(x*y)*Zz 
is called a monoid of term space. 

Similarly, we can define monoid of fact space. 

Example 22.8: (1) The algebra <R, *> is a semigroup of term space. The algebra <R, *, 
1> is a monoid of term space. 

(2) The algebras <N,, +,, 0> and <N,, *,, 1> are both monoids of term space. 

(3) The algebras <p(S), U, Ø> and <p(S), 1, S> are both monoids of fact space. 

(4) The algebra <Z,, +>, where Z, is the set of positive integers, is a semigroup of term 


space, but not a monoid of term space. 


22.4 Binary bijective auxiliary algebras 


22.4.1 Groups 


Definition 22.12: The group of term space <G, *>(Gc 'Iọ) is an algebra, the binary 
operation * of which satisfies the following three conditions: 

(1) For all x, y, zeG, x*(y*z)=(x*y)*z. 

(2) There exists the identity e such that for any element xeG, we have x*e=e*x=x. 

(3) For any xeG, there exists an inverse element x ' such that x '*x=x«x '=e. 


Similarly, we can define the group of fact space. 
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In a group, the inverse element of every element is unique. Therefore the inverse 
operation -1 can be viewed as a unary operation, and the constituent of a group can be 
written as <G, *, -1, e>. 

If G is a finite set, then <G, *> is called a finite group. If G is an infinite set, then <G, 
*> is called an infinite group. The number of elements in a finite group G is called the order 
of the group. 

The operation * in a group is usually called multiplication. If * is commutative, then 
the group is called a commutative group or Abelian group. In a commutative group, if 
the operator * is changed to +, then the group is called an additive group, and the inverse 
element x ' is written as —x. 

Example 22.9: (1) The algebra <Z, +, -, 0> is an Abelian group of term space, where + 
denotes addition, — denotes unary subtraction. 

(2) The algebra <Q,, *, -1, 1> is an Abelian group of term space, where * denotes 
multiplication, -1 denotes reciprocal operation. 

(3) The algebra <N,, +,, -1, 0> is an Abelian group of term space, where x '=4—x. The 
mutually inverse diagram of +, has been shown in Fig. 22.1. The partial derivatives of 
Fig. 22.1 has been given in Example 22.7. Fig. 22.1 can be crushed into an operation table 
shown in Table 22.3. 


Table 22.3 Operation table for +, 


alo i 2 3 
olo i 2 3 
1/1 2 3 0 
IIZ 3 © 1 
$13 © I 3 


Example 22.10: Prove that <p(S), ®, -1, Ø> makes an Abelian group of fact space. 
Proof: First, both {P@O}®R and P®{QOP@R} are denoted by the shaded compartments 
of Fig. 22.2, therefore the associative law 


Fig. 22.2 © satisfies associativity 
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{P@O}OR= ' PO{O@R} 
holds. 

Secondly, for any Pep(S), we have 

@@P= 'P@O= 'P (according to the definition of ®) 
That is, Ø is the identity. Thirdly, for any Pep(S), we have 

P®P= '@ (according to the definition of ®) 
That is, the inverse element of P is itself: P '='P. Therefore, <p(S), ®, -1, Ø> makes a 
group of fact space. Lastly, both P®Q and O@P are denoted by the shaded compartments 
of Fig. 22.3, therefore, the commutative law 

(POO}= '{O@P} 
holds. Therefore, <p(S), ®, -1, Ø> makes an Abelian group of fact space. 


Fig. 22.3 © satisfies commutativity 


Similarly, we can prove that <p(S), ®, -1, S> makes an Abelian group of fact space. 
Example 22.11: The mutually inverse diagram of R= 'P@Q is shown in Fig. 22.4. In 


Fig. 22.4, the transaxis straight line A denotes the partial derivative ale i=l, reveals that 
Q= '@ is the right identity with regard to ®; the transaxis straight line B denotes the partial 


derivative sol ioal, reveals that P= '@ is the left identity with regard to ®; the transaxis 


straight line C denotes the partial derivative eli iol, reveals that P@P= '@ (where 
P= '0); i.e., the inverse element of P is itself; the transaxis straight line D denotes the 
partial derivative Se is=—l, reveals the law of excluded middle and non-contradiction 
P®~P='S (where ~P= 'Q). The mutually inverse diagram of Q= 'P ' in <p(S), ®, -1, 
@> is shown in Fig. 22.5. The transaxis straight line in Fig. 22.5 denotes derivative Ra, 


reveals P='P ' (where P= 'Q). 
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Groups are special cases of monoids, which are special cases of semigroups. 

Theorem 22.1: Identity is the only idempotent element in a group. 

Proof: If x is an idempotent element, then 

e=x '*x=y *(x*x)=(x 'ex)#X=C4X=X. 

QED. 

Definition 22.13: Suppose * is a binary operation on S, aeS. If for every x, ye S, we 
have 

(axx=a*y) V (x*a=y*a)< '(x=y) 
then we say that a is eliminable. 

Theorem 22.2: Suppose * is an associative operation on S. If aeS is invertible, then a 
is eliminable. 

Proof: Suppose x, yeS and a*x=a*y (the proof of x*a=y*a is similar, so omitted), 
because * is associative and a is invertible (the inverse element of a is denoted by a'), thus 

a 'x(aex)=(a xa) aX=X, 

a '*(aty)=(a '*a)*y=y. 

Considering 

a '*(axx)=a '*(a*y). 
Therefore, x=y; i.e., a is eliminable. 
Q.E.D. 

Theorem 22.3: Suppose <G, *> is a group, then for any x, y, zeG, 

xey=xez< =z, 

yex=z*x< 'y=z. 

Proof: Because every element in a group has an inverse element, according to Theorem 
22.2, this theorem obviously holds. 

Q.E.D. 

Theorem 22.4: Every row and column of the operation table of a group <G, *> are 
permutations (i.e., unary bijections) of the elements in G. 

Proof: First, we prove that the occurrence of an element in a row or column of the 
operation table cannot be more than once. We use proof by contradiction. Suppose that two 
elements in the row corresponding to element acG are all k; i.e., axb,=a*b,=k, and b,b. 
But according to Theorem 22.3, we have b,=b,. So, contradiction occurs. The same applies 
to columns. 

Secondly, we prove that every element in G occurs in every row and every column of 
the operation table. Consider the row corresponding to element a. Suppose b is any element 
in G. Because b=a*(a '*b), b ought to occur in the row corresponding to a. The same applies 
to columns. 


Lastly, because <G, *> contains the identity, no two rows and columns are the same. 
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To sum up: every row of the operation table is a permutation of the elements in G, and 
every row is a different permutation. The same applies to columns. 

Q.E.D. 

Theorem 22.4 concerns operation tables, which are crushed from mutually inverse 
diagrams. Restore the operation table of Theorem 22.4 to mutually inverse diagram, restore 
the rows and columns of the operation table to sections perpendicular to the x-axis and y-axis, 
restore the permutations to unary bijections, then Theorem 22.4 can be restated as Theorem 
pa 

Theorem 22.5: In the mutually inverse diagram of the binary operation * of the group 
<G, *>, every section perpendicular to the x-axis is a unary bijection, and every section 
perpendicular to the y-axis is also a unary bijection; i.e., the mutually inverse diagram of * 
is a binary bijection. 

Theorem 22.5 tells us that a group is a binary bijective auxiliary algebra with one 
binary operation. 

Example 22.12: (1) <N,, +,, -1, 0> is a group of term space. The mutually inverse 
diagram of +, is shown in Fig. 22.1, which can be decided to be a binary bijection. 

(2) <p{a, b}, ®, -1, Ø> is a group of fact space. The mutually inverse diagram of ® is 
shown in Fig. 22.4, which can be decided to be a binary bijection. 


There is only one order one group, whose operation table is shown in Table 22.4. 


Table 22.4 Operation table for order one group 
* e 


e e 


Idempotent auxiliary algebras are auxiliary algebras satisfying idempotent law and 
commutative law. From Theorem 22.1 we know that order one group is the only group 
that satisfies idempotent law. From Table 22.4 we know that order one group satisfies 
commutative law. Therefore order one group is the only binary bijective auxiliary algebra 
that is also an idempotent auxiliary algebra. Complementary idempotent auxiliary algebras 
are auxiliary algebras satisfying complementary idempotent law and commutative law. If 
we stipulate that the complement e’ of the element e in the order one group as e’=e, then we 
have 

exe=e=e’. 

That is, order one group satisfies complementary idempotent law. From Table 22.4 we 
know that order one group satisfies commutative law. Therefore, order one group is also a 
complementary idempotent auxiliary algebra. 


There is only one order two group, whose operation table is shown in Table 22.5. 
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Table 22.5 Operation table for order two group 


There is only one order three group, whose operation table is shown in Table 22.6. 


Table 22.6 Operation table for order three group 


If we stipulate e’=e, a’=b, b’=a, then the mutually inverse diagram of the order three 


group is shown in Fig. 22.6. 


x 


Fig.22.6 Order three group and complementary idempotent auxiliary algebra 


From Fig. 22.6 we know that order three group satisfies complementary idempotent 
law (the vertices on the middle auxiliary diagonal axis belong to the mutually inverse 
diagram) and commutative law (the mutually inverse diagram is symmetric with regard 
to the main diagonal plain). Therefore, it is also a complementary idempotent auxiliary 
algebra. 

There are only two order four groups, whose operation tables are shown in Tables 22.7 
and 22.8. 
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Table 22.7 Operation table one for order four group 


a b c 


X 
oO 


oon a 
oon, ao 
oan pe 
wonder 
as 27 Oo 0 


Table 22.8 Operation table two for order four group 


* e a b c 
e e a c 
a a € c b 
b b c e a 
c c b a e 


There is only one order five group, whose operation table is shown in Table 22.9. 


Table 22.9 Operation table for order five group 


* | e a b c d 
e e a b c d 
a a b c d e 
b b c d € a 
c G d e a b 
d d é a b Cc 


There are only two order six groups, whose operation tables are shown in Tables 22.10 


and 22.11. 


Table 22.10 Operation table one for order six group 


* e a b Cc d f 
e e a b c d f 
a a b c d f e 
b b c d f e a 
c c d f e a b 
d d f e a b c 
f f e a b c d 
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22.4.2 Rings and fields 


Rings and fields are binary bijective auxiliary algebras with two binary operations. 

Definition 22.14: If the binary operations + and ° of the algebra <R, +, *> satisfy the 
following three properties: 

(1) <R, +> is an Abelian group. 

(2) <R, *> is a semigroup. 

(3) Multiplication * is distributive over addition +; i.e., for any elements x, y, zeR, we 

have 

xe(ytz)=xeytxez 

(yt+z)ex=yextzex 
then we say that <R, +, *> is a ring of term space. 

The third property in the definition is to link + and +. 

Similarly, we can define rings of fact space. 

Example 22.13: (1) The algebra <Z, +, +> is a ring of term space, because <Z, +> is an 
additive group, <Z, *> is a semigroup, * is distributive over +. 

(2) The algebra <N,, +,, X% is a ring of term space. 

(3) <M,, +, *> is a ring of term space. Here, M, is a set of nxn planar matrices on Z, 
+ is the matrix addition, * is the matrix multiplication. <M,, +> is an Abelian group, the 
matrix of zeros is the identity, <M,, *> is a semigroup, matrix multiplication is distributive 
over matrix addition. 

(4) The algebra <{[O],, [1], [2]s, [3]4}, +4, 4> is a ring of fact space. 

Theorem 22.6: Suppose <R, +, *> is a ring of term space, 0 is the additive identity, 
then for any element xeR, we have 

x*0=0+x=0. 

That is, the additive identity is the multiplicative zero element. 

Proof: 0=x*0-x*0=x*(0+0)—x*0=x*0+x*0-x*0=x*0. Similarly, we can prove 0=0-+x. (In 
the proof, x-y is the abbreviation of x+(-y)). 

Q.E.D. 

Definition 22.15: Suppose <R, +, *> is a ring of term space. If there are some non- 
zero elements a, be R, such that a» b=0, then a, b are called zero divisors, <R, +, *> is called 
a ring of term space with zero divisor. A ring of term space with no zero divisor is called a 
ring of term space without zero divisor. 

Similarly, we can define rings of fact space without zero divisor. 

Definition 22.16: Given a ring of term space <R, +, *>. If <R, *> is commutative, 
then <R, +, *> is called a commutative ring; if <R, *> is a semigroup with identity; i.e., 
a monoid, then <R, +, *> is called a ring with identity. If <R, +, +> is commutative, with 


identity, and without zero divisor, then it is called a domain of term space. 
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Similarly, we can define domain of fact space. 

Example 22.14: (1) <Z, +, +> is a domain of term space. 

(2) <Ne, +6, X6? is not a domain of term space. Because 3=,2=0, 3 and 2 are zero 
divisors. <N;, +, x> is a domain of term space. 

Definition 22.17: If <F, +, +> is a domain of term space, |F|> 1 (|F| denotes the number 
of elements in F), <F-{0}, +> is a group, then <F, +, *> is a field of term space. 

Fields of term space can also be defined as follows: If 

(1) <F, +> is an Abelian group. 

(2) <F-{0}, *> is an Abelian group. 

(3) is distributive over +. 
Then <F, +, *> is called a field of term space. 

Fields of fact space can be defined similarly. 

Both binary operations in a field are binary bijections. 

Example 22.15: (1) <Q, +, +>, <R, +, *>, <C, +, +> are all fields of term space. 


256 Fig. 22.8 Mutually inverse diagram for x, 


Part 9 Mutually-inversistic.abstract algebra 


(2) <N,, +,, Xk is a field of term space, if and only if k is a prime number. Of the field 
of term space <N;, +3, X;>, the mutually inverse diagram of +, is shown in Fig. 22.7, that of 
x, is shown in Fig. 22.8. both are binary bijections. 

(3) Hih, [1]; [2];}, +3, x is a field of fact space. 


22.4.3 Boolean sum-Boolean product algebra 


Boolean sum-Boolean product algebra is a binary bijective auxiliary algebra of fact 
space. 
Definition 22.18: <p(S), ~, -1, ®, ®, Ø, S> is Boolean sum-Boolean product algebra, 
whose definition is as follows: 
(1) <p(S), ®, -1, Ø> is an Abelian group of fact space, where Ø is the identity of 
Boolean sum. 
(2) <p(S), @, -1, S> is an Abelian group of fact space, where S is the identity of 
Boolean product. 
(3) ® and @ are linked by the following complementary absorption laws: 
P@{P@O}='~O, 
P@{P@O}='~O. 
(4) Any element Pep(S) has a unique complement ~P. 
<p(S), ~, -1, ®, Q, Ø, S> 
PO{POQ}='~Q 
P®{P@Q}= '~O 


satisfies the following laws: 
Complement absorption law 


Complement absorption law 


~~ P="'P Double negation law 

~O='S Zero-one law 

~S='S Zero-one law 

P@~P='S Law of excluded middle and non-contradiction 
P@~P='O Law of anti-excluded middle and non-contradiction 
ØQP='~P Reversion law 

S®P='~P Reversion law 

~ {P®@O}= 'P@O Complementary De Morgan’s law 

~ {P@Q}= 'P@O Complementary De Morgan’s law 

P@P='O Law of inverse element 

P@P='S Law of inverse element 

@@P= 'P Law of identity 

S@P='P Law of identity 

P®@O= 'O@P Commutative law 

P@O= 'O@P Commutative law 


{P@®O}OR= 'PO{O@R} 


Associative law 
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{P@QO}@R= 'P@{O@R} Associative law 

~P®~O= 'P®O 

~P@~Q= 'P@O 

P@Q='~P@O 

P@Q= 'P®~O 

P®Q='~P@QO 

P®Q= 'P@~O 

{P®O= 'R}c '{POR='Q} N {OPR= 'P} Swap law 

{P@Q= 'R}c '{P@R='0}N {O@R= 'P} Swap law 

Now, we use mutually inverse diagram to prove the complementary absorption law 

P®{P@O}= '~O. In Fig. 22.9, the compartments with oblique lines denote P@Q, the 
compartments with vertical lines denote P@{P®Q}, which is just ~Q. 
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Fig. 22.9 The proof of P2{P@Q}= '~Q 
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The law of excluded middle and non-contradiction P®~ P= 'S denotes that, of P and ~P, 
exactly one holds (law of excluded middle), one does not hold (law of non-contradiction). 
The law of anti-excluded middle and non-contradiction P@~ P= '@ denotes that, of P and 
~P, it is not possible for them to hold simultaneously (law of non-contradiction), and it is 
not possible for them not to hold simultaneously (law of excluded middle). 
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The mutually inverse diagram of ® in <p(S), ~, -1, ®, ®, Ø, S> has been shown in 
Fig. 22.4, ® can be studied dually. The mutually inverse diagram of -1 has been shown 


in Fig. 22.5. Now, we show the mutually inverse diagram of ~ in Fig. 22.10, which is a 


transaxis straight line denoting the derivative a. -1, revealing that the complement of P is 


-Pig +P). 
22.5 Idempotent auxiliary algebras 


22.5.1 idempotent auxiliary algebras of one binary operation 


Definition 22.19: The algebra <I, *>, where Ic 'I, and * is a binary operation, satisfying 
idempotency and commutativity, is called an idempotent auxiliary algebra of term space. 

Similarly, we can define idempotent auxiliary algebras of fact space. 

Definition 22.20: Suppose <I, *> is an idempotent auxiliary algebra of term space, if 
* satisfies associativity, then <I, *> is an associative idempotent auxiliary algebra of term 
space. 

Similarly, we can define associative idempotent auxiliary algebras of fact space. 

Example 22.16: (1) Both <{1, 2, 3, 6}, GCD> and <{1, 2, 3, 6}, LCM (least common 
multiplier)> are associative idempotent auxiliary algebras of term space. 

(2) Both <N,, min> and <N,, max> are associative idempotent auxiliary algebras of 
term space. 

(3) Both <{F, T}, A> and <{F, T}, V> are associative idempotent auxiliary algebras of 
fact space. 

(4) Both <p(S), N > and <p(S), U > are associative idempotent auxiliary algebras of fact 


space. The mutually inverse diagram of M is shown in Fig. 22.11. In Fig. 22.11, the transaxis 
straight line A denotes the partial derivative Rod, reveals that when Q= '@, whatever 
P changes, R remains Ø constantly; that P N Ø= '@, that O= '@ is the right zero element 


with regard to N . The transaxis straight line B denotes ol 1970, reveals that P= '@ is the 


left zero element with regard to N . The transaxis straight line C denotes Gls reveals 
that S N Q= 'O, that P='S is the left identity with regard to N . The transaxis straight line D 


denotes An i=l, reveals that Q= 'S is the right identity with regard to N . The transaxis 


straight line F denotes Qh io=l, reveals that PX ~P='@ (law of non-contradiction) 
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where ~ P= 'Q. The transaxis straight line E denotes the directional derivative D,N (P, 
0)= Sy cos0+ 5 sind=V2, reveals idempotent law PAN P='P. If we view the transaxis 


straight lines A, C, and E as vectors A, C, and E respectively, then E=A+C. Likewise, 
E=B+D. U can be studied dually. 


R='PNO 
ta, by) 


Fig. 22.11 Mutually inverse diagram for N 


22.5.2 Lattices 


Lattices are idempotent auxiliary algebras of two binary operations. 

Definition 22.21: Suppose <L, *> and <L, +> are two associative idempotent auxiliary 
algebras of term space, and * and + satisfy the absorption laws: 

x#(xty)=x 


x+(x*y)=x 
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then <L, *, +> is a lattice of term space. 


Similarly, we can define lattices of fact space. 


22.6 Complementary idempotent auxiliary 
algebras 


22.6.1 Complementary idempotent auxiliary algebras of one 
binary operation 

This section studies complementary idempotent auxiliary algebras of one binary 
operation of fact space. Complementary idempotent auxiliary algebras of one binary 
operation of term space will be studied in Chapter 38. 

NAND t is defined as ~{PNQ}, NOR | is defined as ~{PUQ}. ft and | satisfy 
neither binary bijection nor idempotency. 

Definition 22.22: Suppose we have the algebra <C, ©>, where Cc 'l,, and Ois a 


binary operation. If © satisfies complementary idempotent law 


PO©P='~P 
and commutative law 
POQ='QOP 


then <C, ©> is called a complementary idempotent auxiliary algebra of fact space. 

Example 22.17: <p(S), ~, ~-1, tT, Ø, S> is a complementary idempotent auxiliary 
algebra of fact space, satisfies 

P+ P='~P Complementary idempotent law 

P t O='Ot P Commutative law 

P+S='~P Sis the complementary identity of t 

P t @='~@ Ø is the complementary zero element of t 

P+ ~P='S  Pand ~P are mutually complements and complementary inverse elements 


The mutually inverse diagram of f is shown in Fig. 22.12. In Fig. 22.12, the transaxis 
straight line A denotes Flo \o=0, reveals that when Q= '@, whatever P changes R 
remains S constantly, that P t Ø= 'S='~@, that Q= '@ is the right complementary zero 
element with regard to f . The transaxis straight line B denotes Sle io=0, reveals that 
P= '@ is the left complementary zero element with regard to t . The transaxis straight line 


C denotes ae i=l, reveals that P= 'S is the left complementary identity with regard 


to t . The transaxis straight line D denotes = o- 1s= 1, reveals that O='S is the right 
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complementary identity with regard to tł . The transaxis straight line F denotes Mie is=—l, 


reveals that P t ~P='S(~ P= 'Q), that ~P is the complement and complementary inverse 
element of P. The transaxis straight line E denotes the directional derivative D, ft (P, 


Q R ah Tein, reveals complementary idempotent law PM P='~P. If we 
oP oQ 


view the 


Fig. 22.12 Mutually inverse diagram for t 


transaxis straight lines A, C, and E as vectors A, C, and E respectively, then E=A+C. 
Likewise, E=B+D. The mutually inverse diagram of ~-1 is shown in Fig. 22.13, the 


transaxis straight line of which denotes oe=-1. Reveals that the complementary inverse 


element P ' of P is ~P. 
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Fig.22.13 Mutually inverse diagram for Q='P ' 


Example 22.18: <p(S), ~, ~-1, } , Ø, S> is a complementary idempotent auxiliary 
algebra of fact space, satisfies 

P|P='~P Complementary idempotent law 

P | QỌ='Ọ | P Commutative law 

P|@='~P Ø is the complementary identity of | 

P{S='~S_— Sis the complementary zero element of | 


P| ~P='@ Pand ~P are mutually complements and complementary inverse elements 


22.6.2 NAND-NOR algebra 
NAND-NOR algebra is a complementary idempotent auxiliary algebra of two binary 


operations of fact space. 
Definition 22.23: If <p(S), ~, ~-l, t, |, Ø, S> satisfies 
(1) <p(S), ~, ~-1, t, Ø, S> is a complementary idempotent auxiliary algebra. 
(2) <p(S), ~, ~-1, |, Ø, S> is a complementary idempotent auxiliary algebra. 
(3) t and } are linked by the following complementary distributive laws: 
Pt {Qi R}='~{{Pt ~O} 4 {Pt ~R}} 
PA{OtR}='~{{P 4) ~O} t {P| ~R}} 
then <p(S), ~, ~-1, t, 4, Ø, S> isa NAND-NOR algebra. 
NAND-NOR algebra also satisfies De Morgan’s laws: 
~{P t Q}='~P | ~Q, 
~{P | Q}='~P t ~Q. 
Example 22.19: Prove complementary distributive law P } {0 t R}='~{{P} ~Q} 
T {Ph ~R} 
Proof: The mutually inverse diagram of Q fî R is shown as the compartments with 
horizontal lines in Fig. 22.14. The mutually inverse diagram of P | {O t R} is shown as the 
compartments with vertical lines in Fig. 22.14, which is ~P N QN R. Therefore, we have 263 
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P\{OtR} 

'~PNONR 
='~~{~PNQONR} 
='~{PU~QU~R} 
='~{{PU~Q}U {PU ~R}} 
='~{PU~Q}N~{PU~R} 
=P} ~Q}N {P} ~R} 
eee P N Pe 
SP 4 ~Q} t P ~R}} 
Q.E.D. 


Fig. 22.14 Mutually inverse diagram for P | {Q t R}='~{{P | ~Q} t {P} ~R} 


The complementary distributive law P t {0} R}='~{{P t ~Q} } {Pt ~R}} can 
be proved similarly. 
By the way, nmin-nmax algebra and NGCD-NLCM algebra are complementary 


idempotent auxiliary algebras of two binary operations of term space. 


22.7 Isomorphism between algebras 


The sameness of structures between two algebras is called isomorphism, which can be 
described by unary bijections connecting the corresponding operations and constants of the 
two algebras. Here, we only discuss the two algebras in the form of A=<S, *, k> and A’=<S’, 
*’, k’>, where * and *’ are binary operations, k and k’ are constants. 

Definition 22.24: The algebras A=<S, *, k> and A’=<S’, *’, k’> are isomorphic, if 
there exists a unary bijection h, such that 

(1) h:S—S’ 

(2) h(a*b)=h(a)*"h(b) 

(3) h(k)=k’. 

Here, a, b are arbitrary elements in S. Condition (2) is called that the operations preserve 


under h. 
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If the mutually inverse diagrams of * and *’ are the same, and a unary bijection 
is established between the coordinates of the mutually inverse diagram of * and the 
corresponding coordinates of the mutually inverse diagram of *’, then the isomorphism 
between A=<S, *, k> and A’=<S’, *’, k’> can be established. 

Example 22.20: The mutually inverse diagram of the operation GCD of the algebra 
<{1, 2, 3, 6}, GCD> has been shown in Fig. 10.5. The mutually inverse diagram of the 
operation N ofthe algebra <p({a, b}), > has been shown in Fig. 22.11. The two mutually 
inverse diagrams are identical. The establishment of the unary bijection between their 
corresponding coordinates is as follows: 

h(1)={} 

h(2)={a} 

h(3)={b} 

h(6)={a, b} 
then isomorphism is established between <{1, 2, 3, 6}, GCD> and <p({a, b}), N >. Now, 
we use 2 and 3 to verify. We do operation first, then do mapping: h(GCD(2, 3))=h(1)={}. 
We do mapping first, then do operation: h(2) N h(3)= 'fa} N {b}= '{}. The two results are 
identical; i.e., the operations preserve under h. 

Example 22.21: The mutually inverse diagram of ® of the algebra <p({a}), ®> has 
been shown in Fig. 10.12. The mutually inverse diagram of ® of the algebra <p({a}), @> 
has been shown in Fig. 10.13. The two mutually inverse diagrams are not identical. But 
we can rearrange the order of the coordinates of the mutually inverse diagram of @, such 
that the two mutually inverse diagrams are identical. After the rearrangement, Fig. 10.13 
becomes Fig. 22.15, which is identical with Fig. 10.12. The establishment of the unary 
bijection between their coordinates is as follows: 

h({} = tay 

h({a})={} 

then isomorphism can be established between <p({a}), ®> and <p({a}), @. 


Fig. 22.15 Mutually inverse diagram of © after rearrangement 
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22.8 Summary on transaxis straight lines- 
derivatives-algebraic properties 


Transaxis straight lines belong to geometry, derivatives belong to analysis, algebraic 
properties belong to algebra. While in this chapter, the three are integrated organically. 

The derivatives of zero elements and complementary zero elements are always 0, they 
are transaxis straight lines spanning over one axis. The derivatives of identities are always 1, 
they are transaxis straight lines spanning over two axes. The derivatives of complementary 
identities are always —1, they are transaxis straight lines spanning over two axes. The 
derivatives of idempotent laws and complementary idempotent laws are always V2, they are 


transaxis straight lines spanning over three axes. 


22.9 Comparisons among various algebras of 
two binary operations 


Boolean algebras have complements but have no inverse elements. Rings and fields 
have inverse elements but have no complements. Boolean sum-Boolean product algebra 
has both complements and inverse elements. NAND-NOR algebra has complements and 
complementary inverse elements but has no inverse elements. 

Rings and fields have additive identities, multiplicative identities and zero elements, the 
additive identities are just multiplicative zero elements. In Boolean algebra, Ø is the identity 
of U and the zero element of N , S is the zero element of U and the identity of N. Boolean 
sum-Boolean product algebra has identity of Boolean sum and identity of Boolean product, 
but has no zero element. NAND-NOR algebra has neither identity nor zero element, but has 
complementary identity and complementary zero element; S is the complementary identity 
of t and the complementary zero element of | , Ø is the complementary identity of } and 
the complementary zero element of f . 

In rings and fields, + and ° are linked by the distributive law. In lattices, N and U are 
linked by the absorption law. In Boolean sum-Boolean product algebra, ® and @ are linked 
by the complementary absorption law. In NAND-NOR algebra, t and } are linked by the 
complementary distributive law. 

+ and * make Abelian groups of term space respectively, make a field of term space jointly. 
N and U make associative idempotent auxiliary algebras of fact space respectively, makes 
lattice and Boolean algebra jointly. ® and ® make Abelian groups of fact space respectively, 
makes Boolean sum-Boolean product algebra jointly. f and | make complementary 
idempotent auxiliary algebras of fact space respectively, makes NAND-NOR algebra 
jointly. 
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22.10 The laws various auxiliary algebras of one 
binary operation satisfy 


Groups must satisfy associative law, can satisfy commutative law. Idempotent auxiliary 
algebras must satisfy commutative law, can satisfy associative law. Complementary 
idempotent auxiliary algebra must satisfy commutative law, must not satisfy associative 


law. 


22.11 Comparison between auxiliary algebras 
and classical abstract algebra 


Compared with classical abstract algebra, auxiliary algebras have the following 
advantages. 
(1) Boolean sum-Boolean product algebra and NAND-NOR algebra are proposed by 
the author. 
(2) Various auxiliary algebras are described by mutually inverse diagrams, reflecting 
intuitively binary bijection, idempotency, complementary idempotency, commutativity, 
in which binary bijection and complementary idempotency are discovered by the 


author. 
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Chapter 23 
Main-auxiliary algebras 


The difference between main-auxiliary algebras and auxiliary algebras is that in the 


main-auxiliary algebras the partially ordered main plays an important role. 


23.1 + Lattices 


23.1.1 Lattices as partially ordered sets 


It can be proved that if there exists the least upper bound (lub) for the subset of a 
partially ordered set, then it is unique; and if there exists the greatest lower bound (glb), 
then it is also unique. Now, we introduce lattices based on this. 

Definition 23.1: Suppose <L, <> is a partially ordered set, where Le 'Iọ. If there 
exist the greatest lower bound and the least upper bound for any couple of elements x, y in L, 
then <L, <> isa lattice of term space. 

Usually, x*y is used to denote the greatest lower bound of {x, y}, and x+y is used to 
denote the least upper bound of {x, y}. That is, 

x*y=glb{x, y} 

xt+y=lub {x, y}. 

They are called meet and join of x and y respectively. Because the greatest lower bound and 
the least upper bound belong to L, and are unique, both meet * and join + are the binary 
operations on L. 

Definition 23.2: Suppose <L, < '> is a partially ordered set, where Lc 'I,. If there 
exist the greatest lower bound and the least upper bound for any couple of elements P, Q in L, 
then <L, < '> isa lattice of fact space. 

Usually, PAQ is used to denote the greatest lower bound of {P, Q}, and PV Q is used 
to denote the least upper bound of {P, Q}. That is, 

PAQ='glb{P, Q) 

PV Q= 'lub{P, Q}. 

They are called meet and join of P and Q respectively. 
Example 23.1: 
(1) Suppose D is the dividing evenly relation on the set of positive integers Z,, then 
<Z,, D> isa lattice of term space, because for any x, ye Z,: 


x*y=glb{x, y}=GCD {x, y} 
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x+y=lub {x, y}=LCM {x, y} 

(2) Suppose n is a positive integer, S, is the set of all of the factors of n. For example, 
S,={1, 2, 3, 6}, S.={1, 2, 4, 8}. D is the dividing evenly relation. Then <S,, D> is a 
lattice of term space. The Hasse diagrams of <S,, D>, <S,, D>, <S39, D> are shown 
in Fig. 23.1 (a), (b), and (c) respectively. 

(3) Suppose S is any set, p(S) is its power set, then the partially ordered set <p(S), c '> 
is a lattice of fact space. Because for any subsets P and Q of S, PU Q is the least 
upper bound of P and Q, PN Q is the greatest lower bound of P and Q. When S has 
two or three elements, the corresponding lattices are also shown in Fig. 23.1 (b) and 
(c) respectively. 

(4) The Hasse diagrams shown in Fig. 23.1 (d) and (e) are also lattices. 

(5) The Hasse diagrams shown in Fig. 23.2 (a), (b), and (c) are not lattices. 


(a) (b) (c) (d) (e) 


Fig. 23.1 Hasse diagrams of lattices 


(a) (b) (c) 


Fig. 23.2 Hasse fiagrams of non-lattices 


23.1.2 Lattices made from idempotent auxiliary algebras 


Definition 23.3: Suppose <L, *> and <L, +> are two associative idempotent auxiliary 
algebras of term space, and * and + satisfy the absorption laws, then <L, +, +> is a lattice of 
term space. 

Similarly, we can define lattice of fact space. 

It can be proved that Definitions 23.1 and 23.3 are equivalent. The lattice made from 
idempotent auxiliary algebras belongs to auxiliary algebras. The lattice made from partially 


ordered sets belongs to main-auxiliary algebras. 
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23.1.3 Special lattices 


Definition 23.4: Suppose <L, *, +> is a lattice of term space, if for any x, y, zeL, we 
have 

x*(y+z)=(x*y)+(x*z) 

x+(y*z)=(x+y)*(x+z) 
then we say that <L, *, +> is a distributive lattice of term space. 

Similarly, we can define distributive lattice of fact space. 


Example 23.2: None of the two lattices shown in Fig. 23.3 is a distributive lattice. 


Fig. 23.3 Hasse diagrams for non-distributive lattices 


Definition 23.5: If there exists an element a in the lattice of term space <L, <>, such 
that for any element x, we have a<x(x<a), then a is called the total lower bound (total 
upper bound) of the lattice <L, <>. 

Similarly, we can define the total lower bound (total upper bound) of a lattice of fact 
space. 

It can be proved that the total lower bound (total upper bound) is unique. 

Example 23.3: In the lattice of fact space <p(S), c '>, S is the total upper bound, Ø is 
the total lower bound. 

Definition 23.6: If there exist the total upper bound and total lower bound for a lattice, 
then they are called the bounds of the lattice, and are denoted by 0(0) and 1(1) respectively. 
A lattice having 0(0) and 1(1) is called a bounded lattice. 

Example 23.4: Any finite lattice is necessarily a bounded lattice. 

Definition 23.7: Suppose <L, *, +, 0, 1> is a bounded lattice of term space. If for some 
element acL, there exists element beL, such that 

a*b=0 atb=1 
then we say that b is the complement of a, denoted by a’. 

If b is the complement of a, then a is also the complement of b. Generally speaking, 
aeL may not have a complement. If it has, its complement may not be unique. 

Example 23.5: In Fig. 23.4 (a), none of a, b, and c has complement. In Fig. 23.4 (b), a, 
b, and c are mutually complements, their complements are not unique. In Fig. 23.4 (c), the 


complements of c are a and b, the complement of a is c, the complement of b is c. 
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Definition 23.8: In a bounded lattice, if every element has at least one complement, 
then the lattice is called a complemented lattice. 

Example 23.6: Fig. 23.4 (b) and (c) are complemented lattices, while Fig. 23.4 (a) is 
not a complemented lattice. 


oO 7) oO 


(a) (b) (c) 


Fig. 23.4 Complements and complemented lattices 


23.2 Boolean algebras 


Definition 23.9: If a lattice is both complemented and distributive, then it is a Boolean 
algebra. 

It can be proved that in a Boolean algebra, the complement of every element is unique, 
therefore we can define a unary operation—complement operation in a Boolean algebra. 
Thus, a Boolean algebra is an algebraic system that has two binary operations and one 
unary operation. A Boolean algebra of term space is denoted as <B, *, +, °, 0, 1>. A Boolean 
algebra of fact space is denoted as <B, A, V, =, 0, 1>. 

A Boolean algebra of term space satisfies the following properties: 

(1) <B, *, +> isa lattice, satisfies 

X*X5X 

MIXX 

x*y=y*x 
xty=ytx 
(x*y)*z=x*(y*z) 
(x+y)+z=x+(y+z) 
x*(x+y)=x 
x+(x*y)=x 

(2) <B, *, +> is a distributive lattice, satisfies 

x*(y+z)=(x*y)+(x*z) 
x+(y*z)=(x+y)*(x+z) 
(x*y)+(y*z)+(z*x)=(x+y)*(y+z)*(z+x) 


(x*y=x*z) A (x+y=x+z)< 'y=z 
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(3) <B, *, +, 0, 1> is a bounded lattice, satisfies 
O<SxS<1 
x*0=0 
x+1=1 
x*l=x 
x+0=x 
(4) <B, *, +, °, 0, 1> is a complemented lattice, satisfies 


x*x’=0 
x+x’=l 
0’=1 
1’=0 


(5) <B, *, +, °, 0, 1> is a complemented and distributive lattice, satisfies 
(x*y) =x ty’ 
(x+y y =x žy? 

(6) There exists the partial ordering < in the set B, satisfying 
x*y=glb{x, y} 
x+y=lub{x, y} 
x<y= 'x*y=x= 'x+y=y 
x<y= 'xay’=0="x’+y=1="'y’ <x’ 

A Boolean algebra of fact space satisfies similar properties. 

Definition 23.10: Suppose <B, *, +> is an algebraic system of term space, * and + are 
the binary operations on B. If for any elements x, y, and z, the following four conditions are 
satisfied, then <B, *, +> is a Boolean algebra of term space. 

(1) x#p=ypex and x+y=y+x 

(2) x*(y+z)=(x#y)+(x*z) and x+(y*z)=(xty)*(x+z) 

(3) There exist two elements 0 and 1, such that for any element x in B 

x*1=x and x+0=x 
are satisfied. 

(4) For any element x in B, there exists an element x’, such that 

x*x’=0 and xt+x’=1 

A Boolean algebra of fact space can be similarly defined. 

The four formulas of Definition 23.10 are basic ones, from which other formulas of 
a Boolean algebra of term space can be deduced. Definition 23.10 can also be used to test 
whether an algebraic system is a Boolean algebra of term space or not. 

Example 23.7: <{F, T}, A, V, —, F, T> is a Boolean algebra of fact space. 

Example 23.8: Suppose S={a, b}, then <p(S), N, U, ~, Ø, S> is a Boolean algebra 
2712- of fact space. The mutually inverse diagrams of ~, N, and U are shown in Figs 23.5, 23.6, 
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and 23.7 respectively. The Hasse diagram of the Boolean algebra is shown in Fig. 23.8. 


AA ~P 
fa, b} jf 
i 
tay 
{} A >P 
Oi} da} {b} {a,b} 
Fig. 23.5 Mutually inverse diagram for ~ 


Fig. 23.6 Mutually inverse diagram for N PE 
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PUQ 


Fig. 23.7 Mutually inverse diagram for U 


ta, b} 


2) 
Fig. 23.8 Hasse diagram for <p(S), N, U, ~, Ø, S> 


Finite Boolean algebras can be constructed from atoms. Now, we define covers, atoms 


first, and then, we investigate how to construct Boolean algebras from atoms. 


(274 Definition 23.11: Suppose a and b are two elements in a Boolean algebra of term 
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space. If b<a and b#a; i.e., b<a, and there exists no other element c, such that b<c and c 
<a, then we say that element a covers element b. 

Definition 23.12: Suppose <B, *, +, ’, 0, 1> is a Boolean algebra of term space, and 
acB. If a covers 0, then we say that element a is an atom of the Boolean algebra. 

Every element x of a Boolean algebra of term space <B, *, +, °, 0, 1> except 0 can be 
denoted as the join of atoms uniquely; i.e., 

x=a,ta,+...+a, (a; iS an atom). 


Boolean algebras of fact space have similar theory of atoms. 


23.3 Main-auxiliary algebras for set theorems 


Main-auxiliary algebras for set theorems are algebras of fact space. 


23.3.1 Main-auxiliary algebras for quasi-set theorems 
23.3.1.1 Q, 


First, let us construct the main-auxiliary algebra for quasi-set theorems with one fact 
proposition P: Q,. The set of minterms of one fact proposition P is S,={P, P} (P is the same 
as ~P). Taking every element in S, as an atom to construct Boolean algebra, we obtain 
Q,=<p(S,), ~, A, U, Ø, S>, shown in Fig. 23.9, where the partially ordered relation is 
c '. Each vertex in Fig. 23.9 is a fact proposition, also a unary simple-complex composition 
operation. Near each vertex is its mutually inverse diagram in which the shaded minterms 
correspond to the set of the unary simple-complex composition operation and the blank 


ones to its complement set. @ and S, are distinguished vertices. 


PP 


Fig. 23.9 Hasse diagram for Q, 


There are two kind of quasi-set theorems: quasi-set theorems with the empirical or 
mathematical connection operator being = ' and quasi-set theorems with the empirical or 
mathematical connection operator being c '. 


A quasi-set theorem with the empirical or mathematical connection operator being = ' 
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is proved in Q, as follows: suppose A and B are any two vertices on Q,. If A and B are the 
same vertex, then A= 'B is a quasi-set theorem. If B is the complement of A, then ~A= 'B 
is a quasi-set theorem. For example, PU ~P and S, are the same vertex, and therefore, P U 
~ P= 'S, is a quasi-set theorem. P is the complement of ~P, and therefore, ~ {~P}= 'P is 
a quasi-set theorem. 

A quasi-set theorem with the empirical or mathematical connection operator being c ' 
is proved in Q, as follows: suppose C and D are two vertices on Q,; C is not Ø, D is not S}. 
If D is reachable from C via an ascending path (including zero path), then Cc 'D is a quasi- 
set theorem; e.g., P is reachable from P via an ascending path, and therefore, Pc 'P is a 


quasi-set theorem. 


23.3.1.2 Consistency and completeness theorem 

Consistency: Suppose A and B are any two vertices on Q,, C and D are two vertices 
on Q,; C is not Ø, D is not S,. If at least one of A= 'B and ~ {A= 'B} is not a quasi-set 
theorem, and at least one of Cc 'D and ~ {Cc 'D} is not a quasi-set theorem, then Q, is 
consistent. 

Completeness: Suppose A and B are any two vertices on Q,, C and D are two vertices 
on Q,; C is not Ø, D is not S,. If at least one of A= 'B and ~ {A= 'B} isa quasi-set theorem, 
and at least one of Cc 'D and ~ {Cc 'D} is a quasi-set theorem, then Q, is complete. 

Consistency and completeness theorem for Q,: Q, is both consistent and complete. 

Proof: Suppose A and B are any vertices on Q,. In the Hasse diagram of Q, shown in 
Fig. 23.9, either A and B are the same vertex, or they are not; i.e., of A= 'B and ~ {A= 'B}, 
exactly one holds and one does not. Suppose C and D are any vertices on Q, except @ and 
S,. In the Hasse diagram of Q,, either D is reachable from C via an ascending path, or such 
a path does not exist; i.e., of Cc 'D and ~ {Cc 'D}, exactly one holds and one does not. 
Because one of A= 'B and ~ {A= 'B} does not hold, and one of Cc 'D and ~ {Cc 'D} 
does not hold, Q, is consistent. Because one of A= 'B and ~ {A= 'B} holds, and one of Cc 'D 
and ~ {Cc 'D} holds, Q, is complete. 

Q.E.D. 


23.3.1.3 Q, 

Now, let us construct the main-auxiliary algebra for quasi-set theorems with two 
fact propositions P and Q: Q,. The set of minterms with P and Q two fact propositions is 
S,={PO, PQ, PO, PQ}. Taking every element in S, as an atom to construct Boolean algebra, 
we obtain Q,=<p(S;), ~, N, U, Ø, S,>, shown in Fig. 23.10, where the partially ordered 
relation is c '. Each vertex in Fig. 23.10 is a fact proposition, also a binary simple-complex 


composition operation. Near each vertex is its mutually inverse diagram, and the positions 
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of various minterms in the mutually inverse diagram are shown on the bottom left corner of 
Fig. 23.10. @ and S, are distinguished vertices. 

The proof of quasi-set theorems on Q, is similar to that on Q,. It can be proved that 
PN@='O, PNP='P, PU~P='S,, ~{PNQ}='~PU~Q, PNQc'P, etc. are quasi-set 


theorems. Similar to Q,, it can be proved Q, is both consistent and complete. 


Fig. 23.10 Hasse diagram for Q, 


23.3.2 Main-auxiliary algebras for single set theorems and 
logical squares, logical rectangles, logical pies 
23.3.2.1 US, 

The set of minterms with P and Q two fact propositions is S,={PO, PQ, PQ, 
PQ}. Taking every element in S, as an atom to construct Boolean algebra, we obtain 
the unicellular main-auxiliary algebra for single set theorems with P and Q two fact 
propositions US,=<p(S,), ~, N, U, Ø, S,>, shown in Fig. 23.11. 

Unlike Fig. 23.10 where each vertex is a fact proposition, each vertex in Fig. 23.11 is 
a unicellular second-order single empirical or mathematical connection proposition. Both 
Q, and US, are obtained by taking every element in S, as an atom to construct Boolean 
algebra, but they are obtained differently. Take the vertex P@Q in Q, and the vertex ~P= 'Q 
in US, as examples. Both are obtained from {PQ, PQ}. But P®Q regards {PQ, PO} as the 
corresponding set of the ® operation (hence shaded), regards the two minterms not occurred 
in {PQ, PQ} as the complement set of the ® operation (hence blank). While ~P= 'O 
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regards {PQ, PO} as the existent minterms (hence drawn), regards the two minterms not 


occurred in {PQ, PQ} as the nonexistent minterms (hence not drawn). 


02 
Fig. 23.11 Hasse diagram for US, 


In Fig. 23.11, the concrete vertices are real vertices, each of which represents a 
unicellular second-order single empirical or mathematical connection proposition with its 
mutually inverse diagram nearby. The hollow vertices are imaginary vertices representing 
meaningless second-order single empirical or mathematical connection propositions, 
because at least one of P or Q is a distinguished proposition. The vertices are numbered, 
from 0 to F. The vertices numbered C, A, 5, 3 are called characteristic vertices and have 
the following properties: if we take these characteristic vertices as the top vertices, take the 
vertex numbered 0 as the bottom vertex, and make substructures (they are not sub-Boolean 
algebras of Fig. 23.11, so we call them substructures instead), then all vertices in these 


substructures are imaginary ones; others are all real vertices. 


23.3.2.2 MS, and logical squares 
Taking every vertex in US, as an atom to construct Boolean algebra, we obtain 
the multicellular main-auxiliary algebra for single set theorems with P and Q two fact 


propositions MS,=<p(p(S,)), ~, N, U, Ø, p(S,)>, a sketch of which is shown in Fig. 
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23.12, where the partially ordered relation is c '. In Fig. 23.12, only the real vertices are 
developed, and only the useful second-order single empirical or mathematical connection 


propositions are given. 


p(S>) 


Fig. 23.12 Hasse diagram for MS, 


Similar to the construction of MS,, we can construct MS, and MS,. 

MS, can be used to prove single set theorems. Take MS, as an example. The proof 
method is as follows: suppose A, B, and C are any real vertices on MS,; i.e., the given 
vertices on Fig. 23.12 except the bottom one and the top one. If B is reachable from A via 
an ascending path, then Ac 'B is a single set theorem; if the path is zero path (i.e., A and 
B are the same vertex), then A= 'B is a single set theorem; otherwise, Ac 'B is a single 
set theorem; if B is the complement of A, then A and B are contradictory propositions and 
~ A= 'B isa single set theorem; if B is the complement of A, and B is reachable from C via an 
ascending path, then A and C are contrary propositions, and ~{A|M 'C} or ~AU|'~C is 
a single set theorem; if B is the complement of A, and C is reachable from B via an ascending 
path, then A and C are subcontrary propositions, and A U|'C is a single set theorem. For 
example, from Fig. 23.12 we learn that, Pa 'Q is mutually inversely contained in P|N 'Q, 
Pc 'Q and P|N '~Q are contradictory propositions, Pc 'Q and Pc '~@ are contrary 
propositions, P|N 'Q and P|M '~@Q are subcontrary propositions. According to MS,, we 


can construct the logical square shown in Fig. 23.13. 


a 
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Pa =O 
S 
= 
T 
3 
> 
A 
= 
PINO subcontrariety Pn '~Q 


Fig. 23.13 Logical square 
Similar to Q,, we can prove that MS, is both consistent and complete. 


23.3.2.3 Correspondence between MS, and US, 

MS,, MS,, and MS, are theoretically stringent but not practical; first, because they 
have too many vertices, MS, has 65536 vertices, the numbers of vertices of MS, and MS, 
are astronomical figures and cannot be practically disposed of. Secondly, they have too 
many useless vertices. For example, MS, has 65536 vertices, but only two dozen shown in 
Fig. 23.12 are useful. Therefore, in single set theorem proving, what we actually use is US, 
not MS,. 

How do we perform single set theorem proving on US,? We already know how to do 
it on MS,. The task remaining is to make a one-to-one correspondence between MS, and 
US,. Take MS, and US, as an example. A vertex on MS, is a multicellular second-order 
single empirical or mathematical connection proposition, a vertex on US, is a unicellular 
second-order single empirical or mathematical connection proposition, therefore, a vertex 
on MS, corresponds a set of real vertices on US,. For example, vertex P|M 'Q on MS, 
corresponds to the set composed of all the real vertices of the substructure on US, with 8 
being the bottom vertex and F being the top one, the common characteristic of which is the 
presence of the minterm PQ. Vertex Pc 'Q (equivalent to~PU|'Q) on MS, corresponds 
to the set composed of all the real vertices of the substructure on US, with B being the top 
vertex and 0 being the bottom one, the common characteristic of which is the absence of the 
minterm PQ. The greatest lower bound and least upper bound of the two vertices A and B 
on MS, correspond to the intersection and union of the two sets of real vertices A and B on 
US,. For example, the greatest lower bound of the vertices Pc 'Q and ~Pa '~Q on MS, 
is P= 'Q, and the intersection of the sets Pc 'Q (composed of the real vertices 9 and B) and 
~Pc'~Q (composed of the real vertices 9 and D) on US, is the set composed of vertex 
P='Q (vertex 9). Vertex B being reachable from vertex A via an ascending path on MS, 
corresponds to set A being contained in set B on US,. For example, on MS,, vertex P| 'Q 
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is reachable from vertex Pc 'Q via an ascending path, and on US,, set Pc 'O (composed of 
9 and B) is contained in set P| 'O (composed of 9, B, D, E, and F). Vertex A and vertex 
B being the same vertex on MS, corresponds to set A and set B being equivalent on US.. 
For example, on MS,, vertex {Pc '0}N{~Pc'~Q} and vertex P='Q are the same, 
and on US,, set {Pa 'Q }M{~Pc'~Q} and set P='O are equivalent. Vertex B being 
reachable from vertex A via a nonzero ascending path on MS, corresponds to set A being 
properly contained in set B on US,. For example, on MS,, vertex P|N 'Q is reachable from 
vertex Pc 'Q via a nonzero ascending path, and on US,, set Pc 'Ọ (composed of 9 and B) 
is properly contained in set P|M 'O (composed of 9, B, D, E, and F). Vertex B being the 
complement (contradictory proposition) of vertex A on MS, corresponds to set B being the 
complement set of set A on US,; i.e., their union is the universal set, their intersection is the 
empty set. For example, on MS,, vertex Pa '~Q is the complement of vertex P|M 'Q, and 
on US,, set Pc '~Q (composed of 6 and 7) is the complement set of set P| N 'O (composed 
of 9, B, D, E, and F), their union is the universal set, their intersection is the empty set. 
Vertices A and C being contrary propositions on MS, corresponds to the union of sets A and 
C not being the universal set, the intersection of A and C being the empty set on US,. For 
example, on MS,, Pc 'Q and Pa '~Ọ are contrary propositions, and on US,, the union 
of set Pc 'O (composed of 9 and B) and set Pc '~Q (composed of 6 and 7) is not the 
universal set, the intersection of them is the empty set. Vertices A and C being subcontrary 
propositions on MS, corresponds to the union of sets A and C being the universal set, the 
intersection of A and C not being the empty set on US,. For example, on MS,, P|M 'O and 
P|N '~Q are subcontrary propositions, and on US,, the union of set P|} 'O (composed 
of 9, B, D, E, and F) and set P| '~Q (composed of 6, 7, D, E, and F) is the universal set, 
their intersection is not the empty set. The bottom vertex and top vertex on MS, correspond 
to the empty set and the universal set on US,. 

According to the above correspondence between MS, and US,, US, can be used to 
prove single set theorems as follows: suppose A and B are two sets of real vertices on US,, 
and A and B are neither empty set nor universal set. If A is contained in B, then Ac 'B is 
a single set theorem. If A and B are equivalent, then A= 'B is a single set theorem. If A is 
properly contained in B, then Ac 'B is a single set theorem. If B is the complement set of 
A, then ~ A= 'B is a single set theorem. If A and B are contrary propositions; i.e., A UB is 
not the universal set, and A NB is the empty set, then ~A U| '~B is a single set theorem. 
If A and B are subcontrary propositions; i.e., A U B is the universal set, and A NB is not the 


empty set, then A U| 'B is a single set theorem. 


23.3.2.4 Logical rectangles and logical pies 


According to US,, we can make the logical rectangle shown in Fig. 23.14. In Fig. 
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23.14, the rectangle denotes the universal set {6, 7, 9, B, D, E, F}. The two vertical 
dotted lines divide the rectangle into left, middle, and right three compartments. The left 
compartment {9, B} denotes Pc 'Q, the right compartment {6, 7} denotes Pa '~Q, the 
left-middle compartments {9, B, D, E, F} denote P|M 'Q, the middle-right compartments 
{6, 7, D, E, F} denote P|N '~Q. All the opposition relations in Fig. 23.13 correspond to 
something in Fig. 23.14. For example, the subalternation of P< 'Q and P|N 'Q in Fig. 
23.13 corresponds to Pc 'Q being contained in P|M 'Q in Fig. 23.14. The contradiction 
of Pa 'Q and P|N '~Q in Fig. 23.13 corresponds to P|M '~Q (the middle-right 
compartments) being the complement set of Pc 'Q (the left compartment) in Fig.23.14. 
The contrariety of Pc 'Q and Pc '~Q in Fig. 23.13 corresponds to the union of Pc 'Q 
(the left compartment) and Pc '~Q (the right compartment) not being the universal set, the 
intersection being the empty set in Fig. 23.14. The subcontrariety of P|N 'O and P|N '~O 
in Fig. 23.13 corresponds to the union of P|N 'Q (the left-middle compartments) and P|N ' 
~Ọ (the middle-right compartments) being the universal set, the intersection not being 
the empty set. Fig. 23.14 also reveals some information that Fig. 23.13 lack: the middle 
compartment is one that both the contrary propositions Pc 'Q and Pc '~Q not cover and 


the subcontrary propositions P|N 'Q and P|N '~Q overlap. 


Pc'O : | P-o 


Pe 0 P= 0 Oc 'P 


Pio P-o 


P'O Od'P 


Fig. 23.14 Logical rectangle Fig.23.15 Logical rectangle of 5 propositions 


In some logical rectangles, the fifth proposition can be put into the middle compartment 
to form a logical rectangle of five propositions, as shown in Fig. 23.15. Fig. 23.15 can 
denotes the six opposition relations that a logical square can denotes: the subalternation of 
Pc 'ỌQ and Pc 'Ọ, the subalternation of Qc 'P and Qc 'P, the contradiction of Pc 'Q and 
Qc 'P, the contradiction of Qc 'P and Pc 'Q, the contrariety of P< 'Q and Qc 'P, the 
subcontrariety of Pc 'O and Qc 'P. Fig. 23.15 can also denotes four opposition relations 
that a logical square cannot denote: the contrariety of P= 'Q and Pc 'Q, the contrariety of 
P='Q and Qc 'P, the subalternation of P= 'Q and Pc 'Q, the subalternation of P= 'Q and 
Qc 'P. 
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The left compartment and the right compartment of Fig. 23.15 are not adjacent, not 
to form the left-right compartments. Whereas, the left-right compartments can denote the 
proposition P# 'Q. Therefore, we connect the left compartment and the right compartment 
to form the logical pie shown in Fig. 23.16. 


Fig. 23.16 Logical pie 


In addition to the 10 opposition relations Fig. 23.15 denote, Fig. 23.16 can also denotes 
the 5 opposition relation that Fig. 23.15 cannot denote: the subalernation of Pc 'Q and 
P+ 'Ọ, the subalternation of Oc 'P and P# 'Q, the contradiction of P='Q and PŁ 'Q, the 
subcontrariety of Pc 'Q and P# 'Q, the subcontrariety of Oc 'P and P# 'Q. 


23.3.3 Main-auxiliary algebras of multiple set theorems 


Eliminating the bottom propositions of Figs. 5.33 and 5.34, merging the two next to the 
bottom propositions into one, reversing top side down, then we obtain the main-auxiliary 
algebra for multiple set theorems with p(x), q(v), and r(x, y) three fact propositions M,, as 
shown in Fig. 23.17. The vertices in Fig. 23.17 are numbered, near each vertex, its least 
success diagram is given. 

M, is a complemented lattice. The complements of each element are not unique. 
Suppose 4 is any element in M,, A has more than one complements, and ~4 is its main 
complement. For example, vertex 2 has two complements: vertices 3 and 5, and vertex 5 is 
its main complement. 

Multiple set theorem proving on M, is performed as follows: suppose A, B, and C are 
any vertices on M, (each vertex is a property proposition segment). If B is reachable from 
A via an ascending path, then Ar(x, y)c 'Br(x, y) is a multiple set theorem. For example, 
vertex 4 is reachable from vertex 2 via an ascending path, hence {g(y)|M '{p(x)c 'r(x, 
yha {p(xc 'g(v)|N 'r(x, y)} is a multiple set theorem. If vertex B is reachable from 
vertex A via a zero ascending path; i.e., vertices A and B are the same vertex, then Ar(x, 


y)= 'Br(x, y) is a multiple set theorem. For example, vertex 1 is reachable from vertex 1 via 
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a zero ascending path, hence {p(x)c 'g(y)c ‘rax, y= oa 'p(x)c 'r(x, y)} is a multiple 
set theorem. If B is the main complement of A, then A and B are contradictory propositions, 
and ~{Ar(x, y= 'B~r(x, y) is a multiple set theorem. For example, vertex 5 is the main 
complement of vertex 2, hence ~ {g(v)|N {p(x ra, vy) }}= {ave PN '~r(x, v)} 
is a multiple set theorem. If B is the main complement of A, and B is reachable from C via a 
nonzero ascending path, then Ar(x, y) and C~r(x, y) are contrary propositions, and ~ Ar(x, 
y)U| '~C~r(x, y) is a multiple set theorem. For example, vertex 5 is the main complement 
of vertex 2, and vertex 5 is reachable from vertex 3 via a nonzero ascending path, hence 
vertices 2 and 3 are contrary propositions, and ~ {q(y)|N {pc ‘r(x, y)}} Ul] S WNA | 
{q(v)c '~r(x, y)}} is a multiple set theorem. If B is the main complement of A, and C is 
reachable from B via a nonzero ascending path, then Ar(x, y) and C~r(x, y) are subcontrary 
propositions, and Ar(x, y)U | 'C~r(x, y) is a multiple set theorem. For example, vertex 2 
is the main complement of vertex 5, and vertex 4 is reachable from vertex 2 via a nonzero 
ascending path, hence vertices 5 and 4 are subcontrary propositions, and {q(y)c 'p(x)| ‘rx, 


y)} Ul {pc 'q(y)|N '~r(x, y)} is a multiple set theorem. 


i . 
PIN DIN ' 6 x 


4 5 


pæ qoc ' gaye PIN ' 


q0 pwe PRIN toa 


3 


y 
Pc 4go) 1 Et. 


Fig. 23.17 Hasse diagram for M, 


Part.9.....Mutually-inversistic, abstract algebra 


Similar to Q,, it can be proved that M, is both consistent and complete. 


23.3.4 Main-auxiliary algebras for semi-set theorems and logical cube 


23.3.4.1 Main-auxiliary algebras for semi-set theorems 

If one side of a set connection operator is a single empirical or mathematical 
connection proposition, the other side is a fact proposition, then the proposition obtained 
is called a semi-set connection proposition. For example, ~Pa '{Pc 'Q}, Oc '{Pc'0}, 
{~P-'O0}N{~Pc'~Q}=''P, etc. are semi-set connection propositions. The Q in ~Pc'! 
{Pc 'Q} is a free proposition variable, and the P in Qc ! {Pc 'Ọ} is a free proposition variable, 
therefore these implication paradoxes cannot be semi-set theorems. Both P and Q in {~Pc' 
O}N{~Pc'~Q}= 'P are bound proposition variables, therefore, it can be proved to be a 
semi-set theorem. 

Main-auxiliary algebra for semi-set theorem SE, is obtained by piecing US, and Q, 
together. It retains the seven real vertices of US,, and the nine imaginary vertices of US, are 


replaced by the corresponding vertices of Q,, as is shown in Fig. 23.18. 


KA 
Fig. 23.18 Hasse diagram for SE, 
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The set of all the real vertices of the substructure on SE, with vertex 8 at the bottom, 
vertex F at the top (i.e., vertices 9, B, D, E, and F) denotes P|N 'Q. Similarly, P|N ' 
~Q, ~P|N 'OQ, and ~P|N '~O can be denoted. The set of all the real vertices of the 
substructure on SE, with vertex 0 at the bottom, vertex 7 at the top (i.e., vertices 6 and 7) 
denotes Pc '~@Q (i.e., ~PU| '~Q). Similarly, Pc 'Ọ (i.e, ~PU|'Q), ~Pa '~ọỌ (i.e., 
PU|'~Q), and ~Pc 'Q (i.e., PU | 'Q) can be denoted. 

Using SE, we can prove single set theorems {Pc'O}c {PIN 'O}, {Pc 'O}c' 
{~P|N'~Q}, ~{PIN'O}= {Pc '~Q}, {Po'O}N {Oc 'P}='{P='Q}, etc., the proof 
method is the same as US,. Using SE, we can prove quasi-set theorems PN Qc 'P, PN Qc 'Q, 
etc., the proof method is the same as Q,. Using SE, we can prove semi-set theorems {~P 
<'O}N{~Pc'~OQ}='P (proof by refutation), {Pa 'O}N {Pa '~Q}= '~P (reduction 
to absurdity), {Pc 'O}N{~Pc'O}='O, and {Pc '~O}N{~Pc'~Q}='~Q. Take 
{~Po'O}N{~Pc'|'~Q}= 'P (proof by refutation) as an example. It is proved as 
follows: the greatest lower bound of vertex E (denoting ~ Pc '0) and vertex D (denoting 
~Pc '~Q) is vertex C (denoting P), therefore {~Pa '0}N{~Pc'~Q}='P is a semi- 


set theorem. 


23.3.4.2 Logical cube 

The shape of the logical cube is like the Rubic cube, it is also composed of 3*3#3 
cubes. Every cube of the logical cube denotes a vertex of SE,. There are 27 cubes in the 
logical cube, whereas there are only 16 vertices in SE,. Therefore, for some vertices of SE,, 
one vertex corresponds to several cubes of the logical cube. A cube of the logical cube is 


shown in Fig. 23.19. 


Fig. 23.19 A cube of the logical cube 


In Fig. 23.19, at the top is the proposition ~ Pc 'Q the cube denotes, at the bottom left 
corner is the number E of the vertex on SE, the proposition ~Pc 'Q corresponds, at the 


bottom right corner is the position the cube situates: the first level, the second row, the third 
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The logical cube is shown in Fig. 23.20. 
In Fig. 23.21, the top left side of the double line is the proposition P| 'Q, the bottom 
right side is the proposition Pc '~Q (Here we deem that Ø can occur in both P|M 'Q and 


Fig. 23.20 Logical cube 
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Pc'~Q). Fig. 23.21 can be used to denote ~{P|N 'O}= '{Po'~O}: the union of PIN 'O 
and Pc '~Q is the whole logical cube, the intersection is the empty set. Fig. 23.21 can also 
be used to denote {Pc 'O}c '{P|N 'O}: Pa 'O is composed of cubes 221 (vertex 9), 211 
(vertex B), 312 (vertex B), and 321 (vertex B), they are contained in P| 'Q. 


Pco'~Q 


288 Fig. 23.21 ~{P|N 'Q}='{Pc '~Q} and {Pc 'Q}c "PIN 'Q} 
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In Fig. 23.22, the bottom left side of the double line is the proposition ~P|N '~Q. 
Fig. 23.22 can be used to denote {Pc 'O}c '{~P|N '~Q}: Pe 'Q is composed of cubes 
221 (vertex 9), 211 (vertex B), 312 (vertex B), and 321 (vertex B), they are contained in 
~P|N'~Q. 


Fig. 23.22 {Pc'O}c '{~P|N '~Q} 
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In SE, (Fig. 23.18), the vertices P|N 'O and P|N '~Q overlap are C, D, E, and F, the 
vertices they do not cover are 0, 1, 2, and 3. In Fig. 23.23, the top left side of the dotted line 
denotes P|N 'Q, the bottom right side of the concrete line denotes P|N '~Q. The vertices 
they overlap are 0, C, D, E, and F, the vertices they do not cover are 1, 2, and 3. 


Fig. 23.23 P|N 'Qand P|N "~Q 


Part 9 Mutually-inversistic abstract algebra 


In the logical cube, single set theorem {Pc '0}N {Qc 'P}='{P='O} is denoted by 
the logical rectangle shown in Fig. 23. 24. 


B 21149 221D 231 


— 


Fig. 23.24 {Pc '0}N {Oc 'P}= '{P='0} 


In the logical cube, semi-set theorem {~Pa '0}M{~Pc'~Q}= 'P is denoted by 
the logical rectangle shown in Fig. 23.25. 


Fig. 23.25 {~Pc'Q}N{~Pc'~Q}='P 


In the logical cube, semi-set theorem {Pc 'Q} N {Pa '~Q}='~P is denoted by the 
logical rectangle shown in Fig. 23.26. 


Fig. 23.26 {Po 'O}N {Pc '~Q}='~P 


In the logical cube, semi-set theorem {P< '0}N{~Pc'Q}='Q is denoted by the 
logical rectangle shown in Fig. 23.27. 
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~R oO" | PEQ 
treo 
N {Pc 'Q} 
-Peg Pic'9 
E 112} A 212 B 312 


Fig. 23.27 {Pc 'Q}N {~Pc'Q}='Q 


In the logical cube, semi-set theorem {Pa '~Q}N{~Pc'~Q}='~Q is denoted by 
the logical rectangle shown in Fig. 23.28. 


| apg ~Q=' Pc'~O 
{~P ~@} | 
| {Pa '~Q} | 
or i te Pic'~O 
332 
|D 132:5 232:7 332 


Fig. 23.28 {Pc '~Q0}N{~Pc'~Q}]='~Q 


23.3.5 Main-auxiliary algebras vs. Boolean algebras and 
complemented lattice 


Q, and Q, differ from Boolean algebra in that Cc 'D in Q, and Q, requires that C and 
D are not distinguished sets, but in Boolean algebra there is no such requirement. MS, 
differs from Boolean algebra in that the sub-algebra of MS, may not be an MS, because it 
may not be used to prove single set theorems. US, is not a Boolean algebra at all because 
the partially ordered relation c ' does not exist. M, differs from a complemented lattice in 


that the former has the concept of a main complement while the latter does not. 


23.3.6 Decision problems 


A decision problem refers to the problem that given a set proposition, if there exists 
an algorithm for a main-auxiliary algebra for set theorems that can decide in finite steps 
whether the proposition is a set theorem or not. If such an algorithm exists, then the main- 
auxiliary algebra for set theorems is decidable; otherwise, it is undecidable. 

All the main-auxiliary algebras for set theorems in this chapter are decidable. Because 
algorithms are found for them, and are implemented on personal computers as provers. For 
any inputted set proposition, the provers can decide within seconds whether the proposition 


is a set theorem or not. For the algorithms, see Chapter 33. 


Part 10 
Universal matrices 


Universal matrices unify planar matrices, multi-dimensional 
matrices, scalars, vectors, and tensors. Isodimensional 
(isodimensional is a new English word coined by the 
author) matrices and tensor matrices are the special cases 
of universal matrices. Isodimensional matrices refer to such 
matrices that an n-dimensional matrix can only be multiplied 
by an n-dimensional matrix, and the matrix yield is also 
an n-dimensional matrix. In this chapter 3-isodimensional 
matrices; i.e., cuboidal matrices are discussed in detail. 
Tensor matrices refer to that an nth-order tensor is denoted 
by an n-dimensional matrix, so that tensor algebra becomes 
tensor matrix algebra. 

An m-dimensional matrix multiplied by an n-dimensional 
matrix, the resulting matrix is any dimension from |m—n| to 


mtn. 
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Chapter 24 
Universal matrices 


24.1 Representation of n-dimensional matrices 


24.1.1 Representation of 0-dimensional matrices 


A 0-dimensional matrix is a scalar denoted by: a. 


24.1.2 Representation of 1-dimensional matrices 


A |-dimensional matrix is a vector denoted by a row shown in Fig. 24.1 or a column 
shown in Fig. 24.2. 


ee 


Fig. 24.1 Vector 


Fig. 24.2 Vector 


The subscripts n in these vectors are the order of the vectors. 


24.1.3 Representation of 2-dimensional matrices 


A 2-dimensional matrix is a planar matrix denoted by Fig. 24.3. 


Fig. 24.3 Planar matrix 


Fig. 24.3 is an mxn order matrix. An nxn order planar matrix is called a square matrix. 
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24.1.4 Representation of 3-dimensional matrices 


A 3-dimensional matrix is a cuboidal matrix whose three dimensions are: height A, 
width w, and depth d shown in Fig. 24.4. 


h 


Fig. 24.4 Three dimensions of a cuboidal matrix 


Cuboidal matrix A is usually denoted by A,,, or A=[a;,] 


an element of the ith height, jth width, and Ath depth, p, q, and r stand for the orders of 


in which a; stands for 


pqr pqr? 


the height, width, and depth of A respectively. A can be denoted by a number of planar 
matrices A; (i=1, 2, ..., p) along the height direction. Each planar matrix in it is called a 
height plane, and A,,; is the ith height plane. This representation is called the height plane 


representation, and is shown in Fig. 24.5. 


Fig. 24.5 Height plane representation 


Similarly, A can be denoted by a number of width planes Ay, (j=1, 2, ..., q) called the 
width plane representation shown in Fig. 24.6. 
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aii aizi aiqi 
a2) am anı am aai aig 
ais Ris Ba 
ai: Anis ap > Ajo, Angi Aj ar 
Ani2 air ap22 azr apa2 aaqr 
apir ap2r Agar 


Fig. 24.6 Width plane representation 


A can also be denoted by a number of depth planes Aj, (k=1, 2, ..., r) called the depth 


plane representation shown in Fig. 24.7. 


ai Ajay we Agi 
a21 Ann, + Ag 
ap p21 Anal 
ai Aya aiq2 
d am aa 
ap2 ap apq2 
aiir aiz aiqr 
aair aar agr 
apir ap2r apqr 
Fig. 24.7 Depth plane representation 
24.1.5 Representation j 
of n-dimensional 
matrices with n>3 Ls 
An example of the depth plane l 
representation of a 4-dimensional matrix n d 
azan aa 


is shown in Fig. 24.8. 


ana a2 
aaa) a1 
aiiz a2 
an2 Ana? 
ainz aim 
aan a2 
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24.2 Multiplications 


24.2.1 Inner products 


Definition 24.1: Suppose A=[a;\],, is a 2-dimensional matrix, B=[b,], is a 1-dimensional 
matrix, A and B have one index, say j, in common, and both orders of j are q, then C=[¢;,],= 
[>"-,a;*b;],, where * is the ordinary multiplication, is called the inner product of A and B, 
denoted by C=A*;B. C is a 1-dimensional matrix. 

It is easy to generalize this definition to the inner product of an m-dimensional matrix 
and an n-dimensional matrix, and C is an (m+n-2)-dimensional matrix. 

Multidimensioinal matrix is the inner product of an m-dimensional matrix and an 
n-dimensional matrix. 


Example 24.1: 


1 2 7 
Suppose A=[aj]3.= 3 4 , B=[b;];= j 
5 6 8 
1 2 7 1*7+2*8 23 
then A*,;B=| 3 4 |* =| 3*7+4*8 |=| 53 |. 


5 6 8 5*7+6*8 83 


24.2.2 Middle products 


Definition 24.2: Suppose A=[a;;]„ is a 2-dimensional matrix, B=[b,], is a 1-dimensional 
matrix, A and B have one index, say j, in common, and both orders of j are q, then C=[c;\],, 
=[a;*b;] 


denoted by C=A*„B. C is a 2-dimensional matrix. 


py Where is the ordinary multiplication, is called the middle product of A and B, 
It is easy to generalize this definition to the middle product of an m-dimensional matrix 
and an n-dimensional matrix, and C is an (m+n-1)-dimensional matrix. 
Example 24.2: 


. 2 7 
Suppose A=[ajj];.=| 3 4 |, B=[b;];= > 
5 6 8 
1 2 7 1*7 2*8 7 16 
then A*,,B=| 3 4 |*,, =| 3+7 4*8 |=| 21 32 |. 
5 6 8 5*7 6*8 35 48 


24.2.3 Combined products 
Definition 24.3: Suppose A=[ajj],., B=[b;],., A and B have two indices i and j in 
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common, both orders of i are 2, both orders of are also 2. Then A can be multiplied by B in 
three ways: 
(1) For both common indices inner products are made: C=At 4 B=¥., Zi- (aj*b;)=(anb, 
| +a,5b,,)+(a,b,,+a,,b,,). C is a 0-dimensional matrix. 


(2) For both common indices middle products are made: 
anbi anbi 
D=A+,,'*,,B= . D is a 2-dimensional matrix. 
anba anba 
(3) For some common index, say i, inner product is made, for the other common 
index, say j, middle product is made: E=A*;j*  B=[X i (a;j*b;)]=[anbntazb21, 
a,.b,,+a,,b,,]. E is a 1-dimensional matrix. 

The above three multiplications are called combined products of A and B, where *; 
denotes making inner product for the index j, *,, denotes making middle product for the 
index j. The dimension of the combined product of A and B is: dimension 2 of A plus 
dimension 2 of B, then for every inner product, dimension 2 is subtracted, for every 
middle product, dimension | is subtracted, the remaining dimension is the dimension of the 
combined product of A and B. 

It is easy to generalize the definition to the combined product of an m-dimensional 
matrix and an n-dimensional matrix. 

Example 24.3: 


Suppose A=[a;;]2.= , B=[b; l= . Then 
3 4 7 8 
C=A*j*ÌB=5 i- 2j (aj*b;)= (anbi +a y2b19)+(a) by, +ay9b9)=( 1 #5+2*6 )=(3*7+448)=70. 
anbi anba 1*5 2*6 >. 12 
D=A*n* B= = = 
anba anba] | 3*7 4*8 21 32 
E=A + *  B=[} i (a;*b;)]=la bta b, a12b12+a22b7]=[1*5+3*7, 2*6+4*8]=[26, 44]. 
An m-dimensional matrix multiplied by an n-dimensional matrix, the resulting matrix 


is any dimension from |m-n| to m+n. 


24.2.4 Outer products 
Definition 24.4: 
a; 
Suppose A=[a;], = , where T denotes transpose, B=[b;],=[b,, b2], A and B have no 


a 
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ajb, apb, 
index in common, then C=[a;*b;],.= , where * is ordinary multiplication, is called 
a,b, ab, 
the outer product of A and B, denoted by A*,B. C is a 2-dimensional matrix. 
It is easy to generalize the definition to the outer product of an m-dimensional matrix 


and an n-dimensional matrix. 


Example 24.4: 

l l 1*3 1+4| |3 4 
Suppose A=| |, B=[3, 4], then C=| | *,[3, 4]= a 

2 2 2*3 2*4| |6 8 


24.3 Isodimensional matrices 


24.3.1 0-isodimensional matrices 


0-isodimensional matrices refer to such matrices that a 0-dimensional matrix; i.e., 
a scalar can be multiplied only by a 0-dimensional matrix; i.e., a scalar, and yielding a 
0-dimensional matrix; i.e., a scalar. 

Example 24.5: Suppose a and b are two 0-dimensional matrices (scalars), then 

c=a*b 


is a QO-dimensional matrix (a scalar). This is an example of the outer product of scalars. 


24.3.2 1-isodimensional matrices 


1-isodimensional matrices refer to such matrices that a 1-dimensional matrix; i.e., 
a vector can be multiplied only by a 1-dimensional matrix; i.e., a vector, and yielding a 
1-dimensional matrix; i.e., a vector. 

Example 24.6: Suppose V,=[a;],=[a@), a, ..., an] and V,=[b,],=[b,, bə, ..., b,] are two 
|-dimensional matrices; i.e., vectors, then 

V3=V i*n Vola] mlb] la, a2, «++» An] *mLb}, by, ..., byJ=[aib), aba, ..., a,b,] 


is a 1-dimensional matrix; i.e., a vector. This is an example of the middle product of vectors. 


24.3.3 2-isodimensional matrices (planar matrices) 


2-isodimensional matrices, also called planar matrices, refer to such matrices that 
a 2-dimensional matrix; i.e., a planar matrix can be multiplied only by a 2-dimensional 
matrix; i.e., a planar matrix, and yielding a 2-dimensional matrix; i.e., a planar matrix. 

There are six multiplications for 2-isosimensional matrices: four inner products and 


two combined products. The four inner products are 
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C, oo (Aji) pq*iL Dj lq Z (aij* Di) pe (24.1) 
= [Cl p= =[Ajj]pq* [bila [ j- (aj* bpi) prs 

e [Cx J = =[a; a*il bilal ‘(až bjk) pr 

C= [cid 1 ajilap* [bilal j- (ajj* bij) Jor 

Formula (24.1) is the most famous inner product studied by linear algebra. The two 
combined products are 

C3=[Cij] pail pa* tmt * n [bi] p5 lai bil a> 

Ce =[c;] 7 [a;]py*m '* [Djdlgo= [a j* Djilpq- 


24.3.4 3-isodimensional matrices (cuboidal matrices) 


3-isodimensional matrices, also called cuboidal matrices, refer to such matrices that 
a 3-dimensional matrix; i.e., a cuboidal matrix can be multiplied only by a 3-dimensional 


matrix; i.e., a cuboidal matrix, and yielding a 3-dimensional matrix; i.e., a cuboidal matrix. 


24.3.4.1 Addition of cuboidal matrices 

Definition 24.5: Suppose A=[aji,],- and B=[b;,,],,,are two cuboidal matrices, then 
C=[Ciidpqr=Laiix + Dj] qr IS Called the sum of A and B, denoted by C=A+B. 

The addition of cuboidal matrices satisfies 

Associative law: A+B+C=A+(B+C). 

Commutative law: A+B=B+A. 

If all of its elements are zero, then the cuboidal matrix is called the cuboidal zero 
matrix, denoted by 0,,, or 0. Obviously, for any cuboidal matrix A, A+0=0+A holds. 


Tam Apap vee Ag) 
A); a2) Arg! 
Tap = Apa Angi 
aiir aiz Agr 
air azr Axor 
Zapı apr ë “apqr 


is called the minus cuboidal matrix of A, denoted by -A. Obviously, A+(—A)=0 holds. 
The subtraction of cuboidal matrices is defined as A-B=A+(-B). 


24.3.4.2 Multiplications of cuboidal matrices 
300 There are two types of combined products for cuboidal matrices. The first type is that 
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cuboidal matrices A and B have three indices, say, i, j, and k in common, and for all of them 
middle products are made. The second type is that A and B have two indices, say, j and k in 
common, and for one of them inner product is made, for the other middle product is made. 
Here, we discuss only two multiplications of the second type that are more useful. 

B=[Djulqs» then C=[c;;] 


Definition 24.6: Suppose A=[a;jklpq pA ¥ ms BLD p(n 


Bix) pqsr Where 

Ci Sri Age Og) GEL 2x one p JEL, By coe Gy AL, 2p wees), (24.2) 
in which * is the ordinary multiplication, is called the product of A right-contracted 
multiplied by B, denoted by C=A+,,B. 

Definition 24.7: Suppose A=[Ajj]nqe B=[Bjuilgss then D=[digi] p A*t n B=LD 1 (ain 
bi] prs» Where 

d= 1 (Aig * Op GH], 2, 0205 Pp KEL, 2, «0.5% FF, 2, eg S) (24.3) 
in which * is the ordinary multiplication, is called the product of A left-contracted 
multiplied by B, denoted by D=A*,.B. 

Both *„ and *„ require that the width of A equals the height of B and the depth of 
A equals the width of B. Then we say that A is left multipliable with B and B is right 
multipliable with A or that A and B are multipliable. The relationships among the height, 
width, and depth of A, B, and C in C=A+*,,B are shown in Fig. 24.9. 


Fig. 24.9 Relationships among the height, width, and depth of 
A, B, and C in C=A*,.B 


Figs. 24. 10 and 24.11 show C,=A,*,,B, and D,=A,*,,.B, respectively, where A, B», C,, 
and D, stand for that they are cubic matrices of order 2. 

*,. and *,. satisfy neither commutative law nor associative law, but they satisfy left-right 
associative law: 

(A+,.B)+,.C=A*,(B*,.C) (24.4) 

Prove (24.4). Proof: Let A=[aja] qr B=[Djxilorss C=[Criml ste Let E=A*,.B=[€j] pss 
F=B+#,.C=[fiemlgns Where 

Ca eel (Hl, 2, ... Pi kl, 2, ...,.5, F,.2, .... S) 

fn akam) GR, 2, -.-. 4; Ral, 2, sesa 0 M1, 2, ciai t): 


pqr? 
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j azı 
N J ån? any 
1 l 
Ci Cir 
ana aig 
= Bin 211 
sai ai Ms Ais 
y biz aS Do» 
WW 7 bzi 
Pi Cis ri iz 
a12 is Ano» mg, 
121 112 by», 212 
oe a ce tam 
N Di» s bazz 
bin ba5 
+ + 
812 a222 


Fig. 24.10 C,=A,* „B, 


P ps 


[a æ ' he b js 
E «lc 5 
a21 a21 bi, " b 


' y J ai az Dp 
l l a212 a222 
din diz 
E LIN = aiza 
= bii a 121 
dz; aiz dy», + aiz 
a; a 2 
TN boii TENG by» 
i 121 
ne diz + dizz 
an1 ain a22 aiiz 
f2 IS dda IN 
271 bis 21 bin 
d dj T 
ai Fiat Ay 
S 212 “LŠ Bis, 
bi bi» 
+ + 
a221 a222 
Dg bi 


Fig. 24.11 D,=A,*,B, 


Thus, the ith height, kth width, and mth depth element in (A*,,.B)*,,.C=E*,.C is 
Die (Ci Ckim = 21-1 2-1 (FDC kim) 

And the ith height, Ath width, and mth depth element in A+,,(B*,.C)=A*,F is 
pas | (ain Fem) = Z j-1 21-1 (ijn D jk Cham)- 

The two additive signs can change order, hence 
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>i ye (ijn Dit Ckim) =D Dae (Ajj BikiCkim)- 
And i, k, and m are arbitrary, therefore (24.9) is proved. 

Q.E.D. 

Unlike what we do in planar matrix, we cannot define powers of cuboidal matrices, 
because none of *,, and *,, satisfies associative law. 

Both *,, and *,, satisfy left and right distributive law with respect to +: 

A*,(B+C)=A#,,B+A*,C 

Ax#,.(B+C)=A*,,.B+A*,.C 

(B+C)*,,A=B*,,At+C#,A 

(B+C)*,,A=B*,,At+C«,.A. 


24.3.4.3 Cuboidal unity matrices 
A cuboidal unity matrix is such a matrix that certain elements in it are 1s, others are Os. 
A p*q#r cuboidal matrix with all elements in it are 1s is called a cuboidal all-one unity matrix, 
denoted by U,,,, or U. Cuboidal zero matrix O, is another special kind of cuboidal unity matrix. 
Definition 24.8: Suppose A=[a;,| 
j=l, 2, ..., q), the main diagonal lines of every height plane A,,; (i=1, 2, ..., p) of A, is called 
the main diagonal plane with respect to height. 


pqp then the plane made of elements aj; (i=1, 2, ..., p; 


Similarly, we can define the main diagonal plane with respect to width and the main 
diagonal plane with respect to depth. 

Definition 24.9: A cuboidal matrix is called cuboidal unity matrix of the main diagonal 
plane with respect to height, denoted by E,,,,,, if all of its elements on the main diagonal plane 
with respect to height are Is and all of the other elements are Os. If the cuboidal unity matrix 
of the main diagonal plane with respect to height is a cubic matrix, then it is denoted by E,,. 

Similarly, we can define cuboidal unity matrix of the main diagonal plane with respect 
to width Ey,,,, and Ey, cuboidal unity matrix of the main diagonal plane with respect to 
depth Epp» and Ep. 


Definition 24.10: A cubic matrix of order p is called the cubic unity matrix of the main 


Dppr 


diagonal axis, denoted by I, or I, if all of its elements a; (i=1, 2, ..., p) of the main diagonal 
axis are Is and all of the other elements are Os. 
Fig. 24.12 shows Ep, Ey, Ep, l, U», and 0, of order 2. 


1 0 l l 4 i 0 i 7 0 0 
0 1 k 0 0 1 0 0 11 0 0 
0 30 
l A 0 l f [i a 0 o] 
0 1 l 0 1 0 | 
Ey Ew Ep l, U, O, 
Fig. 24.12 Ep Ey, Ep, L, U,, and 0, of order 2 
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The operations of *lc and *rc on the six cubic unity matrices of order p are shown in 
Tables 24.1 and 24.2 where the matrices in the form of pA are scalar cubic matrices which 


will be discussed later. 


Table 24.1 *,. on unity matrices Table 24.2 *,. on unity matrices 
* |0 tk Ep Ey U +⁄ |0 I & & Ex U 


0/0 0 0 0 0 0 oļo o o o o 0 
mi £ T th T E rie -I1 ï Be fî 5 
En) 0 E & U & U Lic E & ÙU B U 
B16 T Ep em Ey U E,| 0 I Ey Ep pl pB 
ie | 0 I p By Ep ee Ey| 0 1 Ey B B U 
U| 0 E pp U U pU ul BE U U pr U 


Definition 24.11: A cuboidal matrix A satisfying 


Ax*,A=A (24.5) 
is called an idempotent cuboidal matrix with respect to *,,. A cuboidal matrix satisfying 
Ax*,,.A=A (24.6) 


is called an idempotent cuboidal matrix with respect to *,,. If both (24.5) and (24.6) are 

satisfied, then A is called an idempotent cuboidal matrix which must be a cubic matrix. 
From Tables 24.1 and 24.2 we know that 0, I, Ep, and Ep are all idempotent cubic 

matrices, called idempotent cubic unity matrices. While U is an idempotent cubic unity 


matrix with respect to *,,. 


24.3.4.4 Scalar products and scalar cubic matrices 
Definition 24.12: The cuboidal matrix 


ga Saja, -- Bai 

$451, Bao, -= Bayı 

Say, Ban + Spat 
Say, Sain + Saige 
a1, a, sst Saoqr 


gapir £452 ses Savor 
304 is called the scalar product of number g and cuboidal matrix A=[a;ą] , denoted by gA. The 
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scalar product gA is the outer product of a 0-dimensional matrix g and a 3-dimensional 
matrix A. Scalar products satisfy the following laws: 

(gitg,)A=g,At+g,A 

g(A+B)=gA+gB 

£:(g,A)=(gig.)A 

1A=A 

g(A*,,B)=(gA)*|.B=A*,(gB) 

g(A*,,B)=(gA)*,,B=A*,(gB) (24.7) 

Prove (24.7): Proof: Let A=[aju]q+ B=[bjxu]qs- The element of the ith height, jth width, 
and /th depth in g(A*,.B), (gA)*,.B, and A*,,(gB) are 

BÈ r (Ajj Djs) 

Diet [(gain) bj] 

Di-iLain(2bj.1)] 
respectively. Obviously, they are equal. 

Q.E.D. 

Definition 24.13: The scalar product of a number g and a cubic unity matrix A is called 
scalar cubic matrix, denoted by gA. 

There are six scalar cubic matrices: g0, gl, gE,, gEp, gEy, gU. Scalar cubic matrices 
satisfy: 

giAtg,A=(g\+g,) A. 

That is, the addition of scalar cubic matrices can be reduced to the addition of 
numbers. 

The scalar cubic matrices g0, gl, gE,,, and gE, are the scalar products of number g and 
idempotent cubic unity matrices, satisfying the following laws: 

(g,0)*,(220)=(2182)(0*|.0)=(gi82)0 

(g,0)*,(2,0)=(gi82)(0*,.0)=(g122)0 

(g,1)*,(2.1)=(gig.)C* DH(gigal 

(g:1)*,(22D=(2i82)*, (gig) 

(g En)*(8:En)=(8182)(En* 1 En)=(8182)En 

(8, En)* (82E) =(818)(En* En) =(8182)En 

(g:Ep)*(82:Eb)=(8182)(Ep*En)=(8182)Ep 

(g)Ep)* <(22Ep)=(2182)(Ep* Ep) =(8182)Ep- 
That is, the multiplications of scalar cubic matrices such as g0, gl, gE,,, and gE, can be 
reduced to the multiplications of numbers. In addition, for gU, 

(g,U)*,.(g,U)=(g122)(U*,.U)=(g:g2)U 

holds. 
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24.3.4.5 Transposes of cuboidal matrices and transpose group 

In planar matrix theory, the planar matrix obtained by interchanging rows and columns 
of a planar matrix A is called the transpose of A. Here, we call it transpose of planar matrix 
in order to distinguish it from the plane transpose of cuboidal matrix. 


Definition 24.14: Suppose cuboidal matrix A=[a;;k]pq 


Big, ss 


The cuboidal matrix [aij] pra 
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obtained by making transposes of planar matrix to every height plain A,, (i=1, 2, ..., p) of A 
is called the height plane transpose of cuboidal matrix A, denoted by A". 

Similarly, we can define the width plane transpose of cuboidal matrix A, denoted by 
A’ and the depth plane transpose of cuboidal matrix A, denoted by A™. T,, T,, and T, are 
called by a joint name plane transpose of cuboidal matrix or shape-deforming transpose, 
denoted by T,. 

A" can be viewed as being obtained from A by interchanging the width and depth of A. 
A™ can be viewed as being obtained from A by interchanging the height and depth of A. A“ 
can be viewed as being obtained from A by interchanging the height and width of A. 

T, is such a transpose that keeps it fixed the positions of the elements on the main 
diagonal plane with respect to height of A a: Tw is such a transpose that keeps it fixed the 
positions of the elements on the main diagonal plane with respect to width of A,,,. Ta is 
such a transpose that keeps it fixed the positions of the elements on the main diagonal plane 
with respect to depth of App- 

Definition 24.15: Taking the line connecting the elements a,,, and a,,, in the cuboidal 


matrix A=[ajj,],, mentioned in Definition 24.14 as an axis called the main diagonal axis, the 


cuboidal matrix [a;;].p4 
aii 451) an 
anz an a2 anı ap2 Apa) 
ain . . ays : ap22 
aiir . » aq air : a B) san apir Ang! 
air > a2 aar -ap ap2r apq2 
Aor Asgr par 


obtained by rotating A 120° around the axis clockwise viewed from a; to ap is called the 


clockwise rotation transpose of A or the right rotation transpose of A, denoted by A". The 


cuboidal matrix [a,;]4,p 
ai az - Agar 
anri Ayn air 
Aigi aig igs 
43); Adj azir 
ani am aar 
aqı aag2 Adar 
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Ai Apia apir 
ap21 ap22 ap2r 
a e A 


obtained by rotating A 120° around the axis anticlockwise viewed from a,,, to a,,, is called 


pqr 
the anticlockwise rotation transpose of A or the left rotation transpose of A, denoted by A". 

A" can be viewed as being obtained from A by rotating rightward the three subscripts 
of aiik A" can be viewed as being obtained from A by rotating leftward the three subscripts 
of ajx- T, and T, are called by a joint name axial transpose of cuboidal matrix, denoted by T,. 
T, is such a transpose that keeps it fixed the positions of the elements on the main diagonal 
axis of the cubic matrix A,. 

Definition 24.16: The transpose that keeps it fixed the positions of all the elements in 
A is called the stationary transpose, denoted by A™. 

Obviously, we have 

A™=A. 

To and T, are called by a joint name cuboid transpose of cuboidal matrix or shape- 
preserving transpose, denoted by T,. T, and T, are called by a joint name transpose of 
cuboidal matrix, denoted by T. 


The classification of transposes of cuboidal matrix is shown in Fig. 24.13. 


T, 
nd Ta 
Ty 


Fig. 24.13 classification of transposes of cuboidal matrix 


Transpose T can be regarded as a unary operation on cuboidal matrices. Transpose T 
on cubic unity matrices is shown in Table 24.3. 

Prove E,,"=Ey. 

Proof: Ey ''=[ejj}pqq. [ji] qpq=Ew- 

Q.E.D. 

The other transposes in Table 24.3 can be proved similarly. 
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Table 24.3 Transpose T on cubic unity matrices 


Definition 24.17: Transposing the transposed matrix of cuboidal matrix A, obtain the 
composite transpose of A. 

Composition of transposes of cuboidal matrices “o” can be regarded as a binary 
operation on the set of transposes of cuboidal matrices S,, its operation table is shown in 


Table 24.4. 


Table 24.4 <S,, 0> Table 24.5 <S,, ©> 


Prove T,oT=T,,. 
Thy Tl_ Th Nb ae Thy Tl_ Tw : 
Proof: ((ajx} ) Slax] =[axi]. And [aj “=[ayi]. Hence, ([a;j] ) [ajk]. 1, jand k are 
arbitrary, therefore (A™)''=A™, that is, T,oT=T,. 
Q.E.D. 
Theorem 24.1: <S,, o> is a group. 


Proof: First, <S;, ©> is a symmetric group of degree 3 whose operation table is shown 
in Table 24.5 and <S, o> is an algebra because o is closed with respect to S;, shown in 
Table 24.4. 

Secondly, there is a bijection f: S,—> Sy: 

FPT, f(p.)=T., f(psJ=T,, F(p) =Th f(ps)=T,, f(p.)=T). 

Thirdly, the operations preserve under f; i.e., 

f(p,O p))=f(p;) o f(p;) 
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holds for i, =1, 2, ..., 6. For example, 
f(p.Op)=f(p.=T, 
and 
f(p2) 0 f(py)=ToT,=T). 
Hence, 
f(p.O p4)= f(p2) o f(p,). 
Fourthly, the algebraic constant p, in S, maps into the algebraic constant T, in S4. 
Therefore, f is an isomorphism from <S,, ©> to <S, o>. Hence, <S;, o> is a group. 
Q.E.D. 
The cuboid transposes of cuboidal matrices form a set S={T,, T, Ti}. <S., O> is an 
invariant subgroup of <S, o>. Sc divides S, into two cosets: T,S.={T,, T,, T,} and T,S.={T,, 
T,, Ty}. Let T, and T,, T, and T,, T, and Ty be cotransposes mutually, then we have the 


following formulae of transposes of multiplications: 


(A*,.B)'=(B"*,A") (24.8) 
(A*,.B)'=(B"#,.A")' (24.9) 
(Ax,.B)'=(B'*,A™)' (24.10) 
(A*,.B)'=(B™*,A™)' (24.11) 


Where T is a transpose, T., is its cotranspose. Let T=T,, T.,=T,, then formulae (24.8) 
through (24.11) become: 


(A*,.B)=B"+,A" (24.12) 
(Ax,.B)'"=B"*,.A" (24.13) 
(A*,,B)'"=B™*,.A™ (24.14) 
(A* B)“ =B™+ A™ (24.15) 


respectively. Formulae (24.12) through (24.15) show that transposes of multiplications 
equal multiplications of transposes. 

Prove (24.13). 

Proof: The ith height, jth width, and /th depth element in A*,.B is 

Diet (ainda), 
therefore, the ith height, jth width, and /th depth element in(A*,.B)" is 

Di-1(Ajxb ji). 
On the other hand, the ith height, jth width, and kth depth element in B" is bixi the jth 
height, kth width, and /th depth element in A™ is ajx therefore, the ith height, jth width, and 
lth depth element in B"*,.A™ is 

Èk- (jib yp =D 1 (Agu djxi)- 

Q.E.D. 

Transposes of addition of cuboidal matrices satisfy: 

(A+B)'=A'+B". 
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Transposes of scalar cubic matrices satisfy: 
(gA)'=g(A)'. 


24.3.4.6 Cubic identity matrices 

Definition 24.18: Suppose 

E*’A=A' 

where E is a cubic matrix, A is right multipliable with E, then E is called a left identity, 
denoted by E,. If T is T,, T;,, T,, Ta T, and T, respectively, then E is Er, Ers Ens Era Ere 
and Ep, respectively. If *’ is *,,, then E is E,,., otherwise, E is E,,.. 

Example 24.7: Suppose 

E*,A=A” 
then E is denoted by E 

Definition 24.19: Suppose 

A®’E=A' 
where E is a cubic matrix, A is left multipliable with E, then E is called a right identity, 
denoted by E. If T is T,, Te T,, Ty, T,, and T, respectively, then E is Em, Erw Erw Era Ero 


and Ep, respectively. If *’ is * then E is E, otherwise, E is E 


#lc,To.l* 


Definition 24.20: Suppose 
E+’ A=A" 

pia 
Then E is called a two-sided identity, denoted by E,,. 

Theorem 24.2 (identity existence theorem): There exist four identities: Epto Ep, 
Esicsn Ereta Ew Esre;tor En- 

Proof: For any element a;, in A=[a;,],, an axial transpose is such that changes all of 
its three subscripts, either by rotating left or rotating right; a plane transpose is such that 
interchanges two subscripts and leaves the third unchanged; a stationary transpose is such 


that keeps all of its three subscripts unchanged. 


Now, we prove that for E,,. and E, there exists only Er; ie., E.j.,-7=Ey- 

An element c; in C=A*,.B is determined by (24.2): 

Eralan) GED, 2s. ony Pi JR Ls 25 a GE FEL 2, «05 8) (24.2) 
If B wants to be E, then it must satisfy: 

C=A+,B=A’. 


In (24.2), the first two subscripts of c; are the same as those of aj, therefore it is not 

possible to obtain C from A by making axial transpose or plane transpose on A, that is, it is 

not possible for B to be an identity other than E,,. If B wants to be E,,, then it must satisfy: 
C= 2k- (âijkbjkı) =A 


From Definition 24.19, we learn that B is a cubic matrix, that is. We have q=r=s. This is 
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to say that j, k, and / are all from 1 to r. Thus, for any / there exists k=/ so that the three 
subscripts of a;, are the same as those of ¢;,. Let 
0, kél 
byi= (24.16) 
1, k=l. 
Then (24.2) becomes: 


Ci =A *#OFA;.*O+.. +a; l+... +a; 0a; 


ijl- 


And c; is an arbitrary element in C. Therefore, B determined by (24.16) is indeed E,,..;,,. And 

from Table 24.2, we learn that B is just E,,. Therefore, Esto En and it is the only E, for E,,.. 

Similarly, we can prove E,,..74=Ews Eset Ep, and Esm Ew- 

Q.E.D. 

From Theorem 24.2 we learn that Ey is a a two-sided identity, satisfying: 
Ey*,,A=A"™ 

{ Ae Ey=A". 

Example 24.8: E,, is Esto, shown in Fig. 24.14. 


$ 1 0 
Aj i | aii) 
ain re = aiiz 
azi l anı | 1 0 a11 | anı l 
Ay) a222 y \ A212 8x22 
0 l 


Fig. 24.14 Ex is | sre.To,r 


24.3.4.7 Inverse cubic matrices and cuboidal matrix equations 

Definition 24.21: If every height plane Ap; (i=1, 2, ..., p) of the cuboidal matrix A is a 
full rank planar matrix, then A is called full rank cuboidal matrix with respect to height. 

Similarly, we can define full rank cuboidal matrix with respect to width and full rank 
cuboidal matrix with respect to depth. 

Like in planar matrix theory, in cuboidal matrix theory, the introduction of inverse 
cubic matrix is also to solve cuboidal matrix equations in the form of 

A*’X=C 
or 

Y*’A=D. 

Definition 24.22: Suppose there is a cuboidal matrix equation: 

Ax’ X=C (24.17) 
where A is a cubic matrix of order p, X and C are p*p*t matrices. If there exists an order p 
cubic matrix B such that B left multiplies the two sides of (24.17), obtaining: 

Bx"(A*’X)=E*’X=X'=Be"C, 
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then B is called the left inverse of A with respect to *”*’ and E, denoted by B=A",....;. If 
*" is associative with respect to *’, then B is called an associative inverse, otherwise, B is a 
nonassociative inverse. 

Definition 24.23: Suppose there is a cuboidal matrix equation; 

Y+’ A=C (24.18) 
where A is an order q matrix, Y and C are p*q*q cuboidal matrices. If there exists an order q 
cubic matrix B such that B right *” multiplies the two sides of (24.18), obtaining: 

(Y*’A)*"B=Y *’E=Y '=Cx"B, 
then B is called the right inverse of A with respect to *”*’ and E, denoted by B=A ',.... p p If *” is 
associative with *’, then B is called an associative inverse, otherwise, it is a nonassociative 
inverse. 

Theorem 24.3: Suppose A=[ajxi} 55> X=[XeimI ppt» C=[Cjiml pp then if and only if A is full 
rank with respect to depth, then A in 

A*,.X=C (24.19) 
has a nonassociative inverse: 


B=[b;i] ppp 7A ‘teh ED, | 


1) 


where 
Ab;; 
b= 24.20 
AAD, iis 
Tv, <k=p> 
Abj=AAp <j Vk (24.21) 


[v 

(As to the meaning of (24.21), see the proof of Theorem 24.3). 

Proof: From Definition 24.22 we know that finding the left inverse of A is equivalent 
to solving equation (24.17). Now, we solve (24.19). 

B left *lc multiplies the two sides of (24.19), obtaining: 

Bx,.(A*,.X)=B*,C. (24.22) 
Let the p*p*t matrix 

Z=A* X 
where 

Zim = 2 k- (ðikiXkim) G; F1, 2,- p; ml, 2, vea t). 
Let the p*p*t matrix 

Y=B+,,Z=B*,(A*).X)=B*,.C (24.23) 


313" 


_..Mutually-inversistic logic, mathematics, and their applications 


where 

Yim 2-1 (bijZim) =. 7-1 O51. k- (Aju Xeim) =} k1 Pa [(biaiki)Xkim] G1, 2; sap) (24.24) 
Extend (24.24) with respect to k, obtaining: 

Yim 5-1 (bij) Xm i (bijaa) ] Xam - . ALLE (bjaji-1)]X; llm 


HÈ i-ban) ]XimtL FD iii) Xim t- +L- (biaip) Xpim (24.25) 
Let the coefficient of x,,,, in (24.25) 
1, k=i 
Èj- (bijak) = (24.26) 
0, k#i 
then (24.25) becomes: 
Yim” Xim (1, 151, 2, ..., p; m=1, 2, ..., t), (24.27) 
that is, (24.23) becomes: 
Y=Ep*,.X=X=B*,C. (24.28) 


This is to say that (24.19) is solved. Extend (24.26), the condition for solution, with respect 
toj, obtaining: 
binat binat. -+b p170 
binaiat biza.. -+bipa p250 
binarit Biazit- -+bipiâpi-170 
binat biziazit.. -+bipiâ pi l (24.29) 
binarit bizia- -+ bipi pin 0 
bina ipt biziaz- - -+bipia ppi 70. 
The solution of (24.29) is: 
Ab; Sg 
TAAS, Gh Fh 2a (24.20) 
B=[Djj} p= A pie ED, I> 
where AAI, is the coefficient determinant of (24.29), Ab, is the solution determinant of bj. 


b 


The coefficient determinant 


Ai Aaa apii 
aia Aa ap2ı 
AApF| aiii azi api-11 
ai ai apil 
aii Aisn Apis 
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The planar matrix A}, of the determinant AA}, is the transpose of planar matrix of the 
lth depth plane Ap; of the cubic matrix A. The solution determinant Ab;; is: 
v; ]<k=i> 


Aba =AAh <j> | Ve (24.21) 


ijl 


The column vector 
v; ]<k=i> 


in (24.21) is such a vector that the element v, in it is: 


1, k=i 
v= 
0, k#i. 
For example, 
v, ]<k=2> fO 
l 
0 
Vk = 
Vp 0 
v, ]<k=i> 
AARS | vw 
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in (24.21) denotes the determinant obtained by substituting 
v, ]<k=i> 


Vp 


for the jth column of AA}. For example, 


0 O an + Apis 

1 1 a23 aoe ap23 
Ab,,;=AAp;<1>| 0 |=| 0 ass -o ap |- 

0 O ays o app 


AA}, in (24.20) is a divisor, there must be: 

AAĻ,#0 (I=1, 2, ..., p), 
that is, A should be a full rank cubic matrix with respect to depth. 

Now, we have found the left inverse B=A "sten, pp, Of A in the matrix equation (24.19). 
Since *,, in nonassociative with respect to *,,, B is a nonassociative inverse. 

Q.E.D. 

Example 24.9: Suppose there is a cuboidal matrix equation: 

A*i X =C (24.19) 
shown in Fig. 24.15. It is known that A is a full rank cubic matrix with respect to depth, 
find A '. 


ai az 
X X Cc C 
bs iss 1i 121 u 121 


«Ic = 


am Ain Xzj1 X11 Cai C52) 
a2 am 


Fig. 24.15 A+ ,X=C 


Solution: B left »*lc multiplies the two sides of (24.19), obtaining: 

Bx, (A*,.X)=B*,,C. (24.22) 
The left side of (24.22) is shown in Fig. 24.16, the right side in Fig. 24.17. 

In Fig. 24.16, Z=A*,.X, Y=B*,,Z=B*,,(A*,.X). Let 


ree 


ks e] ain @z 
ba baz * a2 a221 m & ee 
is ed ie bee | le xu x0 


baiz Dy» a22 An 
fs par] Zin Zin 
z 211 D224 *le ang aina 
[e | Xin Xiz N 
pip D mali aiz rg a2 
S Xo 2y X2] 
yn Yi21 Xun Xiz 
bS bys + a J i 
(ain (aiz 4 gi 
= Xin Xiz 21 221 
S + NN 
(bj, 9 Ai (bi. 9 412 j 
X2 on 
You 4m = ) Yn, 412 a 
b, D + 131 bass t bin 
(arn "3 (ap), ( aiiz g= ( @2 
211 ) S a12 ) 212 
Xin x Xin Xiz = Xij 
NN T m s p 121 
es = aiz + b a21 (B aiz 3 ‘ a 
ain T ) «( A Xaj ) “oe ir ) ¢ u Xa 
22 
"i bazı + b bazz gi 
22 22 
"aes ) (a, Dy, a ) (a2 bin 
2 Xij a> ) ets Xin) an ) 
Xin + Xiz ra 
4 a>, Xan 4 aon Xn 
(bx, Xm) CBs, 2y) 
arzı aiz 
P + 
banı Dr» 
a221 ) a ) 
Xan Xn 
Fig. 24.16 Left side of B*,.(A*,.X)=B*,.C 
Xin biz 
Cin Ciz 
bin bizi + + 
| b in Ciz biz biz 
2u Da2 E T 
xlc = b b 2 
biz b 211 212 
112 122 Caj] C39) Ci Csi 
Bas Da + + 
ba bazz 
Cony C5) 


Fig. 24.17 Right side of B«,(A*,.X)=B*,,C 


binan tbaz 5] 
by 118121 tbza225=0 
bza, +2214); =0 
b3)18j2) +b 22,2) ,=1 
by 128) ,2+Dj3949)2=1 (24.30) 


obtaining: 
Y=E,,*, X=X"=K=Be,C. 
That is, equation (24.19) has been solved. Solve (24.30), obtaining: 


B=[b;i]25A "se, ED, 1 (24.31) 
a (i,j, 1, 2) 24.32) 
_——— 1 R = 5 aT. 
ijl AA} J ( 
where 

Ai Ady a2 n2 
AAD = AAD = 

anı anı ain am 

vı |k=1> jl an ay, | 
Ab,,=AAp, '<1> = Ab,2\= 
V: 0 anı aj, 0 

0 ay, amı 0 
Ab, = Ab,>, 

l an ay l 
Ab) 1.= Ab) 2.= 

A522 Aj22 

0 ari. ay 0 

Ab, = Ab,5= 
Abii, Ab». 
Dit ee 222, aT ° 
AA», AAp 

Q.E.D. 


The proofs of the following theorems are similar to that of Theorem 24.3, so are all 
omitted. These theorems say that (24.17) and (24.18) are solvable for both *\ and *... 
Theorem 24.4: Suppose A=[aji] p05. X=[Xeiml pp» C=[CjimJpp» then if and only if A is full 
rank with respect to width, then A in 
A#,.X=C 
has an associative inverse: 
B=[b;jklppp A steere, EW, 1 
where 
_ Abik 
AA 


b 
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v, ]<k=i> 
Ab;jk =AA w <j>| vı 


Vp 


Theorem 24.5: Suppose Y=[V;kpap A=[lAaikila C= [Cipap then if and only if A is full 
rank with respect to height, then A in 

Y*, A=C 
has a nonassociative inverse: 

B=[b;imlag =A stesre, EH, r 


where 
Abim 
Djim= T 
AAiy 


v, | <k=m> 
AD im =AAty;<1> | Vy 


Va 


Theorem 24.6: Suppose Y=[V;rlpqa ALa C=[Ci]pq then if and only if A is full 


qqg? pqg? 


rank with respect to width, then A in 
Y*,A=C 

has an associative inverse: 
B=[Dyimlqqa=A reel, EW,r 

where 


AD yim =AAwx<1>| v; 
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24.4 Tensor matrices 


24.4.1 Matrix representation of tensors 


Definition 24.24: An nth order m-dimensional tensor is a quantity consisting of 
m” components apiki xn (Kp Ks, ..-, k,=1, 2, ..., m), which transform under a change of 
coordinate system x,’=a,;x, according to the law 

a’ itiz.. in Obj 11 Oi2ka + + Binkn@k 1k2...kn (24.33) 
where aj,> kn and aj; m are the components of the tensor with respect to the coordinate 
systems x, and x,’ respectively and a; is the cosine of the angle between the x,’—axis and 
the x,—axis for i, k=l, 2, ..., m. 

Let the quantity mentioned above be denoted by an n-dimensional order m matrix [a ),.__ 
kn], let the coordinate transformations 6,),;, Oj2,9, <--> Ging, be denoted by 2-dimensional order 
m matrices [Oik], [to], ---s [Ginn], then (24.33) can be denoted by the inner products of 
matrices: 

[anizi FEAL Oil { tilti dee taral lakne told e33 (24.34) 
[akik kn] Satisfying (24.34) is called a tensor matrix. 

Example 24.10: Let n=3, m=2, then (24.33) becomes (24.35) 


Aji, = Ojp jg rgr (24.35) 
and (24.34) becomes (24.36) shown in Fig. 24.18. 
Lain JEtL Olin} #7? { [Og] *;" { [Ok]: [ape] th} (24.36) 
j p q ť 
i hi | | d 
a'ni W a' 
' ay say, a e ies = +P ja a «4 fe id at 
arn a l A) an 1 an an l an an l 
Bal 212 
q 
r 
p 


Fig. 24.18 [aj {ilap al Al Tapar 


Part.10....Universal. matrices 


24.4.2 Tensor matrix algebra 


Since a tensor is denoted by a tensor matrix, tensor algebra becomes tensor matrix 


algebra. 


24.4.2.1 Addition of tensor matrices 
Two tensor matrices of the same dimension and order can be added, similar to the 


addition of cuboidal matrices. 


24.4.2.2 Outer product of tensor matrices 
The definition of the outer product of tensor matrices is similar to Definition 24.4. 
Example 24.11: Suppose A=[a;],=[a,, a] is a 1-dimensional order 2 tensor matrix, 
by bh 
B=[b;]2= is a 2-dimensional order 2 tensor matrix, then the outer product of A 
ba b» 
and B is C=A*,B shown in Fig. 24.19. 


c= [eo] = [a] % Lele = Latrtm = 


— e 


i bi bp 7 abı aba; 
T La, a, | *o B b] 7 Nabe aiba 


abı abn; 
abi abn 


Fig. 24.19 Outer product of tensor matrices 


24.4.2.3 Contractions and inner products of tensor matrices 

Definition 24.25: The operation of setting two of the indices in the components of a 
r-dimensional tensor matrix (r=2) equal and then summing with respect to the repeated 
index is called contraction. 

Example 24.12: Consider the components a; of a 2-dimensional tensor matrix. The 
contraction of this tensor matrix yields the scalar 

ama tantaz. 

Definition 24.26: An inner product of two tensor matrices A and B is a contraction of 
the outer product with respect to two indices, each belonging to a component of the tensor 


matrices, denoted by C=A»;B. 
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Definition 24.26 tells us that in making inner product of two tensor matrices A and B, 
we first make outer product of A and B, and then make contraction. But in practice, we first 
set one index in the components of A and one index in the components of B equal, and then 
make inner product of A and B according to Definition 24.1. 

Example 24.13: Suppose 

anı anz 
A=[aj]o= 


Ay, an 
bi biz 
biz biz 
B=[b;x]222= ban boo, 
baz By» 


then the inner product of A and B, C=[cii]s.=A*;B=[a;]2.*;[Dyi}o22=[] 
Fig. 24.20. 


co SS 


59>, is Shown in 


ap Aj , bii bia C= 
= by | i biz biz ay binai2bz1 a) 1b)2;a,2b2>, 
bar Bai Ci Cin 
bi, Biż abia 12b212 A) b122812b222 
C17 C217 
1b, ,A22b>,, 1b, ;4y2b»>, 
C2127 C27 
A;b, ;422b,> az1b122822b222 


Fig. 24.20 Inner product of tensor matrices 


Part 11 
Applications of decomposition 


Hypothetical inference is divided into recessive hypothetical inference 
and dominant hypothetical inference. Rule-based systems are divided into 
inference rule systems and mutually-inversistic decomposition systems. 
In inference rule systems, all of the rules are treated as inference rules. In 
mutually-inversistic decomposition systems, there are only 5 inference 
rules, the other rules are treated as axioms or theorems. Mutually- 
inversistic decomposition systems have been studied in Part 1, this part 
studies mutually-inversistic automated decomposition systems, which are 
composed of first-level automated decomposition systems and second- 
level automated decomposition systems. Mutually-inversistic second-level 
automated decomposition systems can be obtained in three ways: lifting, 
transforming, and bringing-into. Lifting refers to that a mutually-inversistic 
first-level automated decomposition is lifted to a mutually-inversistic 
second-level automated decomposition system; e.g., Prolog is lifted to 
second-level single quasi-Prolog. Transforming refers to that a second-level 
inference rule system is transformed into a mutually-inversistic second-level 
automated decomposition system; e.g., Hoare rules of program verification 
are transformed into mutually-inversistic program verification. Bringing- 
into refers to that an axiomatic system with only one inference rule: rule of 
detachment, is brought into a mutually-inversistic second-level automated 
decomposition system. This part applies decomposition to relational database, 
planning and scheduling, semantic network, expert systems, program 
verification, natural language processing, hardware verification, automated 


theorem proving, etc.. 


324 


Mutually-inversistic logic, mathematics, and their applications 


Chapter 29 

Inference rule systems vs. mutually- 
inversistic automated decomposition 
systems 


25.1 Recessive hypothetical inference vs. 
dominant hypothetical inference 


25.1.1 First-level recessive hypothetical inference vs. first-level 
dominant hypothetical inference 


The first-level affirmative expression of hypothetical inference is as follows: 

sentence—noun, verb 

sentence 

noun, verb. 

Here, the first row above the line is the major premise: sentence—noun, verb; sentence 
is its antecedent, noun, verb is its consequent. The second row above the line is the minor 
premise: sentence. The row below the line is the conclusion: noun, verb. The inference is 
made as follows: the minor premise “sentence” unifies successfully with the antecedent 
“sentence” of the major premise “sentence—noun, verb”, and the conclusion “noun, verb” 
is detached. 

The first-level negative expression of hypothetical inference is as follows: 

sentence— noun, verb 

— (noun, verb) 

— (sentence). 
Here, the second row above the line is the negation of the conclusion: (noun, verb). The 
row below the line is the negation of the minor premise: (sentence). The inference is 
made as follows: the negation of the conclusion: —(noun, verb) unifies successfully with 
the consequent of the major premise: noun, verb, and the negation of the minor premise: 
— (sentence) is inferred. 

When a human being makes the first-level affirmative expression of hypothetical 


inference, the unification he or she makes is intangible, and can be omitted, thus the 
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expression is simplified as the inference rule: 

sentence 

noun, verb. 

This is the first-level recessive affirmative expression of hypothetical inference. See 
Example 25.1. 

Example 25.1: Suppose we have the following grammar rules: 

sentence noun verb 

noun, verb John reads. 

Derive “John reads” from “sentence” manually. 

Solution: sentence = noun, verb => John, verb => John, reads. 

Take the first step of the derivation sentence = noun, verb as an example. Because 
there is an inference rule: 

sentence 

noun, verb, 
so, we derive “noun, verb” from “sentence” directly. 

Recessive hypothetical inference is concise, many mathematical proofs are done 
with it. 

When a computer makes the first-level negative expression of hypothetical inference, 
the unification it makes is tangible, and cannot be omitted. This is the first-level dominant 
negative expression of hypothetical inference. See Example 25.2. 

Example 25.2: Suppose we have the following Prolog program and goal. 

(1) sentence(s,, s):-noun(s,, s;),verb(s,, $). 

(2) noun([John|s], s). 

(3) verb([reads|s], s). 

(4) ?-sentence([John, reads], []). 

The SLD tree of the program and goal is shown in Fig. 25.1. 

In Fig. 25.1, ?-sentence([John, reads], []), the initial goal, is the negation of the 
conclusion. Sentence(s,, s), the head of the conditional clause (1), is the consequent of 
the major premise. ?-sentence([John, reads], []) unifies with sentence(s,, s) successfully, 
and ?-noun([John, reads], s,), verb(s,, []) is inferred. The unification is tangible, and 
cannot be omitted. This is the first-level dominant negative expression of hypothetical 
inference. 


Dominant hypothetical inference is just hypothetical inference. 
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?-sentence([John, reads], []). 


(1) | {s,/[John, reads], s/[]} 


?-noun([John, reads], s,), verb(s,, []). 


(2) | {s/reads, s/s,} 


?-verb([reads], []). 


(3) | is/i5 


o 
Fig. 25.1 SLD tree for Example 25.2 


25.1.2 Second-level recessive hypothetical inference vs. 
second-level dominant hypothetical inference 


Take “all integers are rationals, all rationals are real numbers, therefore, all integers 
are real numbers” as an example. The second-level affirmative expression of hypothetical 
inference is as follows: 

{P< 'O}A {QS 'R} SX '{P<'R} 

{int(x)< 'rat(x)} A {rat(x)< 'real(x)} 

int(x)< 'real(x). 

Here, {P< '0} A {Q< 'R}< '{P< 'R} is the major premise, {P< 'Q} A {0< 'R} 
and P< 'R are the antecedent and consequent of the major premise respectively. {int(x)< | 
rat(x)} A {rat(x)< 'real(x)} is the minor premise. Int(x)< 'real(x) is the conclusion. The 
inference goes as follows: when P is assigned int(x), Q rat(x), R real(x), the minor premise 
{int(x)< 'rat(x)} A {rat(x)< 'real(x)} unifies with the antecedent of the major premise 
{P<'O} A {Q< 'R} successfully, and the conclusion int(x)< 'real(x) is detached. 

The second-level negative expression of hypothetical inference is as follows: 

{P<'OYVA{O<'R}<'{P<'R} 

— fint(x)< 'real(x)} 
— { fint(x)< '0} A {OX 'real(x)}}. 
Here, — {int(x)< 'real(x)} is the negation of the conclusion, — { fint) < '0}/\ {0< ' 


real(x)}} is the negation of the minor premise. The inference goes as follows: when P is 
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assigned int(x), R real(x), the negation of the conclusion — {int(x)< 'real(x)} unifies with 
the consequent of the major premise {P< 'R} successfully, and the negation of the minor 
premise — { fint(x)< 'O}/\ {OX 'real(x)}} is inferred. 

When a human being makes the second-level affirmative expression of hypothetical 
inference, the unification he or she makes is intangible, and can be omitted. Thus, the 
expression is simplified as the inference rule: 

P<'O 


P<'R, 
called hypothetical syllogism. According to the inference rule, the human being infers 
int(x)< 'real(x) from int(x)< 'rat(x) and rat(x)< 'real(x) directly. This is the second-level 
recessive affirmative expression of hypothetical inference. 

When a computer makes the second-level negative expression of hypothetical 
inference, the unification it makes is tangible, and cannot be omitted. This is the second-level 
dominant negative expression of hypothetical inference, see Example 14.7. In this example, 
the unification of ?-{real(x)==>>int(x)}, the negation of the conclusion, and {R==>>P}, the 


consequent of the major premise, is tangible, and cannot be omitted. 


25.2 Inference rule systems vs. mutually-inversistic 
automated decomposition systems 


25.2.1 Inference rule systems 


Rule-based systems are divided into inference rule systems and mutually-inversistic 
decomposition systems. Inference rule systems are based on recessive hypothetical 
inference. They treat rules as inference rules. There are many inference rules in an inference 
rule system. It is skillful when to choose which inference rule. It is easy for a human being 
but hard for a computer to choose from these inference rules. Therefore, inference rule 
systems are suitable for human beings. Manual parser of Example 25.1 is an example of 
first-level inference rule system. Hoare rules of program verification, where there are 5 


inference rules, is an example of second-level inference rule system. 


25.2.2 Mutually-inversistic automated decomposition systems 


Mutually-inversistic decomposition systems are based on dominant hypothetical 
inference. They have only 5 inference rules: the affirmative expression of hypothetical 


inference (also called the rule of detachment and modus ponens), the negative expression 
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of hypothetical inference (also called modus tollens), the disjunctive inference, the rule 
of conjunction, the rule of change from\/to\// '. The other rules are treated as axioms or 
theorems. 

Mutually-inversistic decomposition systems are divided into forward systems 
and backward systems. A forward system has only two inference rules: the affirmative 
expression of hypothetical inference and the rule of conjunction. If it has only one inference 
rule: the affirmative expression of hypothetical inference, then it is an automated system. 
Because there is only one inference rule, every time the system makes an inference, the 
system employs it. As to the numerous axioms or theorems, the system searches them 
top-down. This process is mechanical, suitable for a computer to do. Mutually-inversistic 
hardware verifier is an example of mutually-inversistic first-level forward automated 
decomposition system. A mathematical axiomatic system with only one inference rule, the 
rule of detachment, is an example of mutually-inversistic second-level forward automated 
decomposition system. 

A backward automated system has only 3 inference rules: the negative expression 
of hypothetical inference, the disjunctive inference, the rule of change from V to V/ A 
Prolog is an example of mutually-inversistic first-level backward automated decomposition 
system. Second-level single quasi-Prolog is an example of mutually-inversistic second-level 
backward automated decomposition system. Why are the systems still automated despite 
the three inference rules? Because in any situation, only one inference rule can be chosen. 
Take Prolog as an example. If the leftmost subgoal unifies with a conditional clause, then 
the rule of negative expression of hypothetical inference is chosen. For example, in Fig. 
25.1, the leftmost subgoal ?-sentence([John, reads], []) unifies with the conditional clause (1), 
and the rule of negative expression of hypothetical inference is chosen. If the body of the 
conditional clause inferred is the disjunction of two or more atoms, then the rule of change 
from VtoV/' is chosen. For example, in Fig. 25.1, the body of the conditional clause 
inferred ?-noun([John, reads], s,),verb(s,, []), that is —noun([John, reads], s,)\V —verb(s,, 
[]) is the disjunction of two atoms, and it is changed to —noun([John, reads], s;)\V/ | 
—verb(s,, []). If the leftmost subgoal unifies with an unconditional clause, then the rule of 
disjunctive inference is chosen. For example, in Fig. 25.1, the leftmost subgoal ?-noun([John, 
reads], s,),verb(s,, []) unifies with the unconditional clause (2), and the rule of disjunctive 
inference is chosen. 

A forward inference rule system can be transformed into a mutually-inversistic 
forward automated decomposition system by transforming the rules from inference rules 
to axioms or theorems, taking the affirmative expression of hypothetical inference as the 
sole inference rule. For example, Hoare rules of program verification are transformed into 


mutually-inversistic program verification in this way. 
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25.2.3 Theoretically inference rule systems, implementally 
mutually-inversistic automated decomposition systems 


An inference rule system is suitable for a human being, a mutually-inversistic 
automated decomposition system is suitable for a computer. But some people would 
say: “many inference rule systems have been implemented on computers, some even 
automated.” This is true. The reason is that when implementing on a computer, the inference 
rules in these inference rule systems are implemented by the rule clauses of Prolog or the if 
statement of C++, which implement them as theorems. So, from the theoretical perspective, 
these systems are inference rules systems, but from the implemental perspective, they are 
mutually-inversistic automated decomposition systems. For example, in Example 14.7, the 
inference rule hypothetical syllogism is implemented by a second-level rule clause, and it 
is a logical theorem there. An example of an if statement denoting the major premise of a 
dominant hypothetical inference, see Example 25.3. 

Example 25.3: Convert upper case English letters into lower case ones. 

The C program for conversion is as follows: 

main() 

{char ch; 

scanf (“%c”, &ch); 

if (ch>=’A’& &ch<=’Z’) printf (“%c”, ch+32); 


l 
j 


where 32 is the difference of the positions of upper case letters and lower case letters in the 
ASCII table. When a B is inputted, a b is outputted. 

After the B is inputted, the ch in the scanf statement is assigned B, the ch of 
the condition ch>=’A’&&ch<="Z’ in the if statement is also assigned the B, and 
‘BO=A&&’B’<="Z is computed, the result is “true”, then the printf statement is 
activated, the b is printed. It is tangible that the ch of the condition chò>=’ A’ &&ch<=’z’ 
in the if statement being assigned B results in‘B’>=’A’&&’B’<=’Z’ being computed. For 
example, we can assemble the program into the object codes of the assembly language, and 
enter the single step trace mode, trace the execution of the program step by step. Therefore, 
the process is a dominant hypothetical inference, denoted by: 

if (chòè=’ A’ &&ch<= Z’) printf (“%c”, ch+32) 

‘BOSA &&' BZ 


And the if statement denotes the major premise of the dominant hypothetical inference. 
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Chapter 2G 
Mutually-inversistic relational 
databases 


26.1 First-level single quasi-relational databases 


Example 26.1: The known: turn_around( planet, fixed star) denoted by Table 
26.1, turn_around(satellite, planet) denoted by Table 26.2, and the single empirical or 
mathematical theorem turn_around(planet, fixed_star)Mturn_around(satellite, planet)c ' 


turn_around(satellite, fixed_star). And we want to query: turn_around(Moon, Sun). 


Table 26.1 Turn_around (planet, fixed_star) 


planet 


Earth 


fixed_star 
Sun 
Jupiter Sun 


Table 26.2 Turn_around (satellite, planet) 


satellite planet 
Moon Earth 
Jupiter_satel_one Jupiter 


Solution: We use indirect method of proof. We want to query turn_around(Moon, Sun), 
then we suppose that ~turn_around(Moon, Sun) holds. We make the negative expression of 
hypothetical inference from it and the empirical or mathematical theorem turn_around (planet, 
fixed _star)N turn_around(satellite, planet)c 'turn_around(satellite, fixed_star), inferring 

~ {turn_around( planet, Sun) N turn_around(Moon, p/anet)} (26.1) 
Formula (26.1) reminds us to make the fact second intersection of turn_around(p/anet, Sun) 
(Table 26.1)and turn_around(Moon, planet) (Table 26.2), shown in Table 26.3. 


Table 26.3 turn_around(satellite, fixed_star) 


satellite fixed_star 
Moon Sun 
Jupiter_satel_one Sun 
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Formula (26.1) says that the fact second intersection of turn_around(p/anet, Sun) and turn_ 
around(Moon, planet) does not exist, while Table 26.3 says that it exists, thus, contradiction 
occurs. This shows that the supposition ~turn_around(Moon, Sun) is false, and we prove 
(query) turn_around(Moon, Sun). The SQL statements of the query is as follows: 

SELECT satellite, fixed_star 

FROM turn_around( planet, fixed_star), turn_around(satellite, planet) 

WHERE sate/lite=Moon, fixed_star=Sun. 


26.2 Second-level single quasi-relational databases 


The design of the second-level single quasi-relational database should be that no table 
is redundant, and that query is flexible and efficient, capable of querying more information. 
In order for each table being not redundant, we do the following. 

(PUPO =PO 

(PU i 

(Pre o= {=P= 
Because of the above formulas, we can transform U| ', U ', and @' into c ', c ', and =' 
respectively. Therefore , in the construction of the second-level single quasi-relational 
database, we need only to consider | N 3 č 1 =! c", and x". 

Some empirical or mathematical connection operators are strong, others are weak. For 
example, 

{Pc 'Oic (Pe 'O} 
tells us that from Pc 'Q, Pa 'Ọ can be inferred. Therefore, Pc 'Q is stronger than Pc 'Q. 
If two fact propositions satisfy a stronger empirical or mathematical connection operator, 
then there is no need to preserve a weaker one, because the weaker one can be inferred from 
the stronger one. For example, if int(x)c 'rat(x) holds, then there is no need to preserve 
int(x)c 'rat(x), because the latter can be inferred from the former. Other single set theorems 
reflecting the strongness of empirical or mathematical connection operators are 

{P='Q}c '{Pc'Q} 

(Po 'Q}a {PIN 'O} 

(Px "Oc PINO). 

According to these theorems, we can make a figure reflecting the strongness of the 
empirical or mathematical connection operators shown in Fig. 26.1. 

In Fig. 26.1, the three unicellular operators at the top are the strongest, c ' in the 

middle is intermediate, |N ' at the bottom is the weakest. We only consider the construction 


ofc ' table, =' table, and x ' table. 
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\ 


Fig. 26.1 Strongness of empirical or mathematical connection operators 


There exist c ' connections among int(x), rat(x), and real(x), shown in Fig. 26.2, 
where the arrows show the directions of function determinations; i.e., int(x) functionally 


determines rat(x), and rat(x) functionally determines real(x). 


real(x) nat(x) 

rat(x) 

int(x) nonnega(x) <—— pos_zero(x) 
Fig. 26.2 c ' connections Fig. 26.3 = ' connections 


According to Fig. 26.2, we can make the Pc 'Q table shown in Table 26.4, where P is the 
primary key. 


Table 26.4 Pc'Q Table 26.5 P='Q 
int(x) | rat(x) nat(x) pos_zero(x) 
rat(x) | real(x) pos_zero(x) | nonnega(x) 


Table 26.4 only contains the two c ' connections indicated by the arrows of Fig. 26.2, 
it does not contain int(x)c 'real(x). This is because c ' satisfies transitive law, int(x)c | 
real(x) can be inferred from the two c ' connections indicated by the arrows of Fig. 26.2. 
Thus, Table 26.4 eliminates the transitive dependency, satisfying BC normal form. 

There exist = ' connections among nat(x), pos_zero(x) (positive integers and zero), 
and nonnega(x) (nonnegative integers), shown in Fig. 26.3, where the arrows show the 
directions of function determinations. According to Fig. 26.3, we can make the P= 'Q 
table shown in Table 26.5, where P is the primary key. Table 26.5 only contains the two = ' 
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connections indicated by the arrows of Fig. 26.3, it does not contain nonnega(x)= 'nat(x). 
This is because =' satisfies transitive law, nonnega(x)= 'nat(x) can be inferred from the 
two =| connections indicated by the arrows of Fig. 26.3. Thus, Table 26.5 eliminates the 
transitive dependency, satisfying BC normal form. 

If a partition of a concept contains only two parts, then the partition is called a binary 
partition. Two different binary partitions of a concept satisfy x ' connection. For example, 
a number is divided into a positive number (pos) and a nonpositive number (nonpos), it is 
also divided into a negative number (nega) and a nonnegative number (nonnega). Thus, 
pos(x)* 'nega(x) holds. x ' connections are shown in Fig. 26.4, where the arrows show the 


directions of function determinations. 


pos(x) nega(x) 


nonpos(x) nonnega(x) 


Fig. 26.4 x ' connections 


According to Fig. 26.4, we make Px 'Q table shown in Table 26.6, where P is the primary 
key. Table 26.6 satisfies BC normal form. 


Table 26.6 Px'Q 


T Q 
pos(x) nega(x) 
nega(x) nonpos(x) 


nonpos(x) nonnega(x) 


nonnega(x) | pos(x) 


Example 26.2: Suppose we have Px'Q table shown in Table 26.7 and Qc 'R table 
shown in Table 26.8. We want to query pos(x)|M 'rat(x). 


Table 26.7 Px'@O Table 26.8 Qc'R 


int(x) rat(x) 


rat(x) real(x) 
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Solution: First, let us carry out integrity analysis to Tables 26.7 and 26.8. Table 26.7 
satisfies entity integrity, its primary key P does not adopt null value. Likewise, Table 
26.8 satisfies entity integrity. Table 26.7 satisfies referential integrity, its foreign key Q 
adopts either the value of the primary key Q of the Oc 'R table (say, int(x)), or null value. 
Likewise, Tables 26.7 and 26.8 satisfy referential integrity themselves. 

We use the indirect proof method to query. In order to query pos(x)|M 'rat(x), we 
suppose ~ {pos(x)|M 'rat(x)} to be true. ~ {pos(x)| 'rat(x)} and {PIN 'O}N {Oc 'R}c' 


{PIN 'R} make the second-level negative expression of hypothetical inference, inferring 


~ {{pos(x)]'O} 1 {Oc 'rat(x)}} (26.2) 
Formula (26.2) is equivalent to 

~ {pos(x)| 'Q} U ~ {Qc 'rat(x)} (26.3) 
Formula (26.3) can be changed to 

~ {pos(x)|M 'Q} Ul'~ {Oc 'rat(x)} (26.4) 


Formula (26.4) reminds us to query Oc 'rat(x) table and pos(x)| N © table 
respectively. 

First, we query Qc 'rat(x) table. There is no c ' table. But, ~ {Qc 'rat(x)} and {Pa 'Q} 
c ' {Pa 'Q} make the second-level negative expression of hypothetical inference, inferring 
~ {Qc 'rat(x)}. ~{Qc 'rat(x)} reminds us to query the Qc 'rat(x) table. As expected, in 
Table 26.8, we query int(x)c 'rat(x). Int(x)c 'rat(x) and {Oc 'R}c'{Oc 'R} make the 
second-level affirmative expression of hypothetical inference, inferring int(x)c 'rat(x). 


Thus, we can make Qc 'R table shown in Table 26.9. 


Table 26.9 Qc'R Table 26.10 P|N 'O 
Q R P Q 
int(x) | rat(x) pos(x) | int(x) 


Then, we query pos(x)|N 'Q table. There is no |N ' table. But, ~ {pos(x)|M 'Q} and 
{Px 'O}c '{P|N 'Q} make the second-level negative expression of hypothetical inference, 
inferring ~ {pos(x)x '0}. ~{pos(x)x 'O} reminds us to query pos(x)x 'Q table. As 
expected, in Table 26.7, we query pos(x)x ‘int(x). pos(x)* ‘int(x) and {Px 'O}< '{P|N 'O} 
make the second-level affirmative expression of hypothetical inference, inferring pos(x)|Q ' 
int(x). Thus, we can make P|M 'Q table shown in Table 26.10. 

Formula (26.2) says that the empirical or mathematical second intersection of 
pos(x)|N 'Q and Qc 'rat(x) does not exist, which reminds us to make the empirical or 


mathematical second intersection of Tables 26.10 and 26.9, obtaining Table 26.11. 
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Table 26.11 {pos(x)|9 'O}N {Qc 'rat(x)} 
P R 


pos(x) | rat(x) 


Formula (26.2) says that the empirical or mathematical second intersection of 
pos(x)|M O and Oc 'rat(x) does not exist, while Table 26.11 shows that it exists. Thus, 
contradiction occurs. This shows the supposition ~ {pos(x)| 'rat(x)} is false, and we 
prove (query) pos(x)| N 'rat(x). The SQL statements of the query is as follows: 

SELECT P, R 

FROM P|N 'Q, Qc 'R 

WHERE P=pos(x), R=rat(x). 

In the query, we can use the second-order main. For example, we can query int(x) 
c 'r(x); i.e., we ask what can be inferred from int(x). The answer is r=rat and r=real. In the 
query, we can also use the third-order main. For example, we can query int(x)greal(x); i.e., 


we can ask what connection is satisfied by int(x) and real(x). The answer is g=c |. 


26.3 Combined single quasi-relational databases 


Combined single quasi-relational databases combine first and second-level single 
quasi-relational databases. 

Example 26.3: Suppose we have a personal information table shown in Table 26.12, 
and a is_subset_of(P, Q) table shown in Table 26.13. 


work year | father 
25 Big Wang 


Table 26.12 Personal_information 


name 


occupation | work_at 
journalist Beijing Daily 


Table 26.13 Is_subset_of (P, Q) 


Little Wang 


P Q 

journalist capable_of_writing 
capable of writing | literate 

literate 


Based on Table 26.12, we can establish binary views: 
CREATE VIEW occupation_view(name, occupation) 
AS 
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SELECT name, occupation 
FROM personal_information 

and 
CREATE VIEW father_view(name, father) 

AS 
SELECT name, father 
FROM personal_information 

We have the following first-level Datalog statements: 
ancestor(x, y): -father_view(x, y). 
ancestor(x, z): -father_view(x, y), ancestor( y, z). 

We have the following combined Datalog statements: 
is_member_of(x, Q): -occupation_view(x, P) AND 

is subset_of(P, Q). 
is member_of(x, Q): -is member_of(x, P) AND 
is_subset_of(P, Q). 

These two statements correspond to {xeP} A {Pa 'O}c '{xeQ}, where xeP and xeQ are 

facts, Pa 'Q is an empirical or mathematical connection. Hence they are combined Datalog 

statements. We have the following second-level Datalog statement: 
is_subset_of(P, R): -is_subset_of(P, Q) AND 
is subset_of(Q, R). 

The statement corresponds to {Pa 'O}N {Oc ''Rtc'{Pc'R}. 
The system can make the following first-level inference: 
ancestor(x, y): -fataher_view(x, y) AND 

x=Little Wang AND 
y=Big Wang, 

inferring that Big Wang is Little Wang’s ancestor. 

The system can make the following combined inference: 
is member_of(x, Q): -occupaation_view(x, P) AND 
is_subset_of(P, Q) AND 
x=Little Wang AND 
P=journalist AND 
Q=capable-of_writing, 
inferring that Little Wang is capable of writing. 
The system can make the following second-level inference: 
is_subset_of(P, R): -is_subset_of(P, Q) AND 
is_subset_of(Q, R) AND 
P=journalist AND 
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Q=capable_of_writing AND 
R=literate, 
inferring that journalists are all literate. 

Combined single quasi relational databases can be used to implement semantic 
networks: let the names of the binary views or binary tables be the tags of the directed 
arcs, let the first attributes be the starting vertices, let the second attributes be the arriving 
vertices. Such relations of semantic networks as is_subset_of, is member_of, and is_part_ 


of can all be implemented by combined single quasi-relational databases. 
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Chapter 27 
Mutually-inversistic planning and 
scheduling 


Mutually-inversistic planning and scheduling are based on second-level single quasi- 


Prolog. 


27.1 Mutually-inversistic agent planning 


Example 27.1: Consider the plan that a robot gets a box from the neighboring room. 
The three states are shown in Fig. 27.1. 


(a) Initial state (b) Intermediate state (c) Goal state 


Fig. 27.1 States of a robot catching a box 


The predicates describing the states are as follows: 

IN(rét, r,): robot rbt is in room r,. 

IN(b, r,): box b is in room r. 

CN(d, r,, r»): door d connects rooms r, and r». 

We use the lower case strings rbt, b, d, r, and r, to denote term variables, use upper 
case strings ROBOT, BOX, D, R,, and R, to denote term constants the robot, the box, the 
door, room one and room two respectively. 

The initial state is as follows: 

IN(ROBOT, R,) AIN(BOX, R,) \CN(D, R,, R). (27.1) 

The goal state is as follows: 

2330. IN(ROBOT, R,) A\IN(BOX, R,) \CN(D, R,, R;). (27.2) 
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Let the initial state mutually inversely implies the goal state, obtaining the initial state- 
goal state propposition: 

IN(ROBOT, R,)^AIN(BOX, R;) \CN(D, R,, R)< | 

IN(ROBOT, R,) A\IN(BOX, R,) \CN(D, R,, R3). 


The initial state-goal state propositoin is a zeroth-order single empirical or mathematical 


(27.3) 


connection proposition. 
The robot has two actions: go through (gothru) and push through (pushthru). 
Gothru(d, r,, r»): the robot goes from room r, through door d into room r. 
Prestate: IN(rbt, r;) \IN(, r) \CN(d, r}, r3). 
Poststate: IN(rbt, r,) \IN(8, r2)/\CN(d, r} r3). 
Pushthru(, d, r», r,): the robot pushes box b from room r, through door d into room r;. 
Prestate: IN(rbt, r,) \IN(), r>)/ \CN(d, r} r3). 
Poststate: IN(rbt, r;) \IN(), r) \CN(d, r, r3). 
Actions and their prestates, poststates form prestate-action-poststate axioms. The two 
axioms are as follows: 
{IN(rbt, r) AIN(b, r) \CN(d, r, r>)}gothru(d, r;, r2) 
{IN(rbt, r3) AIN(b, r) \CN(d, r, r2)} 
{IN(rbt, r) AIN(b, r) \CN(d, r, 2)}pushthru(d, d, r>, r,) 
{IN(rbt, r) AIN(b, r) \CN(d, r, 72} 


These axioms are first-order single empirical or mathematical connection propositions. 


(27.4) 


(27.5) 


The second-level single quasi-Prolog program and goal are as follows: 

(1) {IN(rdt, r,) AIN(b, r) \CN(d, r,, r2)}gothru(d, ri, r,){IN(rbt, r) AIN(8, r3) 
/\CN(d, r;, r>)}. 

(2) {IN(rbt, r) \IN(), r;) \CN(d, r, r>)}pushthru(d, d, r», r,){IN(rbt, r) AIN(b, r>) 
/\CN(d, rp r)}. 

(3) {R==>>P}===>>>{R>>P}. 

(4) {R==>>P}===>>>{Q>>P}, {R==>>Q}. 

(5) ?-{IN(ROBOT, R,) AIN(BOX, R,) ACN(D, R,, R,)}==>>{IN(ROBOT, R,) 

/\IN(BOX, R) \CN(D, R,, R;)}. 

The two prestate-action-poststate axioms are the second-level unconditional clauses, 
the initial state-goal state proposition is the goal. The process of proving the initial state-goal 
state proposition to be a theorem is the process of generating the plan. In the process, the 
action sequence binding to >> is the plan generated: gothru(D, R,, R,), pushthru(BOX, 
D, R,, R,). Although the two axioms are the prestate-action-poststate axioms, they can be 
reduced to precondition-action-effect axioms. The second-level single quasi-Prolog program 
and goal are the second-level tail recursion with exit, which can be transformed to second- 


level iteration. 
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27.2 Mutually-inversistic multiagent planning 


27.2.1 An example 


Example 27.2: There are two manipulators: agent m and agent n. They can unstack 
or stack building blocks. There are four building blocks of the same size, marked 1, 2, 3, 
and 4.There are three tables, marked A, B, and C. The size of a table is just for one building 
block, on which can be put another building block. The position for the lower level building 
block is marked by L, the position for the upper level building block is marked by U. The 
initial state is shown in Fig. 27.2. The goal state for agent m is shown in Fig. 27.3, that for 


agent n is shown in Fig. 27.4. 


— 


F} 
l 2 4 |L 
A B 


E 


Fig. 27.2 Initial state 


a 


A "B C A B G 
Fig. 27.3 Goal state for agent m Fig. 27.4 Goal state for agent n 


Agent m can do the following actions: 

m-unstack(x, y, U): m unstack building block x from the U position of table y. 
m-unstack(x, y, L): m unstack building block x from the L position of table y. 
m-stack(x, y, U): m stack building block x on the U position of table y. 
m-stack(x, y, L): m stack building block x on the L position of table y. 

Agent n can do the similar actions. 

The predicates describing states are as follows: 

At(x, y, U): building block x is at the U position of table y. 

At(x, y, L): building block x is at the L position of table y. 

m-holding(x): m is holding building block x. 

m-idle: m is idle. 


n-holding(x): n is holding building block x. 
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n-idle: n is idle. 
The actions of agent m and their preconditions and effects are described as follows (we 
adopt the closed-world assumption): 
m-unstack(x, y, U) 
Precondition: at(x, y, U), at(v, y, L), m-idle. 
Effect: at(v, y, L), m-holding(x) (According to the closed world assumption, in the 
effect, there is no predicate at(x, y, U), which means the predicate is false). 
m-unstack(x, y, L) 
Precondition: at(x, y, L), m-idle. 
Effect: m-holding(x). 
m-stack(x, y, U) 
Precondition: at(v, y, L), m-holding(x). 
Effect: at(x, y, U), at(v, y, L), m-idle. 
m-stack(x, y, L) 
Precondition: m-holding(x). 
Effect: at(x, y, L), m-idle. 
Agent n has similar actions and preconditions and effects. 
Agent m’s action m-unstack(x,, y,, L) and agent n’s action n-unstack(x,, y,, L) can be 
combined to execute in parallel. We use m-unstack(x,, y,, L)||n-unstack(x,, y, L) to denote 


their action combination, the prestate-action combination-poststate axiom of which is as 


follows: 
{at(x,, Ya L)/\at(x,, y,, L)/\at(x;, y., U)Aat(x,, Ya L)/\m-idle/\n-idle} m-unstack(x,, y,, 
L)||n-unstack(x,, y,, L) {at(x,, y., U) Aat(x,, Ya L) \m-holding(x,) A n-holding(x,)} (27.6) 


Similarly, other prestate-action combination-poststate axioms can be made. They are 
first-order single empirical or mathematical connection propositions. 
Parts of the concrete states and their transitions are shown in Fig. 27.5. Parts of the 


abstract states and their transitions are shown in Fig. 27.6. 


yk 


U  concrete_states(a) 


A B G 
m-unstack(1, A, L)|| m-stack(1, A, L)|| 
n-unstack(2, B, L) n-stack(2, B, L) oi 
MT 
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U  concrete_states(b) 


F 
A B G 
n-stack(2, A, L) | n-unstack(2, A, L) 
m 


"z 


E 


A B 


U concrete_states(c) 


L 


4 
C 
m-stack(1, A, L) | m-unstack(1, A, U) 


U concrete_states(d) 


2 4 |L 


A B C 


Fig. 27.5 Concrete states and their transitions 


The initial state is described as follows: 
at(1, A, L)^at(2, B, L) \at(3, C, U) Aat(4, C, L) A m-idle /\n-idle 


(27.7) 


The goal state of m (Fig. 27.3) and that of n (Fig. 27.4) do not conflict, they can form 


a goal states combination, which is not unique. One scheme is shown in Fig. 27.5 (d), it is 


described as follows: 
at(1, A, U)A^at(2, A, L) Aat(3, C, U) Aat(4, C, L) /\m-idle A n-idle 


(27.8) 
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at(x,, Ya L) Aat(x,, Yp L)Aat(x;, Vo VU) /at(x,4, Yo L) \m-idle An-idle 


m-unstack(x,, Y, L)|| 
n-unstack(x,, y,, L) 


sbstract_state(a) 


m-stack(x,, v, L)]| 
n-stack(x>, Vp, L) 


at(x;, Ya U) Aat(x,, Ya L)Am-holding(x,)^n-holding(x,) | sbstract_state(b) 


n-stack(x3, y,, L) n-unstack(x,, Y, L) 


at(x>, Va L) A atx, Va U)/at(x,, Ya L) n-idle/\m-holding(x,) | sbstract_state(c) 


m-stack(x,, Ya U) 


m-unstack(x,, y,, U) 


at(x,, Ya U) Aat(x,, Va L)/Aat(x;, Ya U)/at(x,4, Ya L)/\m-idle/\n-idle | sbstract_state(d) 


Fig. 27.6 Abstract states and their transitions 


Let (27.7) mutually inversely implies (27.8), obtaining the initial state-goal states com- 


bination proposition, which is a zeroth-order single empirical or mathematical connection 


proposition: 
fat(1, A, L) A\at(2, B, L) \at(3, C, U)Aat(4, C, L)/\m-idleAn-idle} < '{at(1, A, 
U) Aat(2, A, L) Aat(3, C, U) Aat(4, C, L)/\m-idle A n-idle} (27.9) 


We aim at proving (27.9) to be a theorem. The proof process is one that generate the 
multiagent plan. The second-level single quasi-Prolog program and goal are as follows: 

(1) {abstract_state(b)}m-unstack(x,, y,, L)||n-unstack(x,, y, L){abstract_state(a)}. 

(2) {abstract state(c)}n-stack(x,, y,, L){abstract_state(b)}. 

(3) {abstract_state(b)}m-stack(x,, y,, U){abstract_state(a)}. 

(4) {R==>>P}===>>>{R>>P}. 

(5) (R==>>P}===>>> {Q>>P}, {R==>>Q}. 

(6) ?-{concrete_state(d)}==>>{concrete_state(a)}. 

In the program and goal, clause (1) is the abbreviation of (27.6), clause (6) is the 
abbreviation of (27.9). The process of proving the initial state-goal states combination 
proposition to be a theorem is the process of generating the plan. The action sequence 
binding to >> is the plan generated: m-unstack(1, A, L)||n-unstack(2, B, L), n-stack(2, A, 
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L), m-stack(1, A, U), which is described by the transition from the concrete state (a) to the 
concrete state (d) in Fig. 27.5. The program and goal are the second-level tail recursion with 
exit, which can be transformed into second-level iteration. The prestate-action combination- 


poststate axioms can be reduced to precondition-action combination-effect axioms. 


27.2.2 Transformation from linear logic theorem prover to 
mutually-inversistic multiagent planner 


Literature (Rao, Kungas, Matskin, 2004) gives a linear logic theorem prover based 
Web service composition system of skiing. It has several inference rules including hypo- 
thetical syllogism. It has five axioms: 

|-Skill— seiectmoge Model 

|-Height, Weight— setecttengn Length 

|-Model, Length—> serasi ProductNr, Sportshop 


Price 


e 


|-ProductNr, Shop caprice 

|-SportShop— Shop 
The first four axioms are Web services, the last one is an ontology. The theorem to be 
proved is: 

|-Skill, Height, Weight Price 

The system is a second-level inference rule system, because it has many inference rules 
including hypothetical syllogism. It can be transformed into second-level single quasi-Pro- 
log by transforming the inference rules into single logical theorems, taking the axioms as 
single empirical or mathematical theorems, taking the second-level negative expression of 
hypothetical inference, second-level disjunctive inference, and the rule of change from V to 
\// ' as the inference rules. The second-level single quasi-Prolog program and goal are as 
follows: 

(1) {Model, Length} SelectModel||SelectLength {Skill, Height, Weight} 

(2) {ProductNr, SportShop}SelectSki{Model, Length}. 

(3) {Shop} Ontology {SportShop}. 

(4) {Price}GetPrice {ProductNr, Shop}. 

(5) (Rp (Pj er (Oh Pj, i. 

(6) {S}==>>{P, R}===>>>{Q}=={R}, {S}-={P, QO}. 

(7) ?-{Price}==>>{Skill, Height, Weight}. 

The system is a mutually-inversistic multiagent planner. The actions are in the middle 
of (1) through (4) with the preconditions following them and the effects in front of them. 
The proof process is one that generates the plan. In the process, the action sequence binding 


to == is the plan generated: SelectModel||SelectLength, SelectSki, Ontology, GetPrice. 
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27.3 Mutually-inversistic multiagent scheduling 


Example 27.3: A truck (agent A) and a vessel (agent B) carry soldiers from the rear to 
the front. Agent A can carry 40 soldiers, goes forward and backward each need 30 hours. 
Agent B can carry 100 soldiers, when going forward, it is with the stream, and need 50 
hours; when going backward, it is against the current, and need 70 hours. The scheduling 


diagram is shown in Fig. 27.7. 


A agent 
A rear forward front backward rear forward front backward rear 
L 1 4 
5 rear forward front backward rear 
- L moll — m on 


Fig. 27.7 Scheduling diagram 


The time A reaches the front or the rear is called the turning point of A, because at this 
time A needs to turn directions. Likewise, we can define the turning point of B. At least one 
of the turning point of A or B is called the switch point. In Fig. 27.7, there are six switch 
points: 0, 30 hours, 50 hours, 60 hours, 90 hours, 120 hours. Take 30 hours as an example, 
at this time, the scheduling scheme is from A going forward and B going forward switched 
to A going backward and B going forward. 

We use ¢,, to denote the time A has gone forward at the switch point, use ¢,, to denote 
the time A has gone backward at the switch point, use D, to denote more time A needs to go 
to the next turning point. Tss ts», Dg can be similarly defined. We use z; to denote the time 
interval between two switch points, use f to denote the total scheduling time, use s/d to denote 
the number of soldiers reaching the front. 

A has two actions. Forward,(sld,, ¢;) denotes that A goes forward 1; time, carries as 
much as sld, soldiers. Backward, (¢;) denotes that A goes backward 1; time. Forward,(s/d,, t;) 
and backward,(t;) can be similarly defined. 

There are four action combinations: A going forward and B going forward, A going 
backward and B going forward, A going forward and B going backward, and A going back- 
ward and B going backward. Each action combination can be described by a prestate-action 
combination-poststate axiom, whose prestate and poststate are both switch points, and who 
is a first-order single empirical or mathematical connection proposition. The prestate-action 


combination-poststate axiom for the action combination A going forward and B going 
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forward is given in (27.10) where the prestate is in front of the action combination and the 
poststate follows it. 

{<30 Atg <50 A te Asld=d A t4,=30 Atp =70} forward, (40, t)||forwardg(100, £) 
{(D,=30-t,) A\(Dg=50-t,)[if(D =Dz) then (t=D,=DgA t4,=0/\ tgr =0 A (sld=d+140)) else if 
(D,<D,) then (t=D,/\t,,=0/(sld=d+40)) else (t=Dz/\ tg,=0 /\(sld=d+100))] A (Ftit) 


A (tetest) \(t=c+t)} (27.10) 
The initial state is as follows: 
t4=0/ tg=0 A 0 A sld=0 A t4,=30 A ty=70 (27.11) 
The goal state is as follows: 
taa <30 A tgr, <70 A 240 Asld=350 A t, =30 A tg=50 (27:12) 


Let the initial state mutually inversely implying the goal state be the initial state-goal 
state proposition, which is a zeroth-order single empirical or mathematical connection prop- 
osition. 

Mutually-inversistic multiagent scheduler is second-level single quasi-Prolog. The 
second-level unconditional clauses are the prestate-action combination-poststate axioms, 
the second-level goal is the initial state-goal state proposition to be proved, the second-level 
conditional clauses are the same as clauses (4) and (5) of Example 27.2. 

In certain step, (27.11) unifies with the prestate of (27.10) successfully, and the action 
combination forward,(40, t;)||forwardg(100, ż;) is executed. Then the poststate is computed: 
D,=30-t,=30-0=30, D=50-t,,=50-0=50; D,<D,, hence, =D ,=30, t,,=0, sld=0+40=40, 
t=0+30=30, t,,=0+30=30, t=0+30=30, tg, remains 70 unchanged. The next action combi- 
nation is A going backward and B going forward. 

The advantage of the mutually-inversistic multiagent scheduler is that it solves the 
resource representation problem which other schedulers do not solve. The disadvantage of it 
is that its number of prestate-action combination-poststate axioms grows exponentially with 


the number of agents n. 
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Chapter 28 
Mutually-Inversistic Semantic Network 


Mutually-inversistic semantic network is an inference semantic network. It is divided 
into first-level semantic network and second-lelvel semantic network, based on the first-level 
predicate calculus and second-level predicate calculus respectively. Traditional semantic 


network except partitioned semantic network is part of first-level semantic network. 


28.1 First-level semantic network 


First-level semantic network is used to describe the second-order main and auxiliary; 
i.e., predicates and functions, and the third-order main and auxiliary; i.e., empirical or 


mathematical connection operators and fact composition operators. 


28.1.1 Predicates and functions 


It is convenient to denote a binary predicate by the first-level semantic network, in 
which the binary predicate is denoted by a directed arc connecting two vertices, the directed 
are represents the predicate, the vertex the arc leaves represents the first argument of the 
predicate, the vertex the arc enters represents the second argument of the predicate. For 
example, the binary predicate parent(John, Sam) denoted by first-level semantic network is 


shown in Fig. 28.1. 


Fig. 28.1 Binary predicate 


It is also convenient to denote a unary predicate by the first-level semantic network. 


For example, the unary predicate shine(Sun) can be denoted by Fig. 28.2. 


Sa has-property-of 


Fig. 28.2 Unary predicate 


A ternary predicate can be transformed into four binary predicates. For example, 


the ternary predicate give(John, Mary, book) can be transformed into Isa(G1, giving_ 
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event) /\ giver(G,, John) A recip(G,, Mary) /\obj(G,, book). Its corresponding first-level 


semantic network is shown in Fig. 28.3. 


Fig. 28.3 Ternary predicate 


Likewise, a quadrinary predicate can be transformed into five binary predicates. 
A unary function can be denoted like a binary predicate. For example, the unary 
function height(Zhou)=1.76m can be denoted by Fig. 28.4. 


Fig. 28.4 Unary function 


A binary function can be denoted like a ternary predicate. For example, the binary 
function 3+2=5 can be denoted by Fig. 28.5. 


Fig. 28.5 Binary function 


28.1.2 Empirical or mathematical connection operators and fact 
composition operators 


There are two ways of denoting empirical or mathematical connection operators and 
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operators are denoted by arcs, fact composition operators are denoted by vertices. 
The second way is that both empirical or mathematical connection operators and fact 


composition operators are denoted by closed lines. 


28.1.2.1 The first way of denoting empirical or mathematical conpection 
operators and fact composition operators 

There are two cases to be considered. The first case is that the antecedent of the 
empirical or mathematical connection operator has only one fact proposition, and the fact 
composition operator is not needed. The second case is that the antecedent of the empirical 
or mathematical connection operator has two or more fact propositions, and the fact 
composition operator is needed. 
28.1.2.1.1 The first case 

In this case, examples of using directed arcs to denote < ' are given in Figs. 28.6 and 
28.7. 


parent(x, y) grandparent(x) 


Fig. 28.7 Using directed arcs to denote < 


An example of using directed arc to denote //\"' is given in Fig. 28.8. 


Pees ar rit 


Fig.28.8 Using directed arc to denote //\ ' 


When the fact propositions are unary predicates, then the term variables in the unary 
predicates can be omitted. For-example, in the bronze classification semantic network, 


bronze(x) can be written as bronze. The semantic network is shown in Fig. 28.9. 349 
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bronze_brass_copper_ware 


brass_ ware 


bronze_ware_as_ weapon 


Gui] [un] 


Fig. 28.9 Term variables can be omitted 


When < ' is denoted by a directed arc, < ' corresponds to KO (KIND_OF). The other 
relations used in the mutually-inversistic semantic network include PO (PART_OF), MO 
(MUMBER OF), IO (INSTANCE OF), AO (ATTRIBUTE_OF), SA (SAME_AS), CO 
(CONJUNCT_OF), DO (DISJUNCT_OF), NO (NEGATION _ OF). 
28.1.2.1.2 The second case 

In this case, we need vertices to denote fact composition operators, see the family 


semantic network shown in Fig. 28.10. 


parent(Jimin, Xunwei) 


Fig. 28.10 Using vertices to denote fact composition operators 


Fig. 28.10 can be used to discover recursions. If we start from certain predicate, say 
ancestor, via an upward route, and reach the same predicate, then a recursion exists. The 
dotted lines in Fig. 28.10 denote recursion. 

A part of the first-level semantic network for animal classification expert system is 

350 = shown in Fig. 28.11. 
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Isa(zebra) 


CO 
class(mammal) 
! 


Fig. 28.11 Animal classification expert system 


28.1.2.2 The second way of denoting empirical or mathematical connection 
operators and fact composition operators 
In this way, we use directed arcs to denote predicates, use vertices to denote terms, use 
closed dotted lines marked with ANTE, CONSE to denote the antecedent, and consequent 
of the empirical or mathematical connection operator < ' respectively, use closed dotted 
lines marked with CONJ, DISJ to denote conjunction, and disjunction respectively. 
For example, the first-level semantic network of parent(John, Sam)< 'ancestor(John, 


Sam) is shown in Fig. 28.12. 


a aneestor j CONSE 


Fig. 28.12 The second way of denoting empirical or mathematical connection 


operators and fact composition operators 
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Another example is that the first-level semantic network of parent(x, v)/\ancestor(y, 


z)< 'ancestor(x, z) is shown in Fig. 28.13. 


Fig. 28.13 The second way of denoting empirical or mathematical connection 


operators and fact composition operators 


From Fig. 28.13, we see the second way of denoting the fact composition operator /\ 
(CONJ): using CONJ to circle two or more predicates to denote the conjunction of these 


predicates. 


28.1.3 First-level semantic network representation of quantifier- 
free propositions 


In the previous section, we used the first-level semantic network to denote the quan- 
tifier-free first-order single empirical or mathematical connection propositions. Parts of 
Fig. 28.6, Fig. 28.8, and Fig. 28.13 denote first-order single empirical or mathematical con- 
nection propositions integer(x)< 'rational(x), even_number(x)//\"'prime_number(x), and 
parent(x, y) /\ancestor(y, z)< ‘ancestor(x, z) respectively. They correspond to propositions 
with quantifier in classical logic: V,(integer(x)—rational(x)), 4.(even_number(x) ^A prime_ 
number(x)), and V,'V,V(parent(x, y)/\ancestor(y, z)—ancestor(x, z)) respectively. In this 
section, we use the first-level semantic network to denote the quantifier-free first-order multiple 
empirical or mathematical connection propositions, and compare them with the partitioned 
semantic network of propositions with quantifier in classical logic. 

First, let us consider the first-order multiple empirical or mathematical connection 
propositions with the nonproperty propositions being the binary predicates. Suppose we 
have the statement: Every dog has bitten a postman. In classical logic, this statement is denoted 
by the proposition V,(dog(x)—> 4,(postman(y) ^ bite(x, y))). The partitioned semantic network 
of the proposition is shown in Fig. 28.14. 

In mutually-inversistic logic, the statement is denoted by the proposition dog(x)< | 
postman(y)//\ 'bite(x, y). The first-level semantic network of the proposition is shown in 
Fig. 28.15. 
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Fig. 28.15 First-level semantic network for every dog has bitten a postman 
Suppose we have the statement: Every dog has bitten every postman. In classical 


logic, this statement is denoted by the proposition V,(dog(x)— V,(postman(y)— bite(x, y))). 
The partitioned semantic network of the proposition is shown in Fig. 28.16. 


BG 


y 


Fig. 28.16 Partitioned semantic network for every dog has bitten every postman 


In mutually-inversistic logic, the statement is denoted by the proposition dog(x)< ' 
postman(y) < 'bite(x, y). The first-level semantic network of the proposition is shown in 
Fig. 28.17. 

Suppose we have the statement: Every dog in town has bitten the constable. In classical 
logic, the statement is denoted by the proposition 4,(constable(y) ^ V,(dog(x)— bite(x, y))). 
The partitioned semantic network of the proposition is shown in Fig. 28.18. 
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Fig. 28.18 Partitioned semantic network for every dog in town has bitten the constable 


In mutually-inversistic logic, the statement is denoted by the proposition 
constable(John)//\ '{dog(x)< 'bite(x, John)}. The first-level semantic network of the 
proposition is shown in Fig. 28.19. 


Fig. 28.19 First-level semantic network for every dog in town has bitten the constable 


Comparing Figs. 28.15 with 28.14, 28.17 with 28.16, and 28.19 with 28.18, we see 
that the expressive power of first-level semantic network is the same as that of partitioned 
semantic network, but the former is simpler than the latter. 

Then, let us consider the first-order multiple empirical or mathematical connection 
propositions with the nonproperty propositions being ternary predicates. Suppose we have 
the statement: every customer purchases some supplier’s all commodities. In mutually- 
inversistic logic, the statement is denoted by the proposition customer(x)< 'supplier(y)// ' 
{commodity(z)< 'purchase(x, y, z)}. The first-level semantic network of the proposition is 
shown in Fig. 28.20. For the same statement, the partitioned semantic network representation 
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customer 


subject 


Fig. 28.20 First-level semantic network for nonproperty proposition 


being ternary predicate 


28.1.4 Inferences of first-level semantic networks 


First-level semantic network has inheritance inference and match inference, both are 


hypothetical inference. 


28.1.4.1 Inheritance inferences 
Example 28.1: Using inheritance inference to make Socrates inference. 


Solution: Suppose we have a first-level semantic network shown in Fig. 28.21. 


Socrates 


Fig. 28.21 Inheritance inference 


The famous Socrates inference is: all men are mortal, Socrates is a man, therefore, 
Socrates is mortal. In Fig. 28.21, Socrates inference is made as follows: 
human beings inherit the attribute of mortality from living beings, and Socrates inherits 


the attribute of mortality from human beings. 


28.1.4.2 Match inferences 
The fact network and goal network in traditional semantic network correspond to the 
network of the major premise and that of the minor premise-conclusion in mutually-inversistic 
semantic network including first-level semantic network and second-level semantic network. 
Example 28.2: Make the following inference using match inference: from the major 


remise parent(x, y)/\ancestor(y, z)< ‘ancestor(x, z) and the minor premise parent(John, 
p p ; p p 
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Sam) /\ancestor(Sam, Bob) to infer the conclusion ancestor(John, Bob). 
Solution: The network of the major premise has been shown in Fig. 28.13, the network 


of the minor premise-conclusion is shown in Fig. 28.22. 


I \ 
ı ancestor 1 


’ iia TT 
I 
! parent 


- 
--. -eA 


Fig. 28.22 Network of the minor premise-conclusion one of the match inference 


Matching Figs. 28.13 and 28.22, we obtain the substitution {x/John, y/Sam, z/Bob, p/ 
ancestor}, and infer the conclusion ancestor(John, Bob). 

Example 28.3: Make the following inference using match inference: from the major 
premise dog(x)< 'postman(y)//\ 'bite(x, y) and the minor premise dog(Huaner) to infer the 
conclusion postman(y)//\ 'bite(Huaner, y). 

Solution: The network of the major premise has been shown in Fig. 28.15, the network 


of the minor premise-conclusion is shown in Fig. 28.23. 


Fig. 28.23 Network of the minor premise-conclusion two of the match inference 


Matching Figs. 28.15 and 28.23, we obtain the substitution {x/Huaner, p/bite, g///\ '}, 
and infer the conclusion postman(y)//\ 'bite(Huaner, y). 

Example 28.4: Make the following inference using match inference: from the major 
premise parent(John, Sam) < 'ancestor(John, Sam) and the minor premise parent(John, 
Sam) to infer the conclusion ancestor(John, Sam). 

Solution: The network of the major premise has been shown in Fig. 28.12, the network 
of the minor premise-conclusion is shown in Fig. 28.24. 

Matching Figs. 28.12 and 28.24, we obtain substitution {p/ancestor}, infer the 


conclusion ancestor(John, Sam). 
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r parent \ 
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\_P CONSE 


Fig. 28.24 Network of the minor premise-conclusion three of the match inference 


28.2 Second-level semantic networks 


28.2.1 Logical connection operators and empirical or 
mathematical composition operators 


Similar to empirical or mathematical connection operators and fact composition 
operators, there are also two ways of denoting logical connection operators and empirical 
or mathematical composition operators. For the first way, there are also two cases. The first 
case is that the antecedent of the logical connection operator has only one single empirical 
or mathematical connection proposition. The second case is that the antecedent of the logical 


connection operator has two or more single empirical or mathematical connection propositions. 


28.2.1.1 First way of denoting logical connection operators and empirical or 
mathematical composition operators 
28.2.1.1.1 The first case 


An example of this case is shown in Fig. 28.25. 


int(x)<"rat(x) equilateral(x)= 'equiangular(x) 


Fig. 28.25 The antecedent has only one empirical or mathematical 


connection proposition 


BE 
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Unlike the first-level semantic network, in Fig. 28.25, the descendant vertices do not 
inherit the attributes from the ancestor vertices. For example, vertex P/ A'O is reflexive, 
while its descendant vertex P< 'Q is not. 
28.2.1.1.2 The second case i 


Examples of this case are shown in Figs. 28.26 and 28.27. 


Fig. 28.26 The antecedent has two or more empirical or mathematical 


connection propositions 


DO 


int(x)S rat(x) 


nonnega rat (x)<`'rat(x) 


Fig. 28.27 Second-level single quasi-expert system of number system 


Fig. 28.26 can be used to discover second-level recursion. If we start from certain 
empirical or mathematical connection operator, via an upward route, reach the same 
empirical or mathematical connection operator, then a second-level recursion exists, as is 
shown by the dotted lines in Fig. 28.26. Fig. 28.27 is the second-level single quasi-expert 
system of number system. 
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28.2.1.2 Second way of denoting logical connection operators and empirical 
or mathematical composition operators 


In this way, the second-level semantic network of the second-order single logical con- 
nection proposition {P< 'Q0}< '{P// 'Q} is shown in Fig. 28.28. 


L IN' } CONSE 


`~ 


Fig. 28.28 Second way of denoting logical connection operators and empirical or 


mathematical composition operators 


The second-level semantic network of the first-order single logical connection 


proposition {tripod(x)< 'bronzeware_for_rite(x)} A {bronzeware_for_rite(x)<' 


bronzeware(x)} /\ {bronzeware(x)< 'bronze_brass_copper_ware(x)} < '{tripod(x) < ` 
bronze_brass_copper_ware(x)} is shown in Fig. 28.29. 


bronze_ware 


-=-þ------ 


~~ 


bronze_ware_for_rite 


Ss 
rr) 


Fig. 28.29 Second way of denoting logical connection operators and empirical or 


mathematical composition operators 


28.2.2 Inferences of second-level semantic networks 


Because Fig.28.25 do not have inheritance, second-level semantic networks do not 
have inheritance inference, they only have match inference. 


Example 28.5: Make the following inference using match inference: from the major 


premise {P< 'Q}< '{P//\"'Q} and the minor premise integer(x)< 'rational(x) to infer the 
conclusion integer(x)//\ 'rational(x). 


Solution: The network of the major premise has been shown in Fig. 28.28, the network 
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of the minor premise-conclusion is shown in Fig. 28.30. 


\ @ CONSE 
x z 


w? 


Fig. 28.30 Network of the minor premise-conclusion one of the match inference 


Matching Figs. 28.28 with 28.30, we obtain the substitution {P/integer, Q/rational, 
g///\ '}, infer the conclusion integer(x)//\ 'rational(x). 

Example 28.6: Make the following inference using match inference: from the 
major premise {tripod(x)< 'bronzeware_for_rite(x)} /\ {bronzeware_for_rite(x)< ' 


bronzeware(x)} A {bronzeware(x)< ‘bronze brass copper _ware(x)}< |{tripod(x)< ' 


bronze brass copper ware(x)} and the minor premise {tripod(x)< 'bronzeware for_ 
rite(x)} A {bronzeware_for_rite(x)< 'bronzeware(x)} A {bronzeware(x)< 'bronze_brass_ 
copper_ware(x)} to infer the conclusion tripod(x)< ' bronze_brass_copper_ware(x). 


Solution: The network of the major premise has been shown in Fig. 28.29, the network 
of the minor premise-conclusion is shown in Fig. 28.31. 


z 
1 -l 
I< 
bronze ware 


---þ----- 


bronze brass copper_ware 


Fig. 28.31 Network of the minor premise-conclusion two of the match inference 


Matching Figs. 28.29 with 28.31, we obtain the substitution {g/< '}, infer the conclu- 
sion tripod(x)< ' bronze_brass_copper_ware(x). 


28.3 Conclusions about semantic networks 


We can make 10 conclusions about semantic networks: 
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(1) A first-level semantic network is quantifier-free, it has the same expressive power 
with a partitioned semantic network, but is much simpler. 

(2) Mutually-inversistic semantic network has strong expressive power, it can express 
from the first-order to the fourth-order main and auxiliary. 

(3) Second-level semantic network is first proposed by the author. 

(4) Mutually-inversistic semantic network can denote expert systems. The first-level 
single quasi-expert system is shown in Fig. 28.11. The second-level single quasi-expert 
system is shown in Fig. 28.27. 

(5) Mutually-inversistic semantic network is an inference semantic network, it can 
make hypothetical inference. The first-level hypothetical inferences are seen in 
Examples 28.1 through 28.4. The second-level hypothetical inferences are seen in 
Examples 28. 5 and 28.6. 

(6) Mutually-inversistic semantic network can be used to carry out proofs of mutually- 
inversistic Prolog and expert systems. Examples of Prolog are seen in Examples 
28.1 and 28.2. The example of first-level expert system is seen in Example 28.4. 
The example of second-level single quasi-Prolog is seen in Example 28.5. The 
example of second-level single quasi-expert system is seen in Example 28.6. 

(7) Mutually-inversistic semantic network can be used to discover recursion and 
second-level recursion. Fig. 28.10 can be used to discover recursion. Fig. 28.26 can 
be used to discover second-level recursion. 

(8) In the first way of denoting an empirical or mathematical connection proposition, 
an arc denotes an empirical or mathematical connection operator, in the second 
way, the arc denotes a predicate. In denoting a multiple empirical or mathematical 
connection proposition, some arcs denote the empirical or mathematical connection 
operators, others denote the predicates. 

(9) Traditional semantic network is not stringent. While mutually-inversistic semantic 
network is stringent both on knowledge representation and on knowledge inference. 

(10) If we establish knowledgebase on the basis of mutually-inversistic semantic 

network, then we can lift the knowledgebase from knowledge engineering to 


knowledge science. 
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Mutually-inversistic expert systems 


29.1 A semantic network 


A first-level semantic network of bronze, brass, or copper ware is shown in Fig. 29.1. 


made_of_bronze_brass_copper 


bronze_brass_copper_ware 


copper_ware bronze_ware yellow 4brass_ware 


purple 


as_ weapon 


bronze_ware_as_ instrument] for_rite4bronze_ware_for_rite} bronze ware as weapon 


as_instrument 


Fig. 29.1 First-level semantic network for bronze, brass, or copper ware 


29.2 First-level single quasi-expert systems 


Based on Fig. 29.1, we can construct the first-level single quasi-expert system, where 
each edge of Fig. 29.1 is a rule clause of Prolog, a zeroth-order single empirical or math- 
ematical connection proposition. For example, the edge from bronze ware to bronze ware 
for rite can be denoted by: 

class(bronze_ware_for_rite):-class(bronze_ware), attr(for_rite). 

The Prolog program of the first-level single quasi_expert system for bronze, brass, or 
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run: -isa(x),!. 
write(I think that it is a), writeln(x). 
run: -writeln(I do not know what it is). 
isa(gui): -class(bronze_ware_for_rite), 
attr(a). 
isa(tripod): -class(bronze_ware_for_rite), 
attr(has_legs), 
attr(as_container). 
isa(dun): -class(bronze_ware_for_rite), 
attr(b). 
class(bronze_ware_as_ instrument): -class(bronze_ware), 
attr(as_instrument). 
class(bronze_ ware for_rite): -class(bronze_ware), 
attr(for_rite). 
class(bronze_ware_as_ weapon): -class(bronze_ware), 
attr(as_ weapon). 
class(copper_ware): -class(bronze_brass_copper_ware), 
attr(purple). 
class(bronze_ware): -class(bronze_brass_copper_ware), 
attr(pale). 
class(brass_ware): -class(bronze_brass_copper_ware), 
attr(yellow). 
attr(x): -write(Has it the attribute), write(x),write(?>>), 
read(Rep), 
same(Rep, y), 
assert(attr(x)). 


same(x, x). 


29.3 Bottom-up second-level single quasi_expert 
systems 


Each edge of Fig. 29.1 bottom-up is a first-order single empirical or mathematical 
connection proposition. For example, the edge from bronze ware to bronze, brass, or copper 
ware is a first-order single empirical or mathematical connection proposition: 

bronze_ware(x)< 'bronze_brass_copper_ware(x) (29.1) 

A route in Fig. 29.1 from a leaf to the root is a first-order single logical connection 


proposition. For example, the root from tripod to bronze, brass, or copper ware is a first-order 
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single logical connection proposition: 

{tripod(x)< 'bronze_ware_for_rite(x)} A {bronze_ware_for_rite(x)< 'bronze_ 
ware(x)} A {bronze _ware(x)< ‘bronze brass copper_ware(x)}< '{tripod(x)< ' bronze_ 
brass_copper_ware(x)} (29.2) 

Formula (29.2) is obtained as follows: the antecedent is the conjunction of the first-order 
single empirical or mathematical connection propositions denoted by the edges of the route, 
the consequent is an empirical or mathematical connection proposition, whose antecedent is 
the leaf of the route, whose consequent is the root. 

A bottom-up second-level single quasi-expert system is used for theorem proving. For 
example, taking (29.2) as the major premise, taking the conjunction of (29.3), (29.4) and 
(29.1) as the minor premise, using second-level hypothetical inference, we can infer the 


conclusion (29.5). 


tripod(x)< 'bronze_ware_for_rite(x) (29.3) 
bronze_ware_for_rite(x)< 'bronze_ware(x) (29.4) 
tripod(x)< ' bronze_brass_copper_ware(x) (29.5) 


Bottom-up second-level single quasi-expert systems can be implemented as second- 


level single quasi-Prolog program. 


29.4 Top-down second-level single quasi-expert 
systems 


Each edge of Fig. 29.1 top-down is also a first-order single empirical or mathematical 
connection proposition. For example, the edge from bronze, brass, or copper ware to bronze 
ware is a first-order single empirical or mathematical connection proposition: 

{bronze_brass_copper_ware(x)(pale(x))bronze_ware(x)} (29.6) 

A route in Fig. 29.1 from the root to a leaf is a first-order single logical connection 
proposition. For example, the route from bronze, brass, or copper ware to tripod is a first- 
order single logical connection proposition: 


{bronze_brass_copper_ware(x)(pale(x))bronze_ware(x)} ^ {bronze_ware(x)(for_ 


rite(x))bronze_ware_for_rite(x)} /\ {bronze_ware_for_rite(x)(has_legs(x)/\as_container(x)) 
tripod(x)}< '{bronze_brass_copper_ware(x)(is)tripod(x)} (29.7) 
Formula (29.7) is obtained as follows: the antecedent is the conjunction of the first-order 
single empirical or mathematical connection propositions denoted by the edges of the route, 
the consequent is a first-order single empirical or mathematical connection proposition, 
whose antecedent is the root, whose consequent is the leaf of the route. 

Suppose a collector wants to know whether his collection is a tripod or not. Then he 


suppose 
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—{bronze_brass_copper_ware(x)(is)tripod(x)} (29.8) 
to be true. Formulas (29.7) and (29.8) make the second-level negative expression of hypo- 


thetical inference, inferring 


—{pale(x) / for_rite(x) /\has_legs(x) /\as_container(x)} (29.9) 
Formula (29.9) is equivalent to 
—pale(x)V/ '— for rite(x)\V/'—has_legs(x)\V/ '—as_container(x) (29.10) 


The system asks “is it pale?” The collector answers “Yes.” The answer and (29.10) make 
disjunctive inference, inferring 

— for _rite(x)\V/ '—has_legs(x)V/ '—as_container(x) (29.11) 
The system asks “is it for rite?” The collector answers “Yes.” The answer and (29.11) make 
disjunctive inference, inferring 

—has_legs(x)\V/ '—as_container(x) (29.12) 
The system asks “has it legs?” The collector answers “Yes.” The answer and (29.12) make 
disjunctive inference, inferring 

—as_container(x) (29.13) 
The system asks “is it a container?” The collector answers “Yes.” The answer and (29.13) 
make disjunctive inference, inferring contradiction. Thus, the supposition (29.8) does not 
hold, and the collection is a tripod. 

A top-down second-level single quasi-expert system is used for classification. It can be 
implemented as second-level single quasi-Prolog program and goal. The first-order logical 
connection propositions such as (29.7) are the second-level conditional clauses, the first-order 
empirical or mathematical connection propositions such as (29.6) are the second-level 


unconditional clauses, and (29.8) is the second-level goal clause. 


29.5 Improved version of top-down second-level 
single quasi-expert systems 


Both the first-level single quasi-expert system of Section 29.2 and the top-down sec- 
ond-level single quasi-expert system of Section 29.4 can do bronze, brass, or copper ware 
classification, but their computational complexity are exponential with the height n of the 
tree given in Fig. 29.1. The improved version of the top-down second-level single quasi- 
expert system is shown in Fig. 29.2. It uses the left and right neighbors representation of a 
tree to denote the semantic network of Fig. 29.1. Its computational complexity is linear with 
the height n of the tree given in Fig. 29.1. The classification algorithm exerted on Fig. 29.2 
is given in Fig. 29.3. The algorithm can exerts on any decision tree obtained from decision 


tree learning. 
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Fig. 29.2 Left and right neighbors representation of a tree 


Suppose a collector wants to know whether his collection is a tripod or not. Then he 
exerts the algorithm shown in Fig. 29.3 to the data structure shown in Fig. 29.2. The route 


the algorithm goes through on the data structure is described by the thick arrows. 
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Let the root be 
the current vertex 


Are all the attributes 
of the current vertex 
satisfied ? 


Let the right sibling 
of the current vertex 
be the new current 
vertex 


Does current 
vertex has a right 
sibling ? 


Cannot 
determine class 


Let the left child 
of the current 
vertex be the new 
current vertex 


Continue to 
determine 
attributes? 


Cannot 
continue to 
determine class 


Is current 
vertex a leaf? 


Fig. 29.3 Classification algorithm 
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Chapter 30 

Transformation of second-level 
inference rule systems into second-level 
automated decomposition systems 


30.1 Mutually-inversistic program verification 


30.1.1 Introduction 


In 1967, Floyd proposed invariant assertion method (Floyd, 1967), created the field 
of program verification. In 1969, Hoare proposed Hoare rules (Hoare, 1969), established 
the foundation for formal verification. In reading this section, readers should be familiar 
with invariant assertion method and Hoare rules. Mutually-inversistic program verification 
system is obtained by transforming the inference rules of Hoare rules into logical axioms, 
taking the second-level affirmative expression of hypothetical inference (abbreviated 
as second-level MP) as the sole inference rule. It is a second-level forward automated 
decomposition system, capable of proving the partial correctness of structured programs 
having sequence, selection, and loop structures. After assertions and verification conditions 


are established, the whole proof process is automated. 


30.1.2 Hoare rules 


Hoare rules include the following axiom and inference rules: 
Axiom of assignment: 
{P[a/X]}X:=a{P} 
Rule of composition: 
(PIS {R}, (RES {QO} 

(P}So; Si {0} 
Rule of condition: 
t(PAR}So{Q}, {PA — R}S, {0} 
{P}if R then S, else S, {0} 
Rule of iteration: 

{PAR}S{P} 
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{P}while R do S{PA ~R} 
Rules of consequence: 
P—R, {R}S{Q} 


or 


30.1.3 Mutually-inversistic program verification 


Mutually-inversistic program verification system is obtained by transforming the 
inference rules in Hoare rules into logical axioms, taking second-level MP as the sole 
inference rule. It has the following axioms: 

Axiom of assignment: 

{Pla/X]}X:=a{P} 

Axiom of composition: 

{P}So{R} A {R}S {0} < '{P}So; S1 {0} 

Axiom of condition: 

{PAR}S, {0} A {PA —R?}S,{0}< '{P}fR then S, else S, {0} 

Axiom of iteration: 

{PAR}S{P}< '{P}while R do S{PA >R} 

Axiom of left consequence: 

(P< 'R)A^ {R}S{0} < '{P}S{0} 

Axiom of right consequence: 

{P}S{R} A (R< 'O)< '{P}S{0) 

S in the invariant statement {P}S{Q} is a program segment, which is as small as a 
single statement, as large as the whole program. P is its preassertion, Q is its postassertion. 
When S is the whole program, the preassertion is called the input assertion, the postassertion is 
called the output assertion. {P}S{Q} can be regarded as a single empirical or mathemati- 
cal connection proposition P< 'Q. Suppose P is true. If we can infer that Q is true, then 
we determine that P< 'Q is true. Likewise, suppose the preassertion P is true before the 
execution of the program segment S. If after the execution of S, S terminates, and the post- 
assertion Q is true, then we determine that the invariant statement {P}S{Q} is true, or that 
the program segment S is partially correct. A single empirical or mathematical connection 
proposition can be proved by second-level hypothetical inference. In this section, the partial 


correctness of the invariant statement is proved by the second-level MP. 
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30.1.4 Constituents of the mutually-inversistic program 
verification system 


The mutually-inversistic program verification system is composed of five parts: the 
program to be verified, the assertions, the verification conditions, the six axioms mentioned 
in Section 30.1.3, the proof algorithm. The assertions and verification conditions are 
established like the invariant assertion method proposed by Floyd, that is, make break 
points in the proper places of the program, establish assertions at the break points, view 
the program segment between two break points as a route, according to the pass condition, 


preassertion, and postassertion to establish the verification condition. 


30.1.5 Proof algorithm 


The proof algorithm is as follows: read each assignment statement in turn; attach the 
preassertion and postassertion to it to form an invariant statement; carry out consequence 
inference (which will be explained later); see whether two invariant statements can be 
combined by one of composition combination, while loop combination, or if-then-else 
combination; if they can, then do it; then carry out consequence inference; combinations 
are usually nested; if combination cannot be carried out, then read the next assignment 
statement, and repeat the above process; if no more assignment statement, then decide 
whether the invariant statement deduced is the same as the preassertion established, the 
program to be verified, the postassertion established; if so, then the program to be verified 
is partially correct, otherwise, it is not; and the algorithm terminates. 

The consequence inference is carried out as follows: take the invariant statement 
as one minor premise, take a verification condition as the other minor premise, take the 
axiom of the left consequence or the axiom of the right consequence as the major premise, 
use second-level MP, infer a new invariant statement. The three combinations are easy to 
understand, we will discuss them in the example that follows. 

The flow chart of the proof algorithm is shown in Fig. 30.1, its end frame is expanded 
in Fig. 30.2. 


30.1.6 An example 


Example 30.1: Prove the partial correctness of the program of seeking the greatest 
common divisor z of two nonnegative integers x and y. 

Solution: The program of the problem is as follows: 

START 

(x, y) (Xo Yo); 

while x40 do 

if y>x then y~-y-x 


else (s, 


zey 


HALT 


(1) Establish assertions. Suppose the initial values of x and y are x, and yọ, then the 
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x, y)=-(xy, 5); 


following input, output, and invariant assertions can be established: 
(x): Xp SOA yo = A (X40 V yo#0) 

w(x, z): z=gcd(Xo, Yo) 

p(x, y): x20/A y20/ (x40 V #0) A ged(x, y)=gcd(Xo, Yo) 


More assignment statements? 


X 


Read assignment statement 


Add pre-,post- assertions, 
form invariant statement 


Consequence 
inference 


be done? 
Y 


Can composition 
combination be done? 


N 


Can while-loo 
combination be done? 


-100p 
N 


Is it then-body? 


while-loop 
ombination 


omposition 
combination 


_Add the first 
assignment statement 
in the else-body 


If- then-else 
combination 


Add pre-,post- assertions, 
form invariant statement 


Consequence 
inference 


Fig. 30.1 Proof algorithm 


371 


OPE 


_-Mutually-inversistic logic, mathematics, and their applications 


Is the program deduced the same as 
the program to be verified ? 


Is the input assertion 
deduced the same as the input 
assertion established ? 


Is the output assertion deduced 
the same as the output assertion 
established ? 


The program to be 
verified is partially correct 


The program to be 
verified is not correct 


Fig. 30.2 Expansion of the end frame 


(2) Attach the assertions to the program, obtaining 
START 
{Xp Z0 A yo Z A (x0 V yo#0)} 
(x, y)— (Xo Yo); 
while x40 do 
L: {px y)} 
if y>x then y~-y-x 
else(s, x, y)— (x, y, $); 
{y=gcd(Xp, Yo)} 
zy 
{z=gcd(Xo, Yo)} 
HALT 
(3) Establish verification conditions. First, suppose the input assertion hold, and 
we want to prove that when the program execution first reaches L, the invariant 
assertion holds. As, at this time, the initial values of x and y are x, and yy, we obtain 
Verification condition 1: 
{X90 A yo= A (x0 V y0) < 'P(Xo, Yo) 
Secondly, we want to prove that when the invariant assertion holds and the control 


go back to L through the loop, the invariant assertion still holds. We know that the 


(4) 
(5) 
(i) 


(ii) 
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condition for the loop to continue is x40, and two possibilities exist for the control 
to execute the conditional statement in the loop: one is when y> x holds; i.e., the 
control go back to L along the then route. At this time, we can obtain 
Verification condition 2: 
{p(x, y)Ax#0/Ay>x}< ‘p(x, y-x) 
The other is when y<x holds; i.e., the control go back to L along the else route. At 
this time, we can obtain 
Verification condition 3: 
{p(x, y)Ax#0 Ay<x}< 'p(, x) 
Lastly, we want to prove that if the invariant assertion holds, and the control go out 
of the loop, then the output assertion holds. As the condition for the control go out 
of the loop is x=0, we can obtain 
Verification condition 4: 
{p(x, vy) \x=0} < ‘y=ged(Xo, Yo) 
Prove the verification conditions. Omitted. 
Prove the partial correctness of the program. 
Read the first assignment statement and attach the preassertion and postassertion. 
{P(Xo Yo) } Œ, Y) =~ (Xo, Yo) {POY ¥)} 
Consequence inference. Take the axiom of the left consequence as the major 
premise, take the verification condition | and (i) as the minor premise, use 
second-level MP, infer 
{Xp = 0A yo A (Xo#0 V yo#0)} (x, y) (Xo Yo) (PO Y)} 


(iii) Read the second assignment statement and attach the preassertion and 


postassertion. 


{p(x, y-x) }y=-y-x {p, y)} 


(iv) Consequence inference. Take the axiom of the left consequence as the major 


(v) 


(vi) 


(vii 


premise, take the verification condition 2 and (iii) as the minor premise, use 
second-level MP, infer 
(Pæ, ») x40 Ay>x}y—y-x tpl, y)} 

(iv) is the then-body, read the first assignment statement in the else-body and attach 
the preassertion and postassertion. 
{p(v, x) }(s, x, y) (x, y, 5) {p(x, y)} 
Consequence inference. Take the axiom of the left consequence as the major 
premise, take the verification condition 3 and (v) as the minor premise, use 
second-level MP, infer 
{p(x, y) Ax#0Ay<x}(s, x, y)-(x, y, 5) {p(x, y)} 

) If-then-else combination. Take the axiom of condition as the major premise, take 
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(iv) and (vi) as the minor premise, use second-level MP, infer 
{p(x, vy) \x#0} if y>x then y—y-x 
else (s, x, y)—(x, y, 5) {p(x, v)} 


(viii) While loop combination. Take the axiom of iteration as the major premise, take 


(ix) 


(x) 


(xi) 


(xii) 


(vii) as the minor premise, use second-level MP, infer 
{p(x, y)} while x40 do 
if y>x then y~-y-x 
else (s, x, y) (x, y, 5) {p(x, vy) \x=0} 
Consequence inference. Take the axiom of right consequence as the major 
premise, take (viii) and the verification condition 4 as the minor premise, use 
second-level MP, infer 
{p(x, v)} while x40 do 
if y>x then y—y-x 
else (s, x, y)— (x, y, 5) {y=gcd(Xp, Yo)} 
Composition combination. Take the axiom of composition as the major premise, 
take (ii) and (ix) as the minor premise, use second-level MP, infer 
{Xp =O A yo] A (X40 V yo#0)} 
(x, y)— (Xo Yo) 
while x40 do 
if y>x then y~y-x 
else (s, x, y)— (x, y, 5) {v=ged(Xp, Yo) } 
Read the fourth assignment statement and attach the preassertion and postassertion. 
{y=gcd(Xo, Yo) }Z<-y {z=gcd(X, Yo)} 
Composition combination. Take the axiom of composition as the major premise, 
take (x) and (x1) as the minor premise, use second-level MP, infer 
{Xp 2=0/A yo= A (x0 V yo#0)} 
(x, y)— (Xo, Yo) 
while x40 do 
if y>x then y~-y-x 
else (s, x, y)—(x, y, $) 


z~-y{z=gcd(Xo, Yo)} 


(xiii) The program is partially correct. End. 


30.2 


Automated deduction system of functional 
dependency of relational database 


The system is obtained by transforming the inference rules of Armstrong axiomatic 
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system of relational database into the logical axioms; e.g., the transitive law is transformed 
into {X¥+Y}/\ {Y+Z}< '{¥—Z}, and taking second-level MP and the rule of conjunc- 
tion as the sole inference rules. For example, the process of deducing SNO-SLOC from 
SNO-SDEPT and SDEPT-SLOC is as follows: 


(1) SNO>SDEPT p 

(2) SDEPT— SLOC P 

(3) (SNO—SDEPT} A {SDEPT—SLOC} T(1)(2)Rule of conjunction 
(4) {XY} A{¥>Z}< {XZ} P 

(5) SNO>SLOC T(3)(4)Second-level MP 


30.3 Mutually-inversistic operational semantics 


Mutually-inversistic operational semantics is obtained by transforming the semantic 
rules in the traditional operational semantics into logical axioms, taking second-level MP 
and the rule of conjunction as the sole inference rules. It aims at developing the formal 
semantics into the automated semantics. The semantic rule for addition: 

<a, OO Ny, <a,, OO N; 

----------------------------- the addition of n, and n; equals n, 

<ajta,, OO Nn, 
can be transformed into the logical axiom: 
{<a,, o>< "nA <a,, >< 'n,}< "agta, o>< ‘ny. 


After the logical axiom and the two single empirical or mathematical theorems: 


<5, Go '5 
and 
<7, 62 7 
are known, the process of inferring <5+7, 6)>< '12 is as follows: 
(1)X5,0.°% 5 P 
(2) <7, 09> '7 P 
(3) <4, a= 5/A<7,65= ‘7 T(1)(2)Rule of conjunction 
(4) {<an >< 'ny A <a,, >< 'n}< ‘<ata,,o><'n, P 
(5) <5+7, 0> < '12 T(3)(4)second-level MP 


30.4 Second-level hypothetical inference based 
LK system of proof theory 


LK system of proof theory is a second-level inference rule system. Some of the inference 


rules are as follows: 


31S 
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IA, F(t) 
J: right: ---------------- 
I-A, 3 F(x) 
FAD 
—: left: -------------- 
=A FA 
T CG DIA 
exchange: left: ------------------ 
I’, D, C, I-A 
D, >A 
right: -------------- 
I-A, D 
I>A, F(a) 
Y: right: ---------------- 
I-A, VF) 
The formal proof of the logical theorem —3,F(x)> V,— F) is as follows: 
F(a) F(a) 
J: right ---------------- 
Fa)=3 FŒ) 
—: left ---------------- 
=3 F), F(a) 


=~ F(x)> — F(a) 

V: right -------------------------- 

=a FV, 9) 

Transforming the inference rules into logical axioms, taking second-level hypothetical 
inference as the inference rule, we can automate the theorem proving of this system. The 
second-level single quasi-Prolog program and goal for proving —3,F(x)>V,—F()) is as 
follows: 

(1) F(a)~Fia). 

(2) SF) ===>>>F(t)-T. (a: right axiom) 

(3) — AD, [===>>>D=-T. (~: left axiom) 

(4) —D, C===>>><—C, D. (exchange: left axiom) 

(5) —=D+[===>>><D, T. (—: right axiom) 

(6) Y 4 Fx) -r ===>>> 5 F(a). (V: right axiom) 
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(MIN Pig) Fe) 
In the program, (2) through (6) are the logical axioms transformed from the inference 


rules. The second-level SLD tree of the program and goal is shown in Fig. 30.3. 


2-Vy AF (vy) ~3xF(x). 


(6)| {r /73xF(x)} 


t 


?-=~ F(a) TVAxF(x). 


(5)|{D,/F(a), 1 >7axF(x)} 


i 


?2-— F(a), 73xF(x). 


(4) | (D,/F(a),C,/7AxF (x) } 


i 


?—-— ~F xF(x), F(a). 


(3) |{D/3xF(x), r, /F(a)} 


l 


?-AxF(x)~<-F(a). 


(2)} {r/F(a)} 


k 


?-F(t)~— F(a). 


(1) | {v/a} 


F 


Fig. 30.3 Second-level SLD tree for LK system 


30.5 Second-level hypothetical inference based 
propositional logic of natural deduction 
system 


The propositional logic of natural deduction system has such inference rules as distrib- 
utive law AA(BVC)=>4AABVAAC and dilemma (A—C)/(B>D)/\(AV B)> (CVD). 
The proof from the premises 

PAQ>RAS 

P/A(QVR) 

PAR>RAT 
to the conclusion 

R/A(SV T) 


is as follows: 
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(1) PAQ—RAS P 

(2) PA(QVR) P 

(3)PAR=>RAT P 

(4) (PAQ)V (PAR) T(2)Distributive law 
(5) (RAS)V (RAT) T(1)(3)(4)Dilemma 
(6) RA(SV T) T(5)Distributive law 


Transforming the inference rules into logical axioms, taking second-level hypothetical 
inference as the inference rule, we can automate the proof. After the transformation, the 
second-level single quasi-Prolog program and goal are as follows: 

(1) RAS~PAQ. 

(2) PA(QV R). 

(3) RAT—PAR. 

(4) AA(BV C)===>>> AABVAAC. 

(5) AABVAAC===>>> AN(BV C). 

(6) CV D===>>>C=A, DB, AVB. 

(7) ?-RA(SV T). 

In the program, (4) through (6) are the logical axioms transformed from the distributive 


law and dilemma. The second-level SLD tree of the program and goal is shown in Fig. 30.4. 


9-RA(S VT). 
(4)| {A,/R,B,/S,C,/T} 


2-RASVRAT. 


«| {C/RAS,DJRAT} 


9-RAS~«A,,RAT«B,,A,VB, 


0) {A,/PAQ} 


2-RAT~B,PAQVB, 
(3 {B/PAR} 
2-PAQVPAR 
(5)| {A/P,B/Q,C/R} 


2-PA(QVR). 


5 


Fig. 30.4 Second-level SLD tree for natural deduction system 
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30.6 Second-level hypothetical inference 
based nonassociative Lambek calculus of 
categorial grammar 


Categorial grammar deems that every word can be included into certain syntactic 
type according to its functionality in a sentence. For example, the syntactic type of John is 
N(noun), denoted by John:N; the syntactic type of works is N\S, denoted by works: N\S, 
where S is a sentence. In the system, there is \E rule: 

I>g:A A=>y: A\B 


T, A=>yo: B 
It says: if the syntactic type of phrase y is A\B, the syntactic type of the previous word ø is 
A, then the syntactic type of yg is B. Applying the rule to John:N and works: N\S, we obtain 
John works:S; i.e., John works is a sentence. In the system, there is also /E rule: 
A=>y: BIA Tọ: A 


A, l=>xg: B 
It says: if the syntactic type of phrase y is B/A, the syntactic type of the word ø after it is 
A, then the syntactic type of yg is B. Now, we use /E to analyze that every man walks is a 
sentence. Suppose we have 
every: ((S)/(N\S))/CN 


man: CN 

walks: (N\S) 
where CN means common noun. The deduction that every man walks is a sentence is as 
follows: 

every man walks 


(S) 

Transforming the inference rules into logical axioms, taking second-level hypothetical 
inference as the inference rule, we can automate the deduction. The second-level single 
quasi-Prolog program and goal of the above deduction is as follows: 

(1) every: ((S)/(N\S))/CN. 

(2) man: CN. 
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(3) walks: (N\S). 

(4) right: yp: B===>>>y: (BY/A, Q: A. 

(5) ?-every man walks: S. 

In the program, (4) is /E axiom obtained from /E rule, where right means that ø in the 


head unifies first. The second-level SLD tree of the program and goal is shown in Fig. 30.5. 


?-every man walks:S. 


(4)] [x //every man,?,//walks,B,//S} 
?-every man:(S)/A,,walks:A,. 


(4) isons //man,B,//(S)/A,} 


2-every:((S)/A,)/A,,man:A,,walks:A,. 


(1) {A,//(N \S),A,//CN} 


?-man:CN,walks:(N \S). 
(2) 


?-walks:(N \ S). 
(3) 


Fig. 30.5 Second-level SLD tree for every man walks 
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Chapter 31 
Applications of First-Level 
Hypothetical Inference 


31.1 Mutually-inversistic natural language 
understanding 


31.1.1 First-level bottom-up parser 


31.1.1.1 Introduction to first-level bottom-up parser 

The rule of a deductive bottom-up parser should have more heads, one body. The 
parser should do shift and reduce operations, reducing the heads to the body. The rule of 
Prolog has one head, more bodies. Prolog is suitable for deductive top-down parsing and 
left-corner parsing, but is unsuitable for deductive bottom-up parsing. Yet, the techniques 
adopted by the so-called deductive bottom-up parser such as agent-driven, chart-based parsing, 
memoing, magic sets are all implemented by Prolog. Such so-called deductive bottom-up 
parsers as bottom-up Earley deduction, selective magic HPSG parser, XSB, DyALog are all 
implemented by Prolog. So, they are not genuine deductive bottom-up parsers. 

First-level bottom-up parser proposed in this section is different from Prolog. Its rules 
have more heads, one body. It can do shift and reduce operations, reducing the heads to the 
body. So, it is a genuine deductive bottom-up parser. 

The grammar rule of a language is in the form of NP, VP<S, which says that NP and 
VP can be inferred from S. The rule clause of first-level bottom-up parser is in the form 
of NP. VP: -S, which also says that NP and VP can be inferred from S, just the same. The 
Prolog rule clause is in the form of sentence(s,, s): -noun_phrase(s,, s,), verb_ phrase(s,, s), 
which says that sentence(s,, s) can be inferred from noun_phrase(s,, s,) and verb_ phrase(s,, 
s), just a reverse in direction. 

First-level bottom-up parser takes the grammar rules as theorems, take the first-level 
negative expression of hypothetical inference as the inference rule. In this way, the parser 
can be automated. 

The construction of first-level bottom-up parser is straightforward: the grammar rules 
are the conditional clauses, the sentence to be parsed is the goal clause, the start symbol is 


the unconditional clause. First-level bottom-up parser is suitable for semantic analysis. 


31.1.1.2 First-level bottom-up parser 


Suppose we have the following grammar rules: 
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NP VP eS. 

ART ADJ N-NP. 

ART N-NP. 

ADJ N-NP. 

AUX VP=VP. 

V NP<VP. 

the--ART. 

large— ADJ. 

can- AUX. 

can<N. 

can<-V. 

hold<V. 

hold<N. 

water<-N. 

water V. 
And we want to parse the sentence: the large can can hold the water. The first-level bottom-up 
parser program and initial goal is as follows: 

(1)S. 

(2) NP VP:-S. 

(3) ART ADJ N:-NP. 

(4) ART N:-NP. 

(5) ADJ N:-NP. 

(6) AUX VP:-VP. 

(7) V NP:-VP. 

(8) the:-ART. 

(9) large:-ADJ. 

(10) can:-AUX. 

(11) can:-N. 

(12) can:-V. 

(13) hold:-V. 

(14) hold:-N. 

(15) water:-N. 

(16) water:-V. 

(17) ?-the large can can hold the water. 
Clause (1) is the start symbol and the unit clause. Clauses (2) through (16) are rule clauses. 
Clause (17) is the initial goal (we call it initial goal, because in the SLD-like tree the goal 

382 changes constantly). Clauses (1) through (7) are the non-terminal program. Clauses (8) 
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through (16) are the terminal program. The rules of non-terminal program have more heads, 
one body. The syntactic variables don’t take arguments. First-level bottom-up parser adopts 
linear resolution, i.e. one resolver is the goal clause, the other is the program clause. The 
search strategy is top-down, depth-first plus backtracking, not from left to right but the 
handle. This means that the unification is not with the leftmost subgoal but is with the handle. 


?-the large can can hold the water. 
(8) 
?-ART large can can hold the water. 
(9) 
?-ART ADJcan can hold the water. 
(11) 
?-ART ADJ N can hold the water. 
(3) 
?-NP can hold the water. 
(10) 
?-NP AUX hold the water. 
(13) 
?-NP AUX V the water. 
(8) 
?-NP AUX V ART water. 
(15) 
?-NP AUX V ARTN. 
(4) 
?-NP AUX V NP. 
(7) 
?-NP AUX VP. 
(6) 
?-NP VP. 
(2) 
?- S. 
(1) 
O 


Fig. 31.1 SLD-like tree for first-level bottom-up parser 383- 
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set the leftmost terminal 
in the initial goal as CT 


determine midpoint 


set midpoint as CN 


set the non-terminal 
on the left of CN as CN 


parsing succeed 
end 


shift CN into NSTBL 


NSTBU unifies with 
the left-hand side of the 
non-terminal program or 
the start symbol top-down 


unification successful? 


CN is the leftmost 
non-terminal? 


backtrack to CT 


CT undefined 
end 


CT unifies with the first 


defining clause 


CT has more 
defining clause? 


empty the record 


insert UDC into the record 


CT unifies with the next 
defining clause 


insert UDC in the record 


set the termine] in 
the initial goal on the 
left of CT as CT 


set the terminal 
on the right of CT 
N Y 


parsing fail 
end 


Fig. 31.2 Flowchart of first-level bottom-up parser 
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First-level bottom-up parser can parse context-free grammar. The SLD-like tree of the 
program and the initial goal is shown in Fig. 31.1. In Fig. 31.1, all backtracking are omitted. 
A handle is either the non-terminal string to be unified (NSTBU) or the current terminal 
(CT). The handles are underlined. From Fig. 31.1 we see that at any stage of the parsing, the 
goal has a midpoint. The left-hand side (LHS) of the midpoint is all the non-terminals, the 
right-hand side (RHS) of the midpoint is all the terminals. At the beginning of the parsing, 
midpoint is at the left end. Then, the leftmost terminal to the right of the midpoint is taken 
as the CT, and is unified with the terminal program. Then, adjust the midpoint. When LHS 
is not empty, take the non-terminal on the left of NSTBU as the current non-terminal (CN), 
shift CN to NSTBU and do unification; keep doing this until no more can be done. Then, 
if RHS is not empty, unifies CT. If RHS is empty, then backtracks. If both LHS and RHS 


are empty, then terminates with success. If backtracking to ?-, then terminates with failure. 


Each terminal keeps a record of unified defining clause (UDC) to keep track of the clauses . 


unified. In Fig. 31.1, all backtracking are omitted, and the midpoint moves steadily from 
the left end to the right end. In the circumstances where backtracking is considered, the 
midpoint moves back and forth between the two ends. The flowchart of first-level bottom- 


up parser is shown in Fig. 31.2. 


31.1.2 First-level bottom-up parser based natural language 
understanding 


Suppose we have the following grammar rules: 

NP, VPS 

John~NP 

reads ~ VP. 
and we want to deduce John reads. The first-level bottom-up parser program and goal are 
as follows: 

(1) 5. 

(2) NP, VP: -S. 

(3) John: -NP. 

(4) reads: -VP. 

(5) ?-John reads. 

The syntactic SLD-like tree of the program and goal is shown in Fig. 31.3. 

In order to understand the sentence, we need the following lexical ontology: 

Name: is(x,, name)/\grammar_category(x,, NP) /\collocations(x,, {reads, runs, 
laughs}) A^ {case(x,, agent)®case(x,, theme)} /\hypernym(x,, person) (31.1) 

Reads: is(y,, reads) /\grammar_category(y,, VP) /\agent(y,, v,) /\case(y,, agent) ^ 
hypernym(y,, person) (31.2) 
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?-John reads. 
(3) 
?-NP, reads. 
(4) 
?-NP, VP. 
(2) 

?-S. 


(1) 
Fig. 31.3 Syntactic SLD-like tree 


The predicates in the lexical ontology are all binary predicates, easy to be described 
by the ontology description language. Mutually-inversistic natural language understanding 
adopts five semantic analysis techniques: lexical semantics driven, syntax-directed, thematic 
role, selectional restrictions, and collocations. Agent role and theme role are thematic role. 
Hypernym predicates are selectional restrictions. Collocation predicates are collocations. 

The system is syntax-directed. The first semantic step corresponding to the first syntactic 
step in Fig. 31.3 is that not only John is reduced to NP but also (31.1) is read and name is 
substituted by John, as is shown in the first step of the semantic SLD-like tree of Fig. 31.4. 


?-John reads. 
(3) 


?- is(x,, John) ^ grammar_category(x,, NP) /\collocations(x,, {reads, runs, laughs} ) /\ 
{case(x,, agent)®case(x,, theme)} /\hypernym(x,, person), reads. 


(4) 


?- is(x,, John) A grammar_category(x,, NP) /\collocations(x,, {reads, runs, laughs} ) ^ 


{case(x,, agent)®case(x,, theme)} /\hypernym(x,, person), is(yv,, reads) /\ grammar_ 
category(y,, VP) /\agent(y,, v,) \case(y,, agent) \ hypernym(y,, person). 


(2) | {y/x;} 


2-is(x Vp. John reads) ^ grammar_category(x,y,, S)/\agent(y,, x,) /\case (x, agent) ^ 


hypernym(x,, person). 


(1) 


386 Fig. 31.4 Semantic SLD-like tree 
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The second semantic step corresponding to the second syntactic step in Fig. 31.3 is that not 
only reads is reduced to VP but also (31.2) is read, as is shown in the second step of Fig. 
31.4. The third semantic step corresponding to the third syntactic step in Fig. 31.3 is that 
not only NP and VP are reduced to S but also (31.1) and (31.2) are unified when y, is substi- 
tuted by x,, as is shown in the third step of Fig. 31.4. 

In the third semantic step in Fig. 31.4, in testing hypernym(x,, person), the system 


consults WordNet. 


31.2 Mutually-inversistic hardware verifier 


31.2.1 Introduction to mutually-inversistic hardware verifier 


One method for hardware verification is the theorem prover. We hope that the theo- 
rem provers are automated without human intervention, because human beings may make 
mistakes. The major theorem provers are ACL2, PVS, HOL, etc., they are all interactive 
theorem provers, they all need human intervention. The reasons for this are twofold. First, 
they are all general-purpose theorem provers, used in hardware verification, software veri- 
fication, and mathematical theorem proving. Secondly, the majority of them are based on 
classical logic. General-purposeness requires that they have mant proof methods: induction 
and deduction. Induction is divided into two steps: basis and induction, they all need hu- 
man intervention. There are two kind of deduction. The first kind is that suppose A is true, 
if we can infer B is bound to be true, then we infer AB. In HOL, this kind of deduction is 
called disch. Disch is divided into two steps: first, infer B from A, secondly, prove AB to 
be true. They all need human intervention. The second kind is from AB being true and A 
being true to infer B being true. In HOL, this kind of deduction is called the rule of detach- 
ment. General-purposeness requires that they have many inference rules. It is easy for 
a human being to choose when to use which rule. But it is hard for a computer to choose 
when to use which rule. General-purposeness requires that they have various axioms, not 
suitable to deal with uniformly. For example, in HOL, there is both such axiom as |-!¢. 
(t=T) V (t=F) and such axiom as |~!1/12.(t/==>12)==>(t2==>1/)==>(t]=12). PVS and HOL 


are based on classical logic which has quantifiers, and it needs human intervention to elimi- 


nate quantifiers. Because of the above reasons, ACL2, PVS, HOL, etc., are all interactive 
theorem provers. 

Mutually-inversistic hardware verifier is a special-purpose hardware verifier, it is based 
on mutually-inversistic logic. Special-purposeness means that it has only one proof method: 
the first-level affirmative expression of hypothetical inference. Every time the system proves 


a theorem, the system uses it. Special-purposeness means that it has only one inference 
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rule: the first-level affirmative expression of hypothetical inference. Every time the system 
makes inference, the system uses it. Special-purposeness means that its axioms are as uniform 
as the rule clauses of Prolog. Mutually-inversistic logic is quantifier-free. Because of these 


reasons, mutually-inversistic hardware verifier is an automated theorem prover. 


31.2.2 Automated verification of combinational logic circuits 


We take the automated verification of an exclusive-or gate as an example to show that 
of combinational logic circuit and to show the working principle of mutually-inversistic 
hardware verifier. 


The structural description of an exclusive-or gate is shown in Fig. 31.5. 


y > 


Fig. 31.5 Structural description of an exclusive-or gate 


o 7 
Xi J2 


We want to verify whether the structural description implements the behavioral 
description: (~x^Ay)V (xA sy). The verification is carried out by transitions from the 
structural description to the behavioral description. According to Fig. 31.5, the structural 
formula of the exclusive-or gate is: 

NOT(x, x,), NOT(y, v,), AND(x,, y, x), AND(x, y, y2), OR(%>, Yə, Z) (31.3) 
where the commas denote ^. The transition formulas from the structural description to the 


behavioral description are: 


NOT(in, out)-: out=— in* (31.4) 
AND(in,, in, out)—: out=in, N inž (31.5) 
OR(in,, in, out)-: out=in,\/ in,” (31.6) 


where —: denotes < ', each antecedent is a structural subformula, and each consequent 
marked with * is a behavioral subformula. The behavioral subformula to be verified is: 
z=(—x/Ay)V(xA yy (31.7) 
The verification starts from the structural formula (31.3), in which the structural sub- 
formulas from left to right respectively unify with the antecedents of the transition for- 
mulas top-down respectively. If the unification is successful, then the consequent of the 
corresponding transition formula is inferred (it is a behavioral subformula). The structural 


subformula involved is a zeroth-order fact proposition, the transition formula involved is an 
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empirical or mathematical axiom, the inference made is the first-level affirmative expression 
of hypothetical inference. If the behavioral subformula to be verified is inferred at last, then 
the verification is successful, otherwise, it is a failure. The first-level forward inference tree 


is shown in Fig. 31.6. 


NOT (x, x:), NOT (y, y:), AND(x,, y.x:), AND(x, yı, ¥:)-OR(X:, y 2). 
(31.4) | {in/ x, out / x} 


X =r, yi NOT(y,y),  AND(~x, y.x:), AND(x, y, y:)-OR(X 2). 
(31.4)| {in / y,out / y} 


x= ax, Vi = ay", AND(-x, y, x2), AND(x.,-y.x:), OR(X y, Z). 
(31.5)| {im / ax, in:/ y,out / x2} 


X =n, yi = yt, X2 = AVA y, AND(x, =y, y:), OR(~x A y, Y, Z). 


(31.5)| {in / x, im: / ~y, out / yz} 


Xi =A, Vi = y XI= AKA Y*, Y2= XA)", OR(-x AY,X Ard, z). 


(31.6)| {im ~x A y, in:/ x ^ny, out! z} 


x, = —x*, y = ay*, X} =A y*, y 5X ny*, z= (AXA y)V(xXAR7y)*. 


Fig. 31.6 First-level forward inference tree for the exclusive-or gate 


In Fig. 31.6, the top formula is the structural formula, the bottom one is the pure behavioral 
formula, the formulas in between are a mixture. Every step of the inference is a unification 
of the leftmost structural subformula underlined with one of the antecedents of the transition 
formulas. If the unification is successful, then the consequent of the corresponding transition 
formula is inferred (it is a behavioral subformula). As many number of steps of inference 
is needed as the number of structural subformulas in the structural formula. Therefore, the 
computational complexity is linear. Each step of inference decreases one structural subformula, 
increases one behavioral subformula. Therefore, the algorithm is bound to terminate. The 
behavioral formula inferred at the bottom of Fig. 31.6 contains the behavioral subformula 
to be verified: z=(—.x/\y) V (xA —y), therefore, the verification is a success, and the structural 
description Fig. 31.5 implements its behavioral description: z=(—.x Ay) V (x A —y). 

Now, let us analyze in detail the first step of inference in Fig. 31.6. NOT(x, x,) is 
underlined, denoting that NOT(x, x,) involves in the unification. On the left of the verti- 
cal line, there is the number (31.4), denoting that NOT(x, x,) unifies with the antecedent 
of (31.4). On the right of the vertical line, there is {in/x, out/y}, denoting that in the unifi- 
cation, in is substituted by x, out by y. At the bottom of the vertical line, there is x =—x', 


denoting that after the unification, the consequent of (31.4): x=—x* is inferred (* denotes 
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that it is a behavioral subformula). After x,=—x" is inferred, all x, in the formula where the 
behavioral subformula is in are substituted by —x. 
In (Bian, et.al; 2005), it take HOL 19 steps to verify the exclusive-or gate. While in this 


section we see that mutually-inversistic hardware verifier is automated. 


31.2.3 Automated verification of sequential circuits 


We use single pulser (Kropf, 1997) as an example to show the automated verification 


of the sequential circuits. The wave form diagram of single pulser is shown in Fig. 31.7. 


Os TEF bel Let Lf La L 
pulse_in 
pulse out 


Fig. 31.7 Wave form diagram of single pulser 


The working principle of single pulser is as follows: when the input (pulse_in) is in the 
high voltage level, and the rising edge of the next clock arrives, then the output (pulse_out) 
is in the high voltage level; however long the high voltage level of the input lasts, the high 
voltage level of the output lasts only one clock cycle. 

The structural description of the single pulser is shown in Fig. 31.8, where DFF 


denotes D flip-flop. 


pulse_out 


CLK 


pulse__in 


Fig. 31.8 Structural description of single pulser 


The structural formula of single pulser is: 


DFF(pulse_in, /,), DFF(/,, L), INV(L, l), AND(/,, /;, pulse_out). (31.8) 
The transition formulas are: 

DFF(D, Q)-: Q(4-1)=D(0". (31.9) 
INV(in, out): out=— in". (31.10) 
AND(in,, in, out)-: out=in, /\in,’. (31.11) 


The behavioral subformula to be verified is: 


pulse_out(t+1)=pulse_in()", pulse_out(#+2)=— pulse_in(t+1)’. (31.12) 
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The first-level forward inference tree of single pulser is shown in Fig. 31.9. 

Now, let us analyze Fig. 31.9. First, in the second step of inference, the system should 
have obtained 1,(t+1)=1,(#+0). But there is 1,(#+1) in front, therefore, the system should also 
generates |,(t+2)=I,(t+1). Merging the two, the system generates 1,(¢+[1, 2])=1,(4+[0, 1]). 
Secondly, |,(#+1)=pulse_in(f) inferred in the first step should not be substituted into |, of 
the structural subformulas that follow, but it should wait until in the second step the be- 
havioral subformula 1,(¢+[1, 2])=I,(#+[0, 1]) is inferred, then the system should substitute 
pulse _in(t+[-1, 0]) into 1,(4+[0, 1]). Thirdly, in the last step of inference, there are 1,(¢+[0, 
1]) and 1,(#+[1, 2]), therefore, the system should generates pulse_out(¢+[0, 1, 2]). Lastly, the 
pure behavioral formula contains the behavioral subformula pulse_out(¢+[0, 1, 2])=pulse_ 
in(¢+[-1, 0, 1]) A —pulse_in(#+[-2, -1, 0]). The formula with the first indices in the square 
brackets is pulse_out(t+0)=pulse_in(¢-1)/\ —pulse_in(t-2). In this formula, because pulse _ 
in(t-1) is F, pulse_out(t+0) is F. The formula with the second indices in the square brack- 
ets is pulse_out(¢+1)=pulse_in(¢+0)/\ —pulse_in(t-1). In this formula, pulse_in(¢-1) is F, 
— pulse _in(ft-1) is T, and pulse_in(t+0) is T, therefore, pulse_out(t+1) is T. The formula 
with the third indices in the square brackets is pulse_out(#+2)=pulse_in(t+1)/\ —pulse_ 
in(t+0). In this formula, pulse_in(/+0) is T, —pulse_in(t+0) is F, whatever pulse_in(¢+1) is, 
pulse_out(t+2) remains F. To sum up, the structural description of single pulser implements 


its behavioral description. 


DFF(pulse_in, 1,), DFF(I,, 1), INV(1, 1;), AND(1,, l,, pulse_out). 


(31.9) | {pulse_in/D, 1,/Q} 


|,(t+1)=pulse_in(t)", DFF(I,, I.,), INV(L, 1;), AND(I,, l,, pulse_out). 


(31.9) | {1,/D, L/Q} 


1,(t+1)=pulse_in(t)’, 1(t+[1, 2])=,(t+[0, 1])’, INV(L, 1,), AND(1,, 1;, pulse_ out). 


=pulse_in(t+[-1, 0])’ (31.10)|{1,/in, 1,/out} 


I,(t+1)=pulse_in(t)*, L(t=[1, 2)=1(t+[0, 1)", BEH, 2)=— (tH, 20", 
AND(,, |, pulse_out). 


=pulse_in(t+[-1, 0)* =—pulse_in(t+[-1, 0]) 
(31.11) | {1,/in,, 1/in,, pulse_out/out} 
1,(t+1)=pulse_in(t)’, L(t+[1, 2])=1,(t+[0, 1)*, L(t+[1, 2)=—1L(t+[1, 2])”, pulse_out(t+[0, 1, 2]) 
=1,(t+[0, 1, 2))A1,(t+[0, 1, 2])* 
=pulse_in(t+[-1,0])" =—pulse_in(t+[{-1, 0])’, =pulse_in(t+[-1, 0, 1])/\ —pulse_in(t+[-2, -1, 0])*. 


Fig. 31.9 First-level forward inference tree of single pulser 391 
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31.2.4 Automated verification of transistor-level circuits 


The structural description of the CMOS inverter is shown in Fig. 31.10. 


Fig. 31.10 Structural description of CMOS inverter 


And we want to verify y=—.x. The structural formula is: 


VDD(w,), GND(w,), Ptran(x, w,, y), Ntran(x, y, wə). (31.13) 
The transition formulas are: 

VDD(u)-: u=T* (31.14) 

GND(u)-: u=F* (31.15) 

Ptran(u, v, v): = u> (v;=v) (31.16) 

Ntran(u, v, v)=: u—>(v =v} (31.17) 


The behavioral subformula to be verified is: 

—~—x—(y=T), x> (=F) (31.18) 
The first-level forward inference tree is shown in Fig. 31.11. 

From the last row of Fig. 31.11 we see that the structural description implements its 
behavioral description. In (Kropf, 1999), 9 steps are taken to verify the CMOS inverter. 


While mutually-inversistic hardware verifier is automated in verifying the CMOS inverter. 
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VDD(w,), GND(w,), Ptran(x, w,, y), Ntran(x, y, w>) 


(31.14) | {u/w,} 


w,=T’, GND(w,), Ptran(x, T, y). Ntran(x, y, w>) 


(31.15) | {u/w,} 


w/=T , w=F*, Ptran(x, T, y), Ntran(x, y, F) 


(31.16) | {u/x, v,/T, v,/y} 


w =T’, w=F*, —~x—>(T=y)*, Ntran(x, y, F). 


(31.17) | {u/x, v,/y, v,/F} 


w =T, w=F*, 3x (T=y)", x>(y=F)" 


Fig. 31.11 First-level forward inference tree for CMOS inverter 
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Chapter 32 

Axiomatic systems brought into 
mutually-inversistic automated 
decomposition systems 


The axiomatic systems in this chapter are based on (Hamilton, 2003). 


32.1 L system of propositional calculus of 
classical logic brought into third-level 
automated decomposition systems 


L system of propositional calculus of classical logic has three axiom schemes: 


(L) A>B>A. 
(L) (4A+B>+C)>+(A>B)- AC. 
(L) (—~4—>—B)>B—>A. 
It also has an inference rule: MP: B can be inferred from A—B and A. 
The proof of the theorem A—A is as follows: 
A>(A>4A)>A G 
(A—=(A—>A)>4A)>(A>A—>A)>A>A L 
(1) (2) 


(A+A+A)>A>A (32.1) (32.2) MP 
A>A>A L, 
A—A (32.3) (32.4) MP 


(32.1) 
(32.2) 


(32.3) 
(32.4) 
(32.5) 


Formula (32.2) is an instance of the axiom scheme L, where the subformulas marked 


with (1) and (2) are logical connection. Therefore, (32.2) is a connection of logical 


connections. MP takes the connection of logical connections (32.2) as the major premise, 


takes logical connection (32.1) as the minor premise, so, what it does is the third-level 


hypothetical inference. 


An axiomatic system such as L system has only one inference rule MP. It can be 


brought into mutually-inversistic forward automated decomposition systems. Its equivalent 


third-level Prolog program and goal are as follows: 


(L) A+B<A. 
(L) C-A~(B+A)<—(C~B<A). 
Goal: ?-P<P. 


The third-level SLD tree is shown in Fig. 32.1. 
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?-P—P. 
(L) | {C/P, A/P} 
? -(B,—P)—(P—B,—P). 
(L) | {B/4:—B», A,/P} 
? -P—(P—B,)-—P. 
(L,) | {4;/P, By/P—By} 


Fig. 32.1 Third-level SLD tree for PP 


In Fig. 32.1, B, is not bound to a specific atomic proposition, so, it can be assigned 
either P or Q. 


32.2 K, system of predicate calculus with 
equality brought into second-level 
automated decomposition systems 


Adding three axioms concerning quantifiers into L system, we obtain K, system of 
predicate calculus of classical logic: 

(K) A>B>A 

(K,;) (A>B>C)>(A>B)>-A>C 

(K;) (—A>+—B)>B>A 

(Ky) (V,)JA>A 

(K) (VJA(x)> A(t) 

(Ks) (V,)(A>B)+A>(V,)B 

Adding three axioms (E;) through (E,) concerning the equality sign A7; i.e., =, we 
obtain K; system of predicate calculus with equality: 

(EJ A x) 

(Ex) A ltp W) >A Un oes bo e b) Si (tys «205 Uy aaa t,)) where t), ..., t U are any 
terms, f;’ is any function. 

(Ey) A lt, U) Allp oe, bys oe LAS), «205 Uy oaa t,) where tf), ..., t, U are any 
terms, 4,’ is any predicate. 

From Fig. 32.1, we see that B, can be bound to A,<-B,, an instance of the axiom 
scheme L, can be (32.2) (the connection of logical connections), therefore MP in L system 
makes third-level hypothetical inference. But, the propositional variables A, B, and C in the 


axiom schemes (K,) through (K,) of K,, system can only be assigned atomic propositions, 
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therefore, MP in K,, system makes second-level hypothetical inference. K,, system can be 
brought into second-level automated decomposition systems. The second-level Prolog 


program and goal for proving the mathematical theorem A, (x,, x») Aj (x>, x;) are 
as follows: 


(E) Ayu, u,). 

(E) A (us, u) =A Un u) =A (un u). 

(K) A+B<A. 

(K,) C-A~<~(B<A)<(C<B<A). 

Goal: ?-A ° (x x,)—A, (x, x). 

The second-level SLD tree of the program and goal is shown in Fig. 32.2. 


? -Ai(X, x) Ai, X2). 


(K) | {0;/A1@ x1), A3/A i), X2)} 


? =B; =A (x, X2) (A1 @ x1) By A(X), xX)). 


(K,) | {By/Ay, By AV, X2)} 


? -A,~-(Ai(X2 xi AE, X,)). 


(E,) | {4/A3 (u, 14) 


2 -A7 X))-Ai(u), Uy) Ai), X) 


(Ey) | {ui/ xı} 
Fig. 32.2 Second-level SLD tree for A} (x, X;)—> Ay (Xp. x) 


32.3 G system of group theory brought into 
second-level automated decomposition 
systems 


Adding three axioms of group theory into K,, system, we obtain G system of group 
theory: 

(G) nE Gp, X2), xf En f X3)) (associativity) 

(G) f, (a, x)=%; (left identity) 

(G) f/(f'\@), x)=a, (left inverse) 
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where f,” is multiplication; i.e., *, f;' is the inverse operation; i.e., -1. Like K, system, 
MP in G system makes second-level hypothetical inference. It can be brought into second-level 
automated decomposition system. 

Suppose a, is the identity. The second-level Prolog program and goal for proving f,"(a,, 
f(a., a,))=a, are as follows: 

(G) (WF), x,)=x,). 

(K's) (f(a, aay) (WF (a, x)=x,). 

(K?) (Fan fan a)i a, a1) (VF, (Ai, x)=). 

(Eo) f, (a, f,'(a,, a,))=a;, f(a, £,'(a,, a1))5f (a, a,) f a, a))=ay. 

Goal: ?-f,7(a,, fi (a, a;))=a. 


The second-level SLD tree is shown in Fig. 32.3. 


2 Slap Fil. a) =a). 


(Es) 


i 


? -filan filan a) =f (ay, a)-f (a, a\)=a). 


(K5) 


? (Vx) a, HEX (a, a) )=a,. 


(G2) 


4 


? $e a\)=a). 


(K5) 


a 


2 -(Yx (filan, x1)=x1). 


(G2) 


5 


Fig. 32.3 Second-level SLD tree for f,’(a,, f (a, a,))=a, 
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Part 12 
Applications of implicit inductive 
compositions 


Implicit inductive compositions are applied to logical 
theorem provers. Quasi-logical theorem prover is based on 
first-level implicit inductive composition. Single, multiple, 
and quasi-transcendent logical theorem provers are based on 
second-level implicit inductive composition. Quasi-, single, 
multiple, semi-, and quasi-transcendent logical theorem 
provers are established on the basis of the main-auxiliary 
algebras of quasi-, single, multiple, semi-, and quasi- 


transcendent set theorems respectively. 
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Chapter 33 
Applications of implicit inductive 
compositions 


33.1 Quasi-logical theorem prover and quasi- 
transcendent logical theorem prover 


33.1.1 Proof of the quasi-logical theorem with the empirical or 
mathematical connection operator being =" 


After the lexical analysis, the number of fact propositional variables in the quasi-logical 
connection proposition to be proved is known. The proof algorithm is as follows: 
(1) Consider the fact propositional variables and Ø, Uy. For every fact propositional 
variable, the set of minterms containing the fact propositional variable is generated. 
For Ø, the empty set is generated. For Uy, the universal set is generated. 
(2) For the left hand side and right hand side of = ', make composition operations. 
(3) If the set of minterms of the left hand side is mutually inversely equivalent to that 
of the right hand side, then the quasi-logical connection proposition to be proved is a 
quasi-logical theorem, otherwise, it is not. 
Example 33.1: Prove P/\U,='P to be a quasi-logical theorem. 
Proof: The proposition has only one fact propositional variable P. Therefore, for P, {P} 
is generated, for Uy, {— P, P} is generated. The proposition becomes 
{P}N{ AP, P}='{P} (33.1) 
The result of the composition operation of the left hand side is {P}, that of the right hand 
side is also {P}, the left hand side is mutually inversely equivalent to the right hand side. 
Therefore, P/\U,= 'P is a quasi-logical theorem. 
Q.E.D. 


33.1.2 Proof of the quasi-logical theorem with the empirical or 
mathematical connection operator being <' 


After the lexical analysis, the number of fact propositional variables in the quasi-logical 
connection proposition to be proved is known. The proof algorithm is as follows: 
(1) Consider the fact propositional variable. For every fact propositional variable, the 
set of minterms containing the fact propositional variable is generated. 


(2) For the left hand side and right hand side of < ', make composition operations. 
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(3) If the left hand side is not an empty set, the right hand side is not a universal set, 
and the left hand side is mutually inversely contained in the right hand side, then 
the quasi-logical connection proposition to be proved is a quasi-logical theorem, 
otherwise, it is not. 
Example 33.2: Prove P/\O< 'P to be a quasi-logical theorem. 
Proof: The proposition has P and Q two fact propositional variables, therefore, for P, 
{PQ, PQ} is generated; for Q, {PQ, PQ} is generated. The proposition becomes 

{PQ, PQ} N {PQ, PQ}c '{PQ, PQ} (33.2) 
The result of the composition operation of the left hand side is {PQ}, that of the right hand 
side is {PQ, PQ}, the left hand side is not an empty set, the right hand side is not a universal set, 
the left hand side is mutually inversely contained in the right hand side, therefore, PA Q 
< 'P is a quasi-logical theorem. 

Q.E.D. 


33.1.3 Quasi-transcendent logical theorem prover 


The proof method of quasi-transcendent logical theorem is the same as that of quasi- 
logical theorem. Quasi-transcendent logical connection propositions are obtained by lifting 


P, Q, R, Ø, and U, quasi-logical connection propositions to ¥, Q, O, Ø, and U}. 


33.2 Single logical theorem prover 


The algorithm of single logical theorem prover is as follows: 

(1) If every fact propositional variable occurs at least twice, then the single logical 
connection proposition to be proved is bound, the proof process can go on; 
otherwise, the proposition to be proved is free, it is not a single logical theorem. 
For example, all of P, Ọ, and R in {P/A 'O} A {0< 'R}< '{P//A 'R} occur twice, 
the proposition is bound, and the proof process can go on. While, R in {P< 'Q} < ' 
{PAR< 'Q} occurs only once, the proposition is free, it is not a single logical 
theorem. 

(2) Reduce the scope of =. — {P< 'Q} is changed to P/A '=Q, —{P// 'O} is 
changed to PX '—=Q, —{P\// 'Q} is changed to —P//\ '— Q. The negation of 
a unicellular second-order single empirical or mathematical connection proposition 
is the disjunctions of the other six unicellular second-order single empirical or 
mathematical connection propositions. For example, — {P= 'Q} is changed to {P= ' 
OQ} V {Px"0} V {P<} V [P<'AQ}V {aP<'0}V {P< 0}. 

(3) Change a unicellular second-order single empirical or mathematical connection 


proposition to multicellular second-order single empirical or mathematical 
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connection propositions. P= 'Q is changed to {P< '0}/\{ P< '=Q}, P< 'Q 
is changed to {P< '0}/\{—P/A 'O}, Px 'O is changed to {P/A 'O}A{P// | 
OVA {APIA 'O}A{ APIA 'Q}. 

(4) Change the empirical or mathematical connection operator < ' to V/ '. For 
example, change P< '0 to —P\// 'Q. 

(5) After the lexical analysis, then we know the number of fact propositional variables 
in the single logical connection proposition to be proved. Change each fact 
propositional variable to the set of all the minterms containing the fact propositional 
variable. For example, change P in {~ {PA —Q}\// 'R}='{ =P\V// 'OV/R} to 
(PQR, PQR, PQR, PQR}. 

(6) Operate on fact composition operators. For example, PAQ is changed to {PQ, 
PQ} N {PQ, PQ}, its operation result is {PQ}. 

(7) Investigate whether the sets on both sides of every empirical or mathematical 
connection operator mutually inversely intercross. If so, then the subproposition 
formed by the empirical or mathematical connection operator connecting the left 
and right mutually inverse special propositions is a meaningful second-order single 
empirical or mathematical connection subpropositoin, and the proof process can go 
on, otherwise, it is a meaningless second-order single empirical or mathematical 
connection subproposition or quasi-logical subproposition, the proof process cannot 
go on. For example, P/A 'Q in {P/A 'Q}A{—QV/ 'R}< '{P//\ 'R} is changed 
to {PQR, PQR, PQR, PQR}|N '{PQR, PQR, PQR, PQR}. 

The set on the left hand side and the set on the right hand side mutually inversely 
intercross: PQR and PQR belong to both the left hand side and the right hand side, 
PQR and PQR belong to the left hand side but not the right hand side, PQR and 
PQR belong to the right hand side but not the left hand side, PQR and PQR belong 
to neither the left hand side nor the right hand side. Therefore, P//\ 'Q is a meaningful 


single empirical or mathematical connection subproposition. For example, PA — 
PV/ 'Qin {PA APV/'O}<'{ PV/'Q} is changed to 

(PQ, PQ} N {PQ, PQ} U| '{PQ, PQ}. 
Operate on N, obtaining 

{} U] “{PQ, PQ}. 
The set on the left hand side and the set on the right hand side do not mutually 
inversely intercross: no minterm belongs to both the left hand side and the right 
hand side, no minterm belongs to the left hand side but not the right hand side. 
Therefore, PA —PV/ 'Q is a meaningless second-order single empirical or math- 
ematical connection subproposition, and {PA —PV/ 'O}< '{P\// 'Q} is not a 
single logical theorem. For example, for P\ OX 'P in {PA QS 'P}< '{P< 'Q}, 
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change the empirical or mathematical connection operator < ' to V/ ', obtaining 
—{P/Q}\// 'P, change it to the set of minterms form, obtaining 
~ {{PQ, PQ} N {PQ, PQ}} U| '{PQ, PQ}. 
Operate on N, obtaining 
~ {PQ} U| '{PQ, PQ}. 
Operate on ~, obtaining 
(PQ, PQ, PQ} U| '{PQ, PQ}. 
The set on the left hand side and the set on the right hand side do not mutually inversely 
intercross: no minterm belongs to neither the left hand side nor the right hand side. 
Therefore, P/\O< 'P is a quasi-logical connection subproposition, and {P A 
= P\// 'Q}< '{PV/ 'Q} is nota single logical theorem. 

(8) In this step, the main-auxiliary algebras for unicellular single set theorems US, 
will be used. US,, US;, and US, are shown in Figs. 33.1 through 33.3 respectively, 
in which the concrete vertices are the real vertices, and the hollow vertices are 
the imaginary vertices. In Fig. 33.1, the set of real vertices {P< 'Q, P='Q}; i.e., 
{4 PQ, PQ, PQ}, {PQ, PQ}} of the substructure with P< 'O being the top vertex 
and Ø being the bottom vertex is the set of real vertices without the minterm PQ. 
Likewise, we can obtain the sets of real vertices without the minterms PQ, PQ, and 
PQ. The set of real vertices {P='0, P< '0, —P<'=QO, —=P<'Q, Px 'Q} of 
the substructure with {PQ} being the bottom vertex and Px 'Q; i.e., S, being the 


top vertex is the set of real vertices with the minterm PQ. Likewise, we can obtain the 


Ø 
Fig. 33.1 Hasse diagram for US, 
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{ABCD — {ABCD |ABCD {ABCD [ABCE {ABDE {ACDE {BCDE 
EFG) EFH} EGH} FGH} FGH} FGH} FGH} FGH} 
{ABCD} fe) o aaa o o 
{ABEF} {ACEG} {BDFH} {CDGH} [EFGH) 
{A} {B} {Cc} {D} {E} LEJ {G} {H} 
D 
Fig. 33.2 Sketch of Hasse diagram for US, 
{ABCD {BCDE 
EFGH FGHI 
LIKL JKLM 
MNO} E NOV} 

O O 
{ABCD {IJKL 
EFGH} MNOV} 

{A} {V} 


Ø 
Fig. 33.3 Sketch of Hasse diagram for US, 


sets of real vertices with the minterms PQ, PQ, and PQ. In Fig. 33.2, A, B, ...,G and 
H denote the minterms PQR, PQR, ..., PQR, and PQR respectively. The set of real 
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vertices of the substructure with {A, B, C, D, E, F, G} being the top vertex and Ø 
being the bottom vertex is the set of real vertices without the minterm H; i.e., PQR. 
Likewise, we can obtain the sets of real vertices without the other minterms. The set 
of real vertices of the substructure with {A} being the bottom vertex and S, being 
the top vertex is the set of real vertices with the minterm A; i.e., PQR. Likewise, we 
can obtain the sets of real vertices with the other minterms. Similar discussion can 
be held for Fig. 33.3. 
This step is to find the set of real vertices of a meaningful second-order single 
empirical or mathematical connection subproposition. The set of real vertices of 
XIN 'Y is the set of real vertices of the minterms that are contained in both X and Y. 
If there are more than one such minterms, then their union set should be computed. 
For example, the set of minterms of P/A 'Q in {P/A '0}/A\{A=QV/ R= ' 
{PIAN 'R} is 

{PQR, PQR, PQR, PQR}|N '{PQR, PQR, PQR, PQR}. 
The minterms that are contained in both the left hand side and the right hand side 
are PQR and PQR. Thus, the set of real vertices of P/A 'Q is the union set of 
the set of real vertices containing the minterm PQR and the set of real vertices 
containing the minterm PQR. The set of real vertices of the meaningful second- 
order single empirical or mathematical connection subproposition XU| 'Y is the 
set of vertices of the minterms that are contained in neither X nor Y. If there are 
more than one such minterms, then their intersection set should be computed. For 
example, the set of minterms of sQ\V/ 'R in {P/A 'O}A{AOV/ 'R} < '{P/A | 
R} is 

‘POR, PQR, PQP, POR} U| '{PQR, PQR, PQR, PQR}. 
The minterms that are contained in neither the left hand side nor the right hand side 
are PQR and PQR. Thus, the set of real vertices of —QV/ 'R is the intersection set 
of the set of real vertices without the minterm PQR and the set of real vertices with- 
out the minterm PQR. 

(9) Operate on empirical or mathematical composition operators. For example, in {P/A ! 
O}/\{aOV/ 'R}< '{P/A 'R}, make N operation on the sets of real vertices of 
PIA 'Q and =O\// 'R. 

(10) Change the logical connection operators V/ ' and //\ ' to < '. For example, 
change {P/A '0}\// '{P/A '=Q} to —{P/^ 'O}<'{P/A '— 0}. Thus, only 
three kind of logical connection operators are left: < ', < ', and = '. 

(11) If the set on the left hand side of the logical connection operator is not an empty 


set, the set on the right is not a universal set, then the single logical connection 


proposition to be proved is meaningful, and the proof process can go on; 405 — 
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otherwise, it is meaningless, and the proof process cannot go on. 

(12) Determine whether the meaningful single logical connection proposition is a 
single logical theorem or not. For the logical connection operator = ', if the set on 
the left hand side is mutually inversely equivalent to the set on the right hand side, 
then the proposition to be proved is a single logical theorem; otherwise, it is not. 
For the logical connection operator < ', if the set on the left is mutually inversely 
properly contained in the set on the right, then the proposition to be proved is a 
single logical theorem; otherwise, it is not. For the logical connection operator < ', 
if the set on the left is mutually inversely contained in the set on the right, then the 
proposition to be proved is a single logical theorem; otherwise, it is not. 

Example 33.3: Prove {P< '0}< '{P//\ 'Q} to bea single logical theorem. 

Proof: According to step (4), change the proposition to be proved to { 4 P\V/ 'Q}< ' 

{P/A 'Q}. According to step (5), change the result of the previous step to 

(~ {PQ, PQ} U| '{PQ, PQ} c '{{PQ, PQ} '{PQ, PQ}}. 

According to step (6), change the result of the previous step to 

HPQ, PQ} U| '{PQ, PQ} jc "HPQ, PQ}IN '{PQ, PQ}}. 

According to step (7), investigate whether the sets on both sides of the empirical or mathe- 
matical connection operators U |" and |M' mutually inversely intercross. For {PQ, PQ} U| ' 
{PQ, PQ}, the set on the left {PQ, PQ} and the set on the right {PQ, PQ} mutually inverse- 
ly intercross: PQ belongs to both the left and the right, PQ belongs to the left but not the 
right, PQ belongs to the right but not the left, PQ belongs to neither the left nor the right. 
Therefore, —P\// 'Q is a meaningful second-order single empirical or mathematical con- 
nection subproposition. For the same reason, the set on the left and right of {PQ, PQ}|/N | 
{PQ, PQ} mutually inversely intercross, and P/A 'Q is meaningful. According to step (8), 
{PQ, PQ} U| '{PQ, PQ} is without the minterm PQ, {PQ, PQ}|N '{PQ, PQ} is with the 
minterm PQ, we obtain 

“the set of real vertices without the minterm PQ” c ' “the set of real vertices with the 

minterm PQ”. 
That is, 

{P< 'Q, P='O0}c '{P='0, P<'Q, —P<'=Q, —P<'Q, Px 'Q}. 

According to step (10), {P< 'Q, P='Q} is not an empty set, and {P='0, P< 'Q, —P< ' 
AQ, —P< 'Ọ, Px 'Q} is not a universal set, therefore, {P< '0}< '{P//\ 'Q} is mean- 
ingful. According to step (12), {P< 'Q, P='Q} is mutually inversely contained in {P= 'Q, 
P< 'QỌ, =P<'A=Q, —=P<'O, Px'Q}, therefore, {P< 'O}<'{P// 'Q} is a single 
logical theorem. 

Q.E.D. 
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33.3 Multiple logical theorem prover 


33.3.1 Chaining representation of the main-auxiliary algebra for 
multiple logical theorem M, 


A vertex of M, is shown in Fig. 33.4. 
Pointer pointing to the second 


Pointer pointing to the first Pointer pointing to the 
lower proposition main complement lower proposition 
Main property proposition segment Equivalent property proposition segment 


Fig. 33.4 Vertex in M, 


The chaining representation of M, is shown in Fig. 33.5. In Fig. 33.5, NIL denotes 
that the value or pointer does not exist; vertex | is the starting vertex, vertex 6 is the ending 


vertex; vertices 1, 2, 4, and 6 constitute the left route, vertices 1, 3, 5, and 6 constitute the 


su| | xm | 
POVINN YON ay) IN p(n 


right route. 


NIL 


: aiaj h 


||? [| 
PON {qos 


pos gS lq) < ps 


Fig. 33.5 Chaining representation of M, 
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33.3.2 Algorithm of multiple logical theorem prover with three 
fact propositions 


We call the subproposition on the left hand side of the logical connection operator 
of the proposition to be proved the left mutually inverse special proposition, in which the 
property proposition segment is the left property proposition segment, the nonproperty 
proposition is the left nonproperty proposition; the subproposition on the right hand side of 
the logical connection operator the right mutually inverse special proposition, in which the 
property proposition segment is the right property proposition segment, the nonproperty 
proposition is the right nonproperty proposition. 

The proof algorithm is as follows: 

(1) Along the left route of Fig. 33.5, from the starting vertex to the ending vertex, 
search for the left property proposition segment. If not found, then search along the 
right route, until the left property proposition segment is found. When searching, 
first search the main property proposition segment, then search the equivalent 
property proposition segment. 

(2) If the left nonproperty proposition is the same as the right one, then the proposition 
to be proved can only be the subalternation proposition or the equivalence 
proposition, and continue; otherwise, it can only be the contradictory proposition, 
contrary proposition, or subcontrary proposition, and jump to step (7). 

(3) Along the route where the left property proposition segment situates, search for 
the right property proposition segment; if found, then continue; otherwise, the 
proposition to be proved is not a multiple logical theorem. 

(4) If the right property proposition segment is the upper proposition of the left 
property proposition segment, then the proposition to be proved is not a multiple 
logical theorem; otherwise, continue. 

(5) If the right property proposition segment is the corresponding proposition of the 
left property proposition segment; i.e., they are the same vertices, then generate an 
equivalence proposition and compare it with the proposition to be proved; if they 
are the same, then the proposition to be proved is a multiple logical theorem in the 
form of equivalence proposition. If the right property proposition segment is not 
the corresponding proposition of the left one, then continue. 

(6) If the right property proposition segment is the lower proposition of the left 
property proposition segment, then generate subalternation propositions and 
compare them with the proposition to be proved. If one subalternation proposition 
is the same as the proposition to be proved, then the proposition to be proved is a 


multiple logical theorem; otherwise, it is not. 
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(7) Find the main complement of the left property proposition segment. 

(8) Along the different route of the route where the left property proposition segment 
situates, from the starting vertex to the ending vertex, search for the right property 
proposition segment. When searching, first search the main property proposition 
segment. If not found, then search the equivalent property proposition segment. 
If found, then continue; otherwise, the proposition to be proved is not a multiple 
logical theorem. 

(9) If the right property proposition segment is the upper proposition of the main 
complement of the left property proposition segment, then generate contrary 
propositions and compare them with the proposition to be proved. If one contrary 
proposition is the same as the proposition to be proved, then the proposition to be 
proved is a multiple logical theorem in the form of contrary proposition; otherwise, 
it is not a multiple logical theorem. If the right property proposition segment is not 
the upper proposition of the main complement of the left one, then continue. 

(10) If the right property proposition segment is the main complement of the left 
property proposition segment, then generate contradictory propositions and 
compare them with the proposition to be proved. If one contradictory proposition 
is the same as the proposition to be proved, then the proposition to be proved is a 
multiple logical theorem in the form of contradictory proposition; otherwise it is 
not a multiple logical theorem. If the right property proposition segment is not the 
main complement of the left one, then continue. 

(11) If the right property proposition segment is the lower proposition of the main 
complement of the left property proposition segment, then generate subcontrary 
propositions and compare them with the proposition to be proved. If one 
subcontrary proposition is the same as the proposition to be proved, then the 
proposition to be proved is a multiple logical theorem in the form of subcontrary 


proposition; otherwise, it is not a multiple logical theorem. 


33.3.3 Examples 
Example 33.4: Prove that {q(v)// | {p(x)< rx, y)}}= PWS ‘giv A 'r(x, y)} is 


not a multiple logical theorem. 

Proof: According to step (1), the left property proposition segment g(y)//\ '{p(x)< ' 
is found at vertex 2 of the left route. According to step (2), the left nonproperty proposition 
is the same as the right one, both are r(x, y). According to step (3), the right property proposition 
segment p(x)< 'g(v)//\ ' is found at vertex 4 of the left route. According to step (6), the 
right property proposition segment p(x)< 'q(y)//\ | is the lower proposition of the left property 


proposition segment g(v)//\ '{p(x)<', and generate the subalternation proposition {g(y)//\ | 
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POS 'r(x, v)}}< HPS ‘gv A 'r(x, y)}, which is not the same as the proposition to 
be proved. Therefore, the proposition to be proved is not a multiple logical theorem. 

0.E.D. 

Example 33.5: Prove that — {g(y)// |{p(x)< ‘rx, y)}} V/ ' a pRaVA ‘fay | 
—r(x, y)}} is a multiple logical theorem. 

Proof: According to step (1), the left property proposition segment q(y)/ A |{p(x)< ' 
is found at vertex 2 of the left route. According to step (2), the left nonproperty proposition 
is r(x, y), the right nonproperty proposition is —r(x, y), they are not the same. According 
to step (7), the main complement g(v)< 'p(x)// | of the left property proposition segment 
is found at vertex 5 of the right route. According to step (8), the right property proposition 
segment p(x)//\ '{q(v)< ' is found at vertex 3 of the right route. According to step (9), the 
right property proposition segment p(x)//\ '{q(v)< ' is an upper proposition of the main 
complement g(v)< 'p(x)/ À ' of the left property proposition segment. A contrary proposi- 
tion = {{qQVA PS ‘rax, yA POVA '{q0)< '—r(x, y)}}} is generated, it is 
not the same as the proposition to be proved. Then another contrary proposition — {g(v)//\ | 
{p(x)< 'rx, y)}} V/A {p(x)// {q(v)< '—=r(x, v)}} is generated, it is the same as the 
proposition to be proved. Therefore, the proposition to be proved is a multiple logical theorem. 

Q.E.D. 

Note: in Fig. 33.5, the upper proposition of a proposition is beneath the proposition in 


question, the lower proposition of a proposition is above the proposition in question. 


33.4 Semilogical theorem prover 


The semilogical connection proposition to be proved is in the form of: 

“The first properly implicational single empirical or mathematical connection proposi- 
tion to be proved” A “the second properly implicational single empirical or mathematical 
connection proposition to be proved”= ' “the fact proposition to be proved”. The chaining 


representation of the main-auxiliary algebra for semiset theorems SE, is shown in Fig. 33.6. 


Properly implicational 
single empirical or 
mathematical connection 
proposition chain 


410 ‘Fig. 33.6 Chaining representation of the main-auxiliary algebra for semiset theorems SE, 
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The algorithm of the semilogical theorem prover is as follows: 

(1) Along the properly implicational empirical or mathematical connection 
proposition chain of Fig. 33.6 search for the first properly implicational empirical 
or mathematical connection proposition to be proved. If not found, then the 
semilogical connection proposition to be proved is not a semilogical theorem; 
otherwise, continue. 

(2) Along the properly implicational empirical or mathematical connection proposition 
chain of Fig. 33.6 search for the second properly implicational empirical or 
mathematical connection proposition to be proved. If not found, then the 
semilogical connection proposition to be proved is not a semilogical theorem; 
otherwise, continue. 

(3) Investigate whether the pointers of the two propositions point to the same fact 
proposition. If not, then the semilogical connection proposition to be proved is not 
a semilogical theorem; otherwise, continue. 

(4) Investigate whether the fact proposition pointed to is the same as the fact 
proposition to be proved. If not, then the semilogical connection proposition to be 
proved is not a semilogical theorem; otherwise, it is. 

Example 33.6: Prove {P< '0!/\{ P< '—Q}= 'P to be a semilogical theorem. 

Proof: According to step (1), ~P< 'Q is found at vertex E of the properly 

implicational empirical or mathematical connection proposition chain. According to step 
(2), aP< '—=Q is found at vertex D of the properly implicational empirical or mathemati- 
cal connection proposition chain. According to step (3), the two propositions point to the 
fact proposition P of vertex C. According to step (4), the fact proposition P pointed to is the 
same as the fact proposition P to be proved. Therefore, the semilogical connection proposi- 
tion to be proved is a semilogical theorem. 

0.E.D. 
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Part 13 
Applications of explicit inductive 
composition 


In this part, mutually-inversistic machine learning, multiple 
connection operators association rule mining, and mutually- 


inversistic program refinement are introduced. 
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Chapter 34 
Mutually-inversistic machine learning 


34.1 Introduction to mutually-inversistic 
machine learning 


In hypothetical inference, the major premise and minor premise are known, the con- 
clusion is sought. For examples, the major premise {P< 'Q}A {0< 'R}< {P< 'R} 
and the minor premise {int(x)< 'rat(x)} A {rat(x)< 'real(x)} are known, the conclusion 
int(x)< 'real(x) is sought. Mutually-inversistic machine learning is the inverse operation of 
hypothetical inference. There are two kind of mutually-inversistic machine learning. One is 
that the major premise and the conclusion are known, the minor premise is sought. For ex- 
ample, the major premise {P< '0}/\{O< 'R}< '{P< 'R} and the conclusion int(x)< ' 
real(x) are known, the minor premise {int(x)< 'O} A{O< 'real(x)} is sought. This kind of 
machine learning is called inverse hypothetical inference towards the minor premise. The 
other is that the minor premise and the conclusion are known, the major premise is sought. 
For example, the minor premise {int(x)< 'rat(x)} A {rat(x)< 'real(x)} and the conclusion 
int(x)< 'real(x) are known, the major premise — {P< 'O0}\/ — {0< 'R}V/ '{P< 'R} is 
sought. This kind of machine learning is called inverse hypothetical inference towards the 
major premise. There are 16 kind of mutually-invresistic machine learning systems accord- 
ing as whether they are towards the minor premise or the major premise, whether they are 
first-level or second-level systems, whether they are single quasi-systems or multiple sys- 
tems, whether they are decomposition systems or expert systems. The classification of these 


systems is shown in Fig. 34.1. 


34.2 Mutually-inversistic machine learning 
systems 


34.2.1 Inverse first-level single quasi-decomposition system 
towards the major premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.2. 


inverse 
second-level 
single quasi 
decomposition 
system towards 
major premise 


inverse 
second-level 
single quasi 
decomposition 
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major premise 
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Fig 34.1 


Father(Shannon,Tom) 


Fatther(Tom,Bob) 


minor premise 


major premise first 
inverse level 
first-level 
multiple 

P expert system 
expert 


system towards 
minor premise 


minor premise 


multiple 


Grand child(Bob,Shannon) 


Fig. 34.2 


Grand child(y,x) v7 Father(x,z) v7 Father(z, y) 


Grand_child(Bob,x) v7Father(x,Tom) 


{Shannon/x} 


Classification of mutually-inversistic machine learning systems 


{ Bob/y,Tom/z} 


Inverse first-level single quasi-decomposition system towards 


the major premise 
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FOIL in inductive logic programming also belongs to this kind of machine learning. 


34.2.2 Inverse first-level single quasi-decomposition system 
towards the minor premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.3. 


parent(John,Bob) ancestor(Bob,Sam) 


parent(x,y) Aancestor(y,z)<_‘ancestor(x,z) parent(John,y) Aancestor(y,Sam) 


{ John/x,Sam/z } 


ancestor(John,Sam) 
Fig.34.3 Inverse first-level single quasi-decomposition system towards 


the minor premise 


34.2.3 Inverse first-level single quasi-expert system towards the 
major premise 


Decision tree learning in inductive learning, rough set learning, and genetic algorithm 


belong to this kind of mutually-inversistic machine learning. 


34.2.4 Inverse first-level single quasi-expert system towards the 
minor premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.4. 


man(Socrates)< 'mortal(Socrates) man(Socrates) 


mortal(Socrates) 


Fig. 34.4 Inverse first-level single quasi-expert system towards the minor premise 


34.2.5 Inverse second-level single quasi-decomposition system 
towards the major premise 


34.2.5.1 Second-level FOIL 
Second-level FOIL is obtained by lifting FOIL one level up. 
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34.2.5.2 Inverse resolution 
This kind of inverse resolution is obtained by lifting Fig. 34.2 one level up, shown in 
Fig. 34.5. 


rat(x)< ‘real(x) 


[P< Q} QS "RW {PSR 
{rat(x)/Q.real(x)/ R} 


int(x) < rat(x) =| PS ratx) V P< “real(x)} 


{int(x)/P} 


int(x)< 'real(x) 
Fig. 34.5 Inverse second-level single quasi-decomposition system towards 


the major premise 


34.2.6 Inverse second-level single quasi-decomposition system 
towards the minor premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.6. 


{int(x)<'Q} A{Q<"real(x)} 


{(P<'QJA{Q<'R)<'{P<'R} 


{int(x)/P,real(x)/R} 


int(x)< ‘real(x) 


Fig. 34.6 Inverse second-level single quasi-decomposition system towards 


the minor premise 


In the inductive logic programming, there is the inverse resolution shown in Fig. 34.7. 
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int(x)=Q 


Q > real(x) 


int(x)real(x) 


Fig. 34.7 Inverse resolution in inductive logic programming 


Both Figs. 34.6 and 34.7 can obtain {int(x)< '0} A {OX 'real(x)} ((int(x)+Q) ^ 
(O—real(x)}) from int(x)< 'real(x) (int(x)—real(x)), therefore, we regard them as the same 
kind of machine learning. But actually they are different. Fig. 34.7 is the inverse resolution 


of the resolution shown in Fig. 34.8, while Fig. 34.6 is the inverse resolution of the resolution 
shown in Fig. 34.9. 


int(x) > rat(x) rat(x)»real(x) 


int(x)—»real(x) 


Fig. 34.8 Resolution in classical logic 


{(P<"Q}A(Qs'R}<'{P<'R} {int(x)S ‘rat(x)} a {rat(x)< ‘real(x)} 


OT ae 


int(x)<'real(x) 


Fig. 34.9 Resolution in mutually-inversistic logic 


In the inverse second-level single quasi-decomposition system towards the minor 
premise, {pos(x)//\ '0} \ {0< 'int(x)} can also be learned from pos(x)//\ ‘int(x) and 
{PIA 'Q}A LOS 'R} <S P/A 'R}. 


34.2.7 Inverse second-level single quasi-expert system towards 
the major premise 


Suppose we have the classification tree of bronze, brass, or copper ware shown in Fig. 
34.10. 

This kind of mutually-inversistic machine learning is done as follows: if there is an 
upward route from vertex B to vertex A, then the conjunction of the first-order empirical or 
mathematical connection propositions denoted by each edge of the route is the minor prem- 


ise, vertex B mutually inversely implying vertex A is the conclusion, the major premise learned 
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is the minor premise mutually inversely implying the conclusion. For example, there is an 
upward route from the leaf tripod to the root bronze_brass_ copper ware, the first-order 


single logical connection proposition learned is: 


bronze brass copper ware (x) 


brass_ware (x) bronze ware(x) copper ware(x) 


bronze ware as weapon(x) bronze ware as instrument(x) 
bronze ware for rite (x) 


tripod (x) Gui(x) Dun(x) 


Fig. 34.10 classification tree of bronze, brass, or copper ware 


{tripod(x)< 'bronze_ware_for_rite(x)} A {bronze ware for rite(x)< 'bronze_ 
ware(x)} A {bronze_ware(x)< ‘bronze_brass_copper_ware(x)} < '{tripod(x) < ' bronze_ 


brass_copper_ware(x)}. 


34.2.8 Inverse second-level single quasi-expert system towards 
the minor premise 


Suppose the classification tree is shown in Fig. 34.10. This kind of mutually-inversistic 
machine learning is done as follows: suppose there exists an upward route from vertex B 
to vertex A, then the conjunction of the first-order empirical or mathematical connection 
propositions denoted by each edge of the route is the minor premise learned; otherwise, 
nothing can be learned. For example, there exists an upward route from tripod to bronze- 
ware, therefore, we learn the minor premise: 

{tripod(x)< 'bronze_ware_for_rite(x)} A {bronze ware for_rite(x)< ‘bronze _ 
ware(x)}. 

Another example, there is no upward route from tripod to copper_ware, therefore, 


nothing can be learned. 
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34.2.9 Inverse first-level multiple decomposition system towards 
the major premise 


34.2.9.1 Multiple connection operators association rule mining 


For this kind of mutually-inversistic machine learning, see Chapter 35. 


34.2.9.2 Inverse resolution 
The inverse resolution of this kind of mutually-inversistic machine learning is shown 


in Fig. 34.11, where comp means comparable. 


nat(2) p TEF = 
nat(x)S nat(y)S comp(x,y) 


nat(3) 


nat(v)< '‘comp(2,y) 


comp(2,3) 


Fig 34.11 Inverse first-level multiple decomposition system towards 


the major premise 


34.2.10 Inverse first-level multiple decomposition system 
towards the minor premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.12. 


nat(x)< ‘nat(yv)/\ ‘vx ‘x 


{3/x} 


nat(y) N 'y<3 


Fig. 34.12 Inverse first-level multiple decomposition system towards 


the minor premise 


34.2.11 Inverse first-level multiple expert system towards the 
major premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.13. 


Part 13... Applications. of explicit inductive composition 


nat(2)< ‘nat(3)< ‘comp(2,3) 


nat( 


nat(3) 


nat(3)< ‘comp(2,3) 


comp(2,3) 


Fig. 34.13 Inverse first-level multiple expert system towards the major premise 


34.2.12 Inverse first-level multiple expert system towards the 
minor premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.14. 


nat(3)< 'nat(2) "'2<3 


nat(2) A'2<3 


Fig. 34.14 Inverse first-level multiple expert system towards the minor premise 


34.2.13 Inverse second-level multiple decomposition system 
towards the major premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.15. 


course(x)/A {student(v)< 'study(y,x)} 


{p(x) IN" g(v) = 'r(v.x)}} Sf q(v)S p(x) IN'*r(y,x)} 


{course/p,student/q,study/r} 


student(y)< ‘course(x) /\"'study(y,x) 
Fig. 34.15 Inverse second-level multiple decomposition system towards 


the major premise 


34.2.14 Inverse second-level multiple decomposition system 
towards the minor premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.16. 
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POMOS rox oE pa) IN'r,X)} 


course(x) /\'{student(y)< ‘study(y,x)} 


{course/p,student/g,study/r} 


student(y)< 'course(x) /N study(y,x) 
Fig. 34.16 Inverse second-level multiple decomposition system towards 


the minor premise 


34.2.15 Inverse second-level multiple expert system towards the 
major premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.17. 


{nat(x) A {naty s 'x<y}}< '{nat(y)< 'nat(x)/N'x<y} 


nat(x)/A'{nat(y)< x<y} 


nat(y)< ‘nat(x)/N'x<yv 


Fig. 34.17 Inverse second-level multiple expert system towards the major premise 


34.2.16 Inverse second-level multiple expert system towards the 
minor premise 


The inverse resolution of this kind of mutually-inversistic machine learning is shown 
in Fig. 34.18. 


{nat(x)/A'{nat(v)<'x<y}}<"‘{nat(v)<"‘nat(x)A'x<y} 


nat(x)/N'{nat(vy)< x <y} 


nat(y) S 'nat(x) N xS y 


Fig. 34.18 Inverse second-level multiple expert system towards the minor premise 
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34.3 Summary on mutually-inversistic machine 
learning 


Inductive learning, rough set learning, and genetic algorithm are the special cases of 
mutually-inversistic machine learning. 

Various inverse second-level systems towards the major premise are from laws to learn 
laws of laws. They are first proposed in mutually-inversistic machine learning. Inverse 
second-level single quasi-expert system towards the major premise has been implemented 
as computer software. 

Mutually-inversistic machine learning is useful. Inverse first-level multiple decomposi- 
tion system towards the major premise is used in multiple connection operators association 
rule mining. Inverse second-level single quasi-decomposition system towards the minor 


premise is used in mutually-inversistic program refinement. 


423 — 


424 


Mutually-inversistic logic, mathematics, and. their applications 


Chapter 39 
Multiple connection operators 
association rule mining 


35.1 Double connection operators association 
rule mining 


35.1.1 Introduction to double connection operators association 
rule mining 


Single dimensional association rule mining mines such rules as buys(X, 
“computer’”)— buys(X, “financial management_software”), in which there is only one 
connection operator —. Multidimensional association rule mining mines such rules as 
age(X, “30...39”) \income(X, “42000...48000”)—buys(X, “high resolution TV”), in 
which there is only one connection operator —. Single dimensional association rule mining 
and multidimensional association rule mining are called by a joint name single connection 
operator association rule mining. 

In mutually-inversistic logic, such rule as p’(x)g,q’(v)g>r’(x, y) is called a double 
connection operators association rule, where g, and g, are connection operators //\ ' or < ', 
p’(x) and q’(y) are unary predicates, called property fact propositions, r’(x, y) is a binary predi- 
cate, called a nonproperty fact proposition. For example, course(Cno)//\"' {student(Sno)< ' 
study(Sno, Cno)} is a double connection operators association rule, meaning that there exist a 
course Cno, such that for all students Sno, Sno study Cno. Another example is teacher(Tno)< ' 
course(Cno)//\"'teach(Tno, Cno), meaning that for all teachers Tno there exists a course 


Cno such that Tno teaches Cno. 


35.1.2 Relational database of study and teaching 


The E-R diagram of the relational database of study and teaching is shown in Fig. 35.1. 


Fig. 35.1 The E-R diagram of the relational database of study and teaching 
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Transform the E-R diagram into relational model, we obtain the relational schemes: 

Student(Sno, Sname, Age) 

Course(Cno, Ctitle, Credit) 

Study(Sno, Cno, Grade) 

Teacher(Tno, Tname, Work load) 

Teach(Tno, Cno, Reference) 

The primary keys of the relations are underlined. Some of the tables of the database are 
given in Tables 35.1 through 35.3. 


Table 35.1 Table 35.2 Table 35.3 
Student table Course table Study table 
Cttle 


Database 


Mathematical analysis 


General physics 


Automatic control 


The student and course tables are obtained from the entities student and course of 
Fig. 35.1 respectively, and are called the entity tables. The study table is obtained from 
the binary relationship study of Fig. 35.1, and is called the binary relationship table. Take 
the primary key Sno of the entity table student and the primary key Cno of the entity 
table course as the property fact proposition, take the primary key (Sno, Cno) of the 
binary relationship table study as the nonproperty fact proposition, we obtain the double 
connection operators association rule student(Sno)g ,course(Cno)g,study(Sno, Cno). This is 
to say, a relational database with a binary relationship naturally implies a double connection 


operators association rule. 


35.1.3 Double connection operators association rule mining 
algorithm 


We take student(Svo)g ,course(Cno)g,study(Sno, Cno) as an example to investigate the 
double connection operators association rule mining algorithm. Let g, and ø, be //\ ' and 
< ' respectively, we can obtain 6 double connection operators association rules (DCOAR): 

DCOAR;: student(Sno)< 'course(Cno)< 'study(Sno, Cno) 

DCOAR;: course(Cno)/ /\'{student(Sno)< 'study(Sno, Cno)} 

DCOAR;: student(Sno)< 'course(Cno)/ /\"'study(Sno, Cno) 
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DCOAR,: student(Sno)//\"' {course(Cno)< 'study(Sno, Cno)} 

DCOAR,;: course(Cno)< 'student(Sno)//\"'study(Sno, Cno) 

DCOAR,: student(Sno)//\"‘course(Cno)//\"'study(Sno, Cno) 

< ' means “for all”, it require that all the instances satisfy the property fact proposi- 
tion. This requirement is too high, we loosen its requirement by setting certainty factors €y 
and cp (they are percentages) for ø, and ø». If the percentage of the instances satisfying the 
property fact proposition is no less than the certainty factor, then < ' holds, and it does not 
mean “for all” but “many”. If the percentage is less than the certainty factor, but at least one 
instance satisfies the property fact proposition, then //\"' holds, and it means “some”. 


According to the binary relationship table study, we make the relational matrix shown 
in Fig. 35.2. 


€; Cc, & È 
S, T T F F 
S, T F T F 
S T F F F 
S; F T F F 
S; T F F T 


Fig. 35.2 Relational matrix for the binary relationship table 


The relational matrix of Fig. 35.2 is made as follows: in Table 35.3 there is the tuple 
<S,, C,>, then at the intersection of S, and C, of the relational matrix a T is filled; in Table 
35.3 there is no tuple <S,, C,>, then at the intersection of S, and C, of the relational matrix 
an F is filled. 

Suppose the number of students is M, in this example 5; i.e., S, through S;. Suppose 
the number of courses is N, in this example 4; i.e., C, through C,. The algorithms of the 
double connection operators association rules mining are as follows: 


DCOAR;: If, in Fig. 35.2, there exists an M*cą row and Nc, column submatrix in 


which all elements are T, then DCOAR 1 holds. 


DCOAR:: If, in Fig. 35.2, there exists at least one column in which there are no less 
than Mxc,, Ts, then DCOAR, holds. 


DCOAR,;: If, in Fig. 35.2, there are no less than M*c,, rows in which there is element T, 
then DCOAR, holds. 


DCOAR,: If, in Fig. 35.2, there is at least one row in which there are no less than N*cp 
Ts, then DCOAR, holds. 


DCOAR;: If, in Fig. 35.2, there are no less than N*c,, columns in which there is 
element T, then DCOAR,; holds. 


DCOAR,: If, in Fig. 35.2, there is at least one element T, then DCOAR, holds. 
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DCOAR, through DCOAR, form a complement lattice shown in Fig. 35.3. 
DCOCR, 


DCOCR, DCOCR, 


DCOCR, DCOCR, 


DCOCR, 
Fig. 35.3 The complement lattice formed by DCOAR, through DCOAR, 


In Fig. 35.3, the lower DCOAR implies the upper DCOAR; i.e., if DCOAR; is 
reachable from DCOAR,; via an ascending path, and DCOAR,; holds, then DCOAR,; holds. 

Since DCOARI through DCOAR6 satisfy Fig. 35.3, their algorithms can be merged 
into one, called DCOAR; determination algorithm, as is shown in Fig. 35.4. 

Suppose ¢,=80%, cp=75%. In Fig. 35.2, in the column of C,, there are M*c,=5*80%=4 
T elements, therefore, DCOAR,: course(Cno)//\ | {student(Sno)< 'study(Sno, Cno)} holds. 
From Fig. 35.3 we know that DCOAR, and DCOAR, also hold. In Fig. 35.2, in no less 
than*c,,.=4*75%=3 columns, there are T elements (for the column of C,, there is S,; for the 
column of C,, there is S,; for the column of C,, there is S,; for the column of C,, there is S;), 
therefore, DCOAR,: course(Cno)< 'student(Sno)/ /\ 'siudy(Sno, Cno) holds. 


35.1.4 Summary of double connection operators association rule 
mining 

(1) Double connection operators association rule mining is different from single 
connection operator association rule mining. What single connection operator association 
rule mining mines is frequent itemsets, while what double connection operators association 
rule mining mines is the association among the primary keys of two entity tables and one 
binary relationship table. 

(2) Fig. 35.2 is different from the data cube in data warehouse, the elements in the 
former are F and T, while the elements in the latter are cata. 

(3) There are three differences between double connection operators association rule 
mining and database quary: (i) the information to be queried by a database is anticipated, 
hence the SQL statements be written, while the information to be mined is unknown 
beforehand, and implied. (ii) Database query needs to write SQL statements, while mining 
is automated. (iii) The information queried is quantitative, while the information mined is 


qualitative, such as “many” and “some”. 
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(4) If we view the dimension table of the star model of data warehouses as the entity 
table of relational databases, view the fact table as the binary relationship table, then this 


algorithm is also suitable for data warehouse mining. 


Output DCOAR Call DCOAR, Algorithmi 
DCOAR. hold? 
N 


Output DCOAR, ,, 
Call DCOAR, Algorithm 
DCOAR,, 


Call DCOAR, Algorithm 
W <OCOAR hold > 


Call DCOAR. Algorithm 
DCOAR, hold’ 
Y N 
Output DCOAR,, Call DCOAR, Algorithm 


NS ? 
End N DCOAR, hold 7 
Output DCOAR, 


End 


Output DCOAR, ,, 


Fig. 35.4 DCOAR;, determination algorithm 


35.2 Triple connection operators association 
rule mining and degradation mining 


35.2.1 Introduction to triple connection operators association rule 
mining 


-428 In mutually-inversistic logic, such rule as p’ (x)o g Opr (z)p;S (x, y, Z) is called a 
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triple connection operators association rule, in which g,, Ø», and ø; are connection operators 
IN] or < ', p(x), q’(v), and r’(z) are unary predicates, called the property fact proposi- 
tions, s’(x, y, zZ) is a ternary predicate, called the nonproperty fact proposition. For example, 
supplier(Sn)//\"'client(CLn)/ /\"'commodity(COn)< 'purchase(Sn, CLn, COn) is a triple 
connection operators association rule, meaning that there exists supplier Sn, there exists cli- 


ent CLn, such that for all commodities COn, CLn purchases Sn’s COn. 


35.2.2 Relational database of purchase 


The E-R diagram of the relational database of purchase is shown in Fig. 35.5. 


Customer 
number 


Supplier 
Supplier 
name 


Fig. 35.5 E-R diagram of the relational database of purchase 


Transform the E-R diagram into the relational model, we obtain the relational schemes: 
Client(CLno, CLn) 

Supplier(Sno, Sn) 

Commodity(COno, COn) 

Purchase(CLn, Sn, COn, quantity) 


The primary keys of the relations are underlined. The tables of the relational database 
are shown in Tables 35.4 through 35.7. 


Table 35. 4 Table 35.5 Table 35.6 
Client table Supplier table Commodity table 
Sn 
Hitachi 
Samsung 
Toshiba 429 


CLn Sn COn 
Zhang | Hitachi TV 
Zhang | Hitachi frig 
Li Hitachi TV 
Li Hitachi washer l 
Wang | Hitachi frig l 
Wang | Samsung | washer 1 


The client, supplier, and commodity tables are obtained from the entities of Fig. 35.5, 
and are called entity tables. The purchase table is obtained from the ternary relationship of 
Fig. 35.5, and is called a ternary relationship table. Take the primary key CLn of the entity 
table client, the primary key Sn of the entity table supplier, and the primary key COn of 
the entity table commodity as the property fact propositions, take the primary key (CLn, 
Sn, COn) of the ternary relationship table purchase as the nonproperty fact proposition, we 
obtain the triple connection operators association rule 

client(CLn)g1supplier(Sn)g2commodity(COn)g3purchase(CLn, Sn, COn). This is to 
say, a relational database with a ternary relationship naturally implies a triple connection 


operators association rule. 


35.2.3 Triple connection operators association rule mining 
According to Table 35.7, we make the cuboidal relational matrix shown in Fig. 35.6. 


y 
Z 


x 
Hitachi Samsung Toshiba 


Zhang | T F F 
Li T F F TV 
Wang F F F 
Hitachi Samsung Toshiba 
Zhang | T F F 
Li F F F frig 
Wang | T F F 
Hitachi Samsung Toshiba 
Zhang | F F F 
Li T F F | Washer 
430 Wang | F T F 


Fig. 35.6 Cuboidal relational matrix of Table 35.7 
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Fig. 35.6 is made as follows: there is tuple <Zhang, Hitachi, TV> in Table 35.7, then, 
at the intersection of Zhang, Hitachi, and TV of Fig. 35.6, a T is filled; there is no tuple 
<Zhang, Hitachi, washer>, then, at the intersection of Zhang, Hitachi, and washer of Fig. 
35.6, an F is filled. 

Suppose the certainty factor is 66%. In Fig. 35.6, there is no 2%*2*2 cuboidal submatrix 
with all its elements being T, therefore, client(CLn)< 'supplier(Sn)< 'commodity(COn)< ' 
purchase(CLn, Sn, COn) does not hold. No supplier has a 2*2 subplane with all its elements 
being T, therefore, supplier(Sn)//\ | {client(CLn)< 'commodity(COn)< 'purchase(CLn, 
Sn, COn) does not hold. The column determined by Zhang and Hitachi has two Ts, they are 
<Zhang, Hitachi, TV> and <Zhang, Hitachi, frig>, therefore, client(CLn)//\ 'supplier(Sn)// ' 
{commodity(COn)< ‘purchase(CLn, Sn, COn)} holds, meaning that there exists client CLn, 
there exists supplier Sn, such that for many commodity COn, CLn purchases Sn’s COn. 

If we view the purchase system as the data warehouse of star model, view Tables 35.4, 
35,5, and 35,6 as dimension tables, view Table 35.7 as a fact table, then we can apply triple 


connection operators association rule mining to the data warehouse of star model. 


35.2.4 Degradation mining 


Tables 35.4 through 35.7 naturally implies triple connection operators association rule. 
If we apply double connection operators association rule mining to them, then it is called 


degradation mining. 


35.2.4.1 Degradation mining in relational database and data warehouse of 
star model 
Suppose we want to mine client(CL”)g,commodity(COn)@,purchase(CLn, COn). 


According to Table 35.7, we can make the relational matrix shown in Fig. 35.7. 


TV frig | washer 
Zhang | T T F 
Li T F T 
Wang F T T 


Fig. 35.7 Degradation mining of Table 35.7 
Suppose certainty factor is 66%. From Fig. 35.7, we can mine client(CLn)/A ' 
{commodity(COn)< 'purchase(CLn, COn)} and commodity(COn)//\ '{client(CLn)< ' 
purchase(CLn, COn). 
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35.2.4.2 Degradation mining in data cubes 

Suppose we want to mine client(CLn)g,commodity(COn)o,purchase(CLn, COn) 
from the data cube of Fig. 35.6. Then we should mine the planes of Hitachi, Samsung, and 
Toshiba respectively. The plane of Hitachi is shown in Fig. 35.8. 


TV frig washer 
Zhang T T F 
Li T F T 
Wang F T F 


Fig. 35.8 Degradation mining of Fig. 35.6 


Suppose certainty factor is 66%. From Fig. 35.8, we can mine client(CLn)//\ ' 
{commodity(COn)< 'purchase(CLn, COn)} and commodity(COn)/A '{client(CLn)< | 
purchase(CLn, COn). 


35.2.5 Summary of triple connection operators association rule 
mining and degradation mining 


(1) The usual relationships in relational databases are binary relationship and ternary 
relationship. Therefore, double and triple connection operators association rule mining can 
mine most of the association rules implied in relational databases. 

(2) A data warehouse has as less as 6 dimensions, as many as 15 dimensions. 
Therefore, only 6 to 15 connection operators association rule mining can mine the data 
warehouse precisely. 

(3) The task of data mining is to mine the association rules that are finally 
understandable. Double connection operators association rule is understandable most easily. 
The more the connection operators an association rule has, the harder it is to understand it. 
Therefore, degradation mining is feasible. 

(4) As to data warehouse, the degradation mining of star model and the degradation 
mining of data cube are different. 
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Chapter 36 
Mutually-inversistic program 
refinement 


36.1 Introduction to mutually-inversistic 
program refinement 


There are many methods for program refinement, rule refinement method, VDM 
method, Z method, B method, etc.. Rule refinement method is a typical method. It has many 
refinement rules (inference rules). It is formalized. But since there are many refinement 
rules, it is hard for the system to choose from them automatically, therefore, it is not 
automated. Mutually-inversistic program refinement transforms the refinement rules into 
refinement axioms, takes second-level hypothetical inference and inverse second-level 
single quasi-decomposition system towards the minor premise as the only inference rules. 
And in a particular situation, a particular inference rule is used. The refinement axioms are 


searched top-down. In this way, program refinement can be done semi-automatically. 


36.2 Introduction to rule refinement method 


In order to read this chapter, the readers should be familiar with Chapters 1, 3, 4, and 5 
of the literature (Morgan, 2002), which are introduced briefly in this section. 

Program refinement is to refine the executable codes from the specifications. A 
specification is in the form of 

w: [pre, post] 
where pre denotes precondition, the initial state before a computer executes, post denotes the 
postcondition, the final state after a computer executes, w is the variable whose value may vary 
during a computer execution. For example, y:[0<x<9, v'=x/\y=0] is a specification, which 
can be refined to the code y:= x (an-dssignment statement). This fact is denoted by; 

y[0<x<9, y=xAy>0] CVX, 


where C denotes “being refined as”. 


Usually, in the refinement process from the specification to the code, there are many 
intermediate states, which are the mixed program of specification and code. 
If the precondition is true under all states, then it is denoted as 


w:[true, post] 
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simplified as 
w: [post]. 
The rule of assignment: if pre implies post[w\ E], then 
w, x: [pre, post] E w: =E, 
where post denotes that all the occurrences of w in post are substituted by E. 

Skip denotes that nothing is done. 

Alternation is also called if statement. It realizes case analysis: according to the initial 
states, choose one command from several possible ones to execute. Alternation is construct- 
ed from a set of guarded commands. A guarded command is in the form of 

G— prog 
read “G then prog”. Here, G is the guard (the condition to be satisfied), prog is the program 
to be executed after the condition is met. 

An alternation is a collection of guarded commands, which are separated by the sym- 
bol 0 (read “otherwise”). The collection of the guarded commands is bracketed by the alter- 
nation brackets if and fi. The following is a general alternation: 

if Go prog, 

0 Gı—> prog, 


0 G, ™> prog, 

fi 
simplified as if (0i-G;—> prog;)fi. 

The rule of alternation: if pre implies GG (GG is the abbreviation of Gy VG, V... 
V/G,), then 

w:[pre, post] c if(0i-G,>w:|G, A pre, post])fi 

Now, let us consider the program of finding the maximum value. We use u to denote 
“maximum”. The specification is m:[m=a u b]. The refinement process is 

m:[m=a u b] 


E “according to the rule of alternation” 


ifa=b—>m:[a=b, m=aub| (1) 
0 b2a>m:[b2a, m=aub] (2) 
fi 


(1) E “according to the rule of assignment” m:=a 

(2) E “according to the rule of assignment” m:=b. 

Iteration is sometimes called while loop. It realizes repetitive computation. The typical 
case of iteration is that when certain condition holds, execute a command repetitively. The 
most general form of iteration is constructed by the guarded commands, written as the 
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do Gy progo 
0G,—prog, 


0G,—prog, 

od 
simplified as do( 0i-G,;— prog; )od. 

It is known that 1, 2, 4, 8, ...are all the power of 2 (denoted as pt 2). We use 2|n to de- 
note that 2 divides n evenly. In the following program, so long as the natural number n is 
the power of 2 initially, we get n=1 at last: 

do 2|n >n:=n+2 od (3) 
Pt 2 holds before and after each time n:=n=2 is executed, therefore, pt 2 is called the invari- 
ant of the iteration. The guard 2|n will not hold at last. The iteration will terminate, because 
every time n:=n+2 is executed, the value of n decreases, and n cannot turn to the negative 
value. At this time we say that n is the variant of the iteration. 

Program (3) is the refinement of the specification n:[pt n, n=1]: 

n:[pt n, n=1] 
n:[pt n, pt nA —(2\n)] 


do 2\n > n:=n+2 od. 


mM Ww 


36.3 Refinement axioms 


In this section, the six refinement rules (inference rules) of rule refinement method are 
transformed into refinement axioms, which are logical axioms, and E is a logical connection 
operator. The six axioms, top-down, are: 

The axiom of skip: if pre< ‘post, then 

w:[pre, post] E skip. 
The axiom of assignment: if(w=wy) A (x=X9) A pre 'post[w\ E], then 
w, x:[pre, post] E w:=E. 

The axiom of simple specification: if E does not contain w, then 

w:=E = w:[w=E]. 

The axiom of iteration: let invariant inv be any formula, variant V be any integer val- 
ued expression. If GG is the disjunction of all guards, then 

w:[inv, invA =GG] E do(0i-G;< 'w:[inv AG; inv \(O<V < V,)])od. 
Here, inv and G; cannot contain initial variables, and expression V, is V[w/w,], denoting the 
initial value of variant V. 
The axiom of alternation: if pre< 'GG, then 
w:[pre, post] E if(di-G;< 'w:[G;/\ pre, post])fi. 
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The axiom of sequential composition: for any formula mid 

w:[pre, post] E w:[pre, mid]; w:[mid, post]. 

All of the six refinement axioms have “if” parts, these are the additional conditions that 
should be satisfied. Only if the additional conditions are satisfied, can the specifications be 
unified with the antecedents of the refinement axioms. 

The assignment statements in the axiom of assignment should be set by the human 
being that run the system. 

The axiom of simple specification is the bidirectional refinement. 

If a specification is of the form w:[inv, inv ^A —GG], then it unifies with the antecedent 
of the axiom of iteration automatically. 

The disjunction GG of the guards of the axiom of alternation is first set by mutually- 
inversistic machine learning, if it does not work, then set by a human being that run the 
system. 

As to the axiom of sequential composition, if a specification is of the form w:[true, 
P? /\Q’], where P’ and Q’ are fact propositions, then the specification can be refined to 
w:[true, P’]; w:[P’, P? /\Q’] or w:[true, Q’]; w:[Q’, P? AQ’] automatically. The other forms 


of specification can be set by mutually-inversistic machine learning. 


36.4 Mutually-inversistic program refinement 
system 


Mutually-inversistic program refinement system contain the six refinement axioms 
mentioned in the previous section. A specification is the input. A code is the output. Second- 
level hypothetical inference with one antecedent and inverse second-level single quasi- 
decomposition system towards the minor premise are the two inference rules. A refinement 
axiom is the major premise, a specification or a mixed program (as an empirical or 
mathematical theorem) is the minor premise, one of the two inference rules is used, a mixed 
program or a code is inferred as the conclusion. The six refinement axioms are formalized, 
they are suitable to any specifications. 

The system adopts forward reasoning. The reasoning process can be described by 
a refinement tree. The search strategy of the refinement tree is similar to that of Prolog: 
top-down, from left to right, bounded depth-first plus backtracking. If certain leaf of the 
refinement tree is a code, then the branch corresponding to the leaf is a success branch, 
otherwise, it is a failure branch. For the first five refinement axioms, second-level 
hypothetical inference with one antecedent is used. For the sixth refinement axiom, inverse 
second-level single quasi-decomposition system towards the minor premise is used. The 


numerous refinement axioms are unified top-down. The system is semiautomatic. 
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36.5 Examples 


Example 36.1: Find the maximal value aubuc of the three numbers a, b, and c, where 
u denotes “maximum”. 

Solution: The specification is m:[true, m=aubuc]. The refinement tree is shown in Fig. 
36.1. 


m:[true,m=alLldlic] 


(Axiom of sequential composition) 


m:[true,m=a]: m:[m=a,m=aLlbLic]. 
(Axiom of simple (Axiom of sequential 
specification) composition) 
m:=a m:[m=a,m=aLlb]; m:[m=allb,m=da_1 4c]. 


(Axiom of alternation) 


if m<b< 'm:[m=a\mSb,m=al_lb] Om=>b<'m:[m=a\m=b,m=da_lb]fi. 


(Axiom of alternation) 


(Axiom of assignment) (Axiom of skip) 


skip 


if m<c<'m:[m=alLlba mSc,m=4 J 8c] Om2c<'m:[m=allbAm>c,m=allbie]fi. 
(Axiom of assignment) y Cuomo ol ie 
m.=c skip 


Fig. 36.1 Refinement tree for the Example 36.1 


The search strategy of the refinement tree is similar to that of the SLD tree of Prolog. 
The only difference is that the search of the refinement tree is “bounded”. But the under- 
standing of the refinement tree is different from that of the SLD tree: for the refinement 
tree, the codes of the failure branches are not collected, the codes of the success branches 
are collected to obtain one solution; while for SLD tree, every success branch corresponds 
to a solution. 
For Fig. 36.1, the codes of various success branches are collected, forming: 
if m<b< 'm:=b0 m>b< 'skip fi; 
if m<c< 'm:=c 0 m=c 'skip fi; 
If we abbreviate if G< 'prog 0 —G< 'skip fi as 
if G then prog fi 
then the above codes can be written as 
m=a; 
if m<b then m:=b fi; 


if m<c then m:=c fi. 
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Example 36.2: Suppose natural number n is the power of 2. Every time n is divided by 
2, at last n=1. 
Solution: The specification is n:[pt n, pt nA —(2|n)], where “pt” denotes the power of 2, 


sapa 


denotes dividing evenly. The refinement tree is shown in Fig. 36.2. 


n:[pt n,pt nA —(2|n)] 


(Axiom of iteration) 


do 2|n< 'n:[2 nA ptn,ptnA\0<n<n,Jod 


(Axiom of assignment) 
n:=n+2 


Fig. 36.2 Refinement tree for the Example 36.2 


In Fig. 36.2, the check of the additional condition before the unification of the specifi- 
cation with the antecedent of the axiom of assignment is 

n=ny/\2\n/ pt n< '0<n < nApt n\n=n+2 \0<n=2 < n /\pt(n=2). 
The expression satisfies the additional condition, therefore the unification can go on. 

We collect the codes of Fig. 36.2, obtaining 

do 2\n< 'n:=n=2 od. 
We write the above codes with while statements, obtaining 
while (2|n) do 


ni=n=2. 


36.6 Structure of solutions 


A set of codes implementing the specification of a given problem is its solution. For 
a given problem, sometimes, its solution does not exist; if it exists, sometimes, it is not 
unique. For a given problem, the method for deciding whether the collected codes from the 
success branches of the refinement tree is a solution or not is to compute the number of the 
success branches: the number of success branch of the original problem is 1; every time the 
axiom of sequential composition is used, the number of success branches adds by 1; every 
time the axiom of alternation is used with the number of guards being n, the number of suc- 
cess branches add by n — 1. 

Take Fig. 36.2 as an example. The number of success branch of the original problem 
is 1. The axiom of sequential composition is used twice, the axiom of alternation with the 
number of guards being 2 is used twice, therefore, its solution is composed of 5 success 
branches. In Fig. 36.2, there are just 5 success branches, they constitute a solution of the 


given problem. 
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36.7 Summary of mutually-inversistic program 
refinement 


(1) Conventional program refinement can only be formalized, while mutually- 
inversistic program refinement can be semiautomatic. 

(2) Mutually-inversistic program refinement has the refinement axioms of sequential 
composition, alternation, and iteration, can generate codes of structured programs. 

(3) Mutually-inversistic program refinement and mutually-inversistic program 
verification are mutually inverse processes. In mutually-inversistic program refinement, 
when using the axiom of iteration to generate codes, invariants can be discovered, and 
invariant assertion needed by mutually-inversistic program verification can be formed at 
the same time, mutually-inversistic program refinement and mutually-inversistic program 


verification can be combined. 


Part 14 
Applications of mutually- 
inversistic mathematics 


In Chapter 37, universal matrix is applied to OLAP of data 
warehouse, two-dimensional digital signal processing, and 
coordinate transformation. Chapter 38 introduces mutually- 
inversistic many-valued computer, including mutually- 
inversistic many-valued NAND gate and mutually-inversistic 
many-valued ANDORN gate. Mutually-inversistic many- 
valued NAND gate is based on mutually-inversistic abstract 
algebra. Mutually-inversistic many-valued ANDORN gate is 
based on mutually-inversistic abstract algebra and universal 
matrix. In Chapter 39, mutually-inversistic mathematical 
analysis is applied to modern control theory, experiment or 


observation data, and fuzzy controller. 


442 


Mutually-inversistic logic, mathematics, and their applications 


Chapter 37 
Applications of universal matrix 


37.1 Applications of universal matrix to OLAP 
of data warehouse 


37.1.1 Introduction 


In universal matrix, there are n-dimensional matrices, which can denote data cubes 
and supercubes in data warehouse. Various OLAP operations of data warehouse can be 


established on the operations of universal matrix. 


37.1.2 Universal matrix representation of data cubes 


37.1.2.1 Cuboidal matrix representation of data cubes 

A data cube can be denoted by a cuboidal matrix. There are three ways of denoting a 
cuboidal matrix. Depth plane representation is the best way of denoting a cuboidal matrix, 
because each depth plane is just a page of a data cube. The depth plane representation of a 
data cube is shown in Fig. 37.1. 


measure 
item 


time 


Jan. | 450 350 
Feb.| 380 280 | Cap 


Mar.| 400 310 Sale Cost 
Jan. | 550 450 


Feb. | 460 360 | Garmemt 


Mar. | 480 410 


Sale Cost 
Jan. | 500 400 


Feb.| 400 320 | Jacket 
Mar.| 450 400 


Fig. 37.1 Depth plane representation of a data cube 
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37.1.2.2 4-deimensional matrix representation of data supercubes 


The 4-dimensional matrix representation of a data supercube is shown in Fig. 37.2. 


measure 
l | item 


time 
location 
Sale Cost 
Jan.| 220 170 
Cap 
i r 
New York Sale Cost 
Jan.| 270 220 
Garment 
Feb] 230 180 
Sale Cost 
Jan.} 200 160 
Cap 
na s 
astan Sale Cost 
Jan.| 240 200 
Garment 
Feb.| 220 170 


Fig. 37.2 4-dimensional matrix representation of a data supercube 


37.1.3 OLAP operations based on the operations of universal 
matrix 


37.1.3.1 Slice 


Slice operation can be based on selecting a plane from a cuboidal matrix. For example, 
selecting a depth plane from Fig. 37.1 is shown in Fig. 37.3. 


Sale Cost 
Jan. | 550 450 


Feb. | 460 360 | Garmemt 
Mar.| 480 410 


Fig. 37.3 Slice operation 


37.1.3.2 Dice 


Dice operation can be based on selecting a submatrix from a cuboidal matrix. For 
example, selecting a submatrix from Fig. 37.1 is shown in Fig. 37.4. 
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measure 
item 


tme Sale Cost 
Jan.| 450 350 
nie -4 sap 
Sale Cost 
Jan.[ 550 450 
ie a Garant 


Fig. 37.4 Dice operation 


37.1.3.3 Drill-up 
There are two kind of drill-up operations. One is lifting up a concept level to a 
dimension. The other is dimension reduction. 
37.1.3.3.1 Lifting up a concept level to a dimension 
Suppose we have a data cube shown as a cuboidal matrix of Fig. 37.5. 
item 
| be 
time 
TV frig washer hone 


Qı | 180 200 220 240 
Q, | 260 280 300 320 
Q; | 340 360 380 400 
Q,| 420 440 460 480 


Canada 


TV frig washer phone 
Qı | 820 840 860 880 


Q- | 900 920 940 960 

USA 
Q;| 980 1000 1020 1040 
Q,| 1060 1080 1100 1120 


TV frig washer phone 
Qı | 330 340 350 360 


Q| 370 380 390 400 
Q;| 410 420 430 440 
O, | 450 460 470 480 


New York 


TV frig washer phone 
Qı | 490 500 510 520 


Q| 530 540 550 560 
Q;| 510 580 590 600 
Q,| 610 620 630 640 


Chicago 


Fig. 37.5 A data cube 
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The drill-up operation by lifting up from the city level to the country level to the 
location dimension of Fig. 37.5 is shown in Fig. 37.6. 


item 
l location 
time 


TV frig washer phone 
Q, | 180 200 220 240 
Q| 260 280 300 320 

Canada 
Q: | 340 360 380 400 


O, | 420 440 460 480 


TV frig washer phone 
Qı | 820 840 860 880 


Q| 900 920 940 960 
O; | 980 1000 1020 1040 
Q, | 1060 1080 1100 1120 


Fig. 37.6 Drill-up operation from the city level to the country level to the location 
dimension of Fig. 37.5 


37.1.3.3.2 Dimension reduction 


The drill-up operation by reducing the location dimension of Fig. 37.2 is shown in Fig. 37.7. 


measure 
item 


time 
Sale Cost 
Jan.| 420 330 
Cap 
Feb] 370 270 
Sale Cost 
Jan.| 510 420 
Garment 
Feb] 450 350 


Fig. 37.7 Drill-up operation by reducing location dimension of Fig. 37.2 


37.1.3.4 Rotation 


There are three kind of rotation operations. The first kind is rotating the axes of each 
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two-dimensional slice. The second kind is rotating the axis of a three-dimensional data 


cube. The third kind is separating a three-dimensional data cube into a series of two- 
dimensional planes. 


37.1.3.4.1 Rotating the axes of each two-dimensional slice 


Rotating the axes of each two-dimensional slice can be based on the plane transpose of 


cuboidal matrix. For example, the depth plane transpose of the cuboidal matrix of Fig. 37.1 
is shown in Fig. 37.8. 


time 
| | item 


measure 


Jan. Feb. Mar. 
Sale | 450 380 400 


Cap 


Jan. Feb. Mar. 
Cost| 390 27-300] gefersen age ast 


Garment 


Cost] 4 
eS O Jan. Feb. Mar. 


Sale} 500 400 450 
Jacket 
Cost] 400 320 400 


Fig. 37.8 Depth plane transpose of Fig. 37.1 


37.1.3.4.2 Rotating the axis of a three-dimensional data cube 


Rotating the axis of a three-dimensional data cube can be based on the right-shift 


or left-shift transpose of a cuboidal matrix. For example, the right-shift transpose of the 
cuboidal matrix of Fig. 37.1 is shown in Fig. 37.9. 


item 
| | time 


measure 


Cap Garment Jacket 

Sale} 450 550 500 
Jan. 

Cost] 352 450 400 


Cap Garment Jacket 

Sale| 380 460 400 
Feb. 

Cost} 280 360 320 


Cap Garment Jacket 
Sale] 400 480 450 


Mar. 
Cost] 310 410 400 


Fig. 37.9 Right-shift transpose of Fig. 37.1 
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37.1.3.4.3 Seperating a three-dimensional data cube into a series of two-dimensional 
planes 


Seperating each depth plane of Fig. 37.1 is shown in Fig. 37.10. 


Sale Cost Sale Cost Sale Cost 

Jan. | 450 250 Jan. | 550 450 Jan. | 500 400 

Feb.| 380 280 Feb.| 460 360 Feb.| 400 320 

Mar] 400 310 Mar. 480 410 Mar. 450 400 
Cap Garment Jacket 


Fig. 37.10 Seperating each depth plane of Fig. 37.1 


37.2 Application of universal matrix to two- 
dimensional digital signal processing 


Universal matrix can be used in two-dimensional digital signal processing, shown in 
Fig. 37.11. 


H(0,0,0) H(0,1,0) 
X00) X(0,1) _ |470,0.0) H0,1,0) x(0,0) x(0,1) 
x00) X. H(0,0,1) a x(1,0) x(1,1) 


H(1,0,1) H(1,1,1) 
Fig. 37.11 Universal matrix used in two-dimensional digital signal processing 


In Fig. 37.11, x matrix is the two-dimensional time domain signal matrix, X matrix is 
the two-dimensional frequency domain signal matrix, H matrix is the three-dimensional fast 


Fourier transformation matrix. 


37.3 Application of universal matrix to 
coordinate transformation 


Suppose {O-z,, 2, 2), 22}, {O-Y\, Y» Yp yo}, and {O-x,, x,, X,, X} are three 
coordinate systems in a 4-dimensional space. The interpretation of {O-x,, x,, X,, X>} is 
as follows: x,Ox, is the displacement plane, X,O X, is the velocity plane, x,O X, is the x, 
phase plane, x,O X, is the x, phase plane. Similar interpretations can be given for {O-z}, Z», 
Z,, Z>} and {O-y,, Y} yn y2}. The transformation between {O-y,, y», Yn Yo} and {O-z,, 
Z, Z;, Z>} is given in (37.1): 

Z) =A 11 tj 1292 Zy~ | yita» y2 


Z =a Y1+a212y2 Ż=anı Y tap.» y2 (37.1) 


447 


Mutually-inversistic.logic, mathematics, and.their-applications 


The transformation between {O-x,, x», X,, X,} and {O-y,, Y» Y yo} is given in (37.2): 
Y\=b, X +b) 12x) y =b,,, Xi+byi2 X, 
i y= by Xi+by.» X, (37.2) 
Substituting (37.2) into (37.1), we obtain the transformation between {O-x,, X» X, X>} 
and {O-z,, Z» Z;, Z>} given in (37.3): 
ee aS 


Zig iP a Koy Digi he 


Z=(A21b 11 +A 296991) X1 +a121b212+a122b272) Xp (37.3) 
Cia X +(az21b217+ā722b272) Xə 
Let 
Z5 X FCX ZC Xite X 
E Ži Xite X (37.4) 
Comparing (37.3) with (37.4), we obtain (37.5): 
C1 =A) bina 12549) Cy) 2= Aj 1B) ,2+ Ay) 2b 429 
(nei hes C2125821 1b) ,+Ay) 2,22 
C12) =8j 2169), +a 1220221 C129=A)2/b 912+ Aj »b 29 (37.5) 
| C2215822 b211 +a222b221 C2225827, b212+a222b222 


Formula (37.5) can be written in a general form (37.6): 
Ciji $ ai by (1, J, I=, 2) (37.6) 


We use the cuboidal matrices 


by ban 
to denote the transformation between {O-y,, y>, yn yo} and {O-z,, Z», Żņę Z>}, the 
transformation between {O-x,, x,, X, X} and {O-y,, Y» y,, yz} respectively, then the 


cuboidal matrix 


Cii Cin 


cn | 


the transformation between {O-x,, X» X,, X} and {O-z,, Z» Z,, Z2}, is just A*,,B 
determined by (37.6). 
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Chapter 38 
Mutually-inversistic many-valued 
computer 


In this chapter, we will study mutually-inversistic many-valued NAND gate and mutually- 
inversistic many-valued ANDORN gate, which have two schemes respectively: total ordering 
scheme and partial ordering scheme. Mutually-inversistic many-valued NAND gate is based 
on mutually-inversistic abstract algebra. Mutually-inversistic many-valued ANDORN gate is 


based on mutually-inversistic abstract algebra and universal matrix. 


38.1 Mutually-inversistic many-valued NAND gates 


38.1.1 Min-compl gate 


Min-compl gate is a total ordering based n-valued NAND gate. N can be any positive in- 
teger greater than 2. We adopt n=3 ( the most easily implementable many-valued NAND gate); 
i.e., the three values 0, 1, and 2. The total ordering is <. The carrying set is {0, 1, 2}. The opera- 
tions min and max make a complement lattice to <. The complement operation ° is: 0’=2, 1’°=1, 
2°=0. We take min as the AND operation, take ’(denoted by compl) as the NOT operation, thus, 
min-compl constitutes the total ordering based NAND gate. The mutually inverse diagram of the 


min-compl gate is composed of the vertices marked with “ A ” of Fig. 38.1. 


/min-compl(m, n) 


Fig. 38.1 Mutually inverse diagram for min-compl gate 
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In Fig. 38.1, every transaxis straight line denotes a double-sided discrete partial deriva- 


tive, reveals certain algebraic property. The transaxis straight line marked with A denotes 


the partial derivative 


2 n-o=9, reveals the algebraic property min-compl(m, 0)=0’; i.e., n=0 


is the right complement zero element. The transaxis straight line marked with B denotes 


; > e Ol f . 
the partial derivative Gn m0, reveals the algebraic property that m=0 is the left complement 


m=2— 


afeti ' ! tan al 
zero element. The transaxis straight line marked with C denotes the partial derivative Ta 


1, reveals the algebraic property min-compl(2, n)}=n’; i.e., m=2 is the left complement identity 


él 
element. The transaxis straight line marked with D denotes the partial derivative 5m -=~ 
l, reveals the algebraic property that n=2 is the right complement identity element. The 


transaxis straight line marked with E denotes the directional derivative D,min-compl(m, 


Ol ol 
n)=p~cosb+-5—sind=V2, reveals the complement idempotent law min-compl(n, m)=n’. If 


the transaxis straight lines A, C, and E are regarded as the vectors A , C, andp, thenf=A 
+C. Likewise, E=B+D- 


38.1.2 GCD-compl gate 
GCD-compl gate is a partial ordering based n-valued NAND gate. N adopts 2’ (i is any 


positive integer). We adopt n=2°=4; i.e., the four values 1, 2, 3, and 6, which are the factors 
of 6. The partial ordering is dividing evenly relation. The carrying set is {1, 2, 3, 6}. The 
operations GCD (greatest common divisor), LCM (least common multiplier), and compl 


1 GCD-complim, n) 


Fig. 38.2 Mutually inverse diagram for GCD-compl gate 
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(complement) make a Boolean algebra to the dividing evenly relation. The complement 
operation is: 1°=6, 2°=3, 3°=2, 6’°=1. We take GCD as the AND operation, take compl as 
the NOT operation, thus, GCD-compl constitutes a partial ordering based NAND gate, in 
which 2 and 3 are not comparable, because 2 cannot divides 3 evenly, and 3 cannot divides 
2 evenly. The mutually inverse diagram of GCD-compl gate is composed of the vertices 
marked “A” of Fig. 38.2. 

In Fig. 38.2, the derivative denoted by, the algebraic property revealed by the transaxis 
straight lines A, B, C, D, and E are the same as those in Fig. 38.1. But Fig. 38.2 has one more 
transaxis straight line: line F, which denotes the partial derivative an «= l, reveals the alge- 


braic property GCD-compl(n, 7’)=6 (the total upper bound); i.e., the law of total upper bound. In 


60 Se ee iS ° 4 M re N awe — 
addition to EAC and EBD Fig. 38.2 has one more sum of vectors: F=A +B. 


38.1.3 Comparison between min-compl gate and GCD-compl gate 


The advantages of min-compl gate over GCD-compl gate are: min-comple gate is based 
on total ordering, its values adopted are natural; it can be three-valued logic, the most easily 
implementable many-valued logic. The advantage of GCD-compl gate over min-compl gate is: 


GCD-compl embraces more information: one more partial derivative, one more sum of vectors. 


38.2 Mutually-inversistic many-valued ANDORN gates 


38.2.1 Introduction Table 38.1 
Two-valued ANDORN gate is Truth table for two-valued ANDORN gate 


n, n n; n; m 


m=n;n,+n;n,, its symbol is shown in Fig. 


. à : 0 0 0 0 l 
38.3, its truth table is shown in Table 38.1. 

0 0 0 l l 
0 0 l 0 l 
0 0 l l 0 
0 l 0 0 1 
0 l 0 l l 

n, 
0 l 1 0 l 
n 0 l 1 l 0 

y O m 

"I l 0 0 0 1 
l 0 0 l l 
á l 0 l 0 l 
l 0 l l 0 
Fig. 38.3 Symbol for two-valued l l 0 0 0 
ANDORN gate l l 0 l 0 
l l l 0 0 
l l l l 0 
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Two-valued ANDORN gate can be denoted by the 4-dimensional universal matrix 


shown in Fig. 38.4. 


il 
aa E E 0 0 0 


Fig. 38.4 4-dimensional universal matrix representation for two-valued ANDORN gate 


The bottom left corner value 0 in the bottom left corner plane matrix of Fig. 38.4 is 
obtained as follows: 1,=1 and n.=1, therefore n,/\n.=1; n,=0 and n,=0, therefore, n;/\n,=0; 
hence (7,/\n,)V(n;/\n,J=1\V0=1; hence — ((n,An)V( n;An,))= — (1)=0. The other 
values in the matrix can be similarly obtained. The universal matrix representation of two- 
valued ANDORN gate can be generalized to n-valued ANDORN gate. 


38.2.2 Min-max-compl gate 


38.2.2.1 Universal matrix representation of min-max-compl gate 
Min-max-compl gate is a total ordering based 7-valued ANDORN gate. N can be any positive 
integer greater than 2. We adopt n=3 ( the most easily implementable many-valued ANDORN gate); 
i.e., the three values 0, 1, and 2. The total ordering is <. The carrying set is {0, 1, 2}. The operations 
min and max make a complement lattice to <. The complement operation ° is: 0’=2, 1’°=1, 2°=0. We 
take min as the AND operation, take max as the OR operation, take ’(denoted by compl) as the NOT 
operation, thus, min-max-compl constitutes the total ordering based ANDORN gate. Its symbol is 


shown in Fig. 38.5, its universal matrix representation is shown in Fig. 38.6. 


Fig. 38.5 Symbol for min-max-compl gate 
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n=0 1 2 0 1 2 © 1. 2 
0 2 2° 9 0 2 7 4 0 4 1 6 
9 l x 2 2 | a 4 l E PET. 
2 o & 3 Ke. 7 Zi, 2 7 © 
o + 2 0 1 2 0 1 2 
0 P 8 o]2 1 4 0 2 1 0 
} l S | L tł l 1 1 0 
2 0 0 0 2 t. pi 2 i A 
0 1 2 0 | 2 0 l 2 
0 2 2 2 0 2 11 0 2 1 0 
; l a | l E l t 1 0 
2 0 0 0 2/0 0 ð 2/0 0 0 


Fig. 38.6 Universal matrix representation of min-max-compl gate 


Fig. 38.6 has four kinds of operations, described below. 


38.2.2.2 Total lower bound type operations 
Of the three values 0, 1, and 2, 0 is the total lower bound. The general form of min- 
max-compl operations can be denoted as 
m=f(N), Ns, Nz, Ny). 
In Fig. 38.6, there are two operations with the results being the total lower bound 0: 
m=t(2, 2, n, n;)=0 
and 
m=f(n,, n», 2, 2)=0. 
M=f(2, 2, n; n,)=0 is the bottom row of Fig. 38.6. M=f(n,, n, 2, 2)=0 is the rightmost 


column of Fig. 38.6. M=f(2, 2, n;, n,)=0 has two partial derivatives: 


a ni-2, 2-2-0 (denoting that when n,=2 and n,=2, f does not vary with the variation 


of n;, but remains 0 invariably), and ae Gee. pan: 
M=f(n,, n», 2, 2)=0 has also two partial derivatives: 


of E of k 
ônl n3=2, aa O and ôn2 n3=2, n4 0. 


38.2.2.3 Total upper bound type operations 
Of the three values 0, 1, and 2, 2 is the total upper bound. In Fig. 38.6, there are four 


operations with the results being the total upper bound 2: 
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m=t(n,, 0, n}, 0)=2 
m=f(0, n», 0, n;)=2 
m=f(0, n», n; 0)=2 
m=f(n,, 0, 0, n,)=2. 
Let us investigate m=f(v,, 0, n; 0)=2. It is denoted by the top-left corner plane matrix. 


It has two partial derivatives: 
of Hand of 
On] n20. n-0-V and Bg 


n2=0, n4=0 =O, 


38.2.2.4 Compl type operations 

In Fig. 38.6, there are 8 compl type operations: 
m=t(n,, 2, n; 0)=compl(n,) 
m=f(n,, 0, n; 2)=compl(n;) 
m=f(2, n» n, 0)=compl(”>) 
m=f(n,, 0, 2, n,)=compl(n,) 
m=t(0, 2, n; n,)=compl(7,) 
m=f(2, n, 0, 2,)=compl(n,) 
m=f(n,, 2, 0, n,)=compl(n,) 
m=f(0, n», n; 2)=compl(”;). 

Let us investigate m=f(n,, 2, n} 0)=compl(n,). It is denoted by the bottom-left corner 


plane matrix of Fig. 38.6. It has two partial derivatives: 
of of 


onl n2=2, n4 Oo l and == on3 n2=2, n4=0 =0. 


38.2.2.5 Max-compl type operations 

In Fig. 38.6, there are 4 max-compl type operations, which are total ordering based 

NOR gates: 
m=f(n,, 2, n; 2)=max-compl(n,, nz) 
m=1(2, n», 2, n,)=max-compl(n,, n) 
m={(2, n>, nz}, 2)=max-compl(1, n) 
m=t(n,, 2, 2, n,)=max-compl(n,, n,). 

Let us investigate m=f(7,, 2, n} 2)=max-compl(n,, n,). It is denoted by the bottom-right 
corner plane matrix of Fig. 38.6. The plane matrix can be regarded as an operation table, the 
original form of which is the mutually inverse diagram shown in Fig. 38.7. The operation 
table is obtained by crushing the mutually inverse diagram. Fig. 38.7 is the dual diagram of 
Fig. 38.1, they can be studied dually. Fig. 38.7 has 5 transaxis straight lines A, B, C, D, and E. 
A, B, C, and D denote 4 partial derivatives, E denotes a directional derivative. They reveal 


5 algebraic properties. Fig. 38.7 has two sums of vectors: E A'C and Ẹ E-B'D: 
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m=max~—compl(m, ns) 


Fig. 38.7 Mutually inverse diagram for m=max-compl(/7,, n;) 


38.2.2.6 Three values fixed, the derivative of f to the fourth value 

What Sections 38.2.2.2 through 38.2.2.4 discuss are actually two values fixed, the third 
value being arbitrary, the partial derivatives of f to the fourth value. The 4 partial derivatives 
A, B, C, and D discussed in Section 38.2.2.5 are actually three values fixed, the derivatives 


of f to the fourth value. There are more partial derivatives of the latter case. For example, 


of 


nl n2=1, n35], n4 50. 


the middle column of the right-middle plane matrix is a partial derivative 


38.2.2.7 Directional derivatives 

The directional derivative E in Section 38.2.2.5 is actually two values fixed, the 
derivatives of f to the other two values. There are more directional derivatives like this. For 
example, every plane matrix at the bottom of Fig. 38.6 and every plane matrix at the right 


of Fig. 38.6 are a directional derivative. 


38.2.3 GCD-LCM-compl gates 
GCD-LCM-compl gate is a partial ordering based n-valued ANDORN gate. M adopts 


2' (i is any positive integer). We adopt n=2°=4; i.e., the four values 1, 2, 3, and 6, which are 
the factors of 6. The partial ordering is dividing evenly relation. The carrying set is {1, 2, 
3, 6}. The operations GCD (greatest common divisor), LCM (least common multiplier), 
and compl (complement) make a Boolean algebra to the dividing evenly relation. The 
complement operation is: 1’=6, 2’=3, 3’=2, 6’=1. We take GCD as the AND operation, 
take LCM as the OR operation, take compl as the NOT operation, thus, GCD-LCM-compl 
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constitutes a partial ordering based ANDORN gate. The symbol of GCD-LCM-compl gate 
is shown in Fig. 38.8, the universal matrix representation of GCD-LCM-compl gate is 
shown in Fig. 38.9. 


a 
n= l 2 3 6 
n, 
i n i 2 G I > A” S. l 2 6 1 é 
i 6 6 6 6 I 6 3 6 3 1 6 & 2 2 [i 6 2 1 
| t o 6 6 2 ] 3 6 2 é 6 2 2 6 t g 1 
3 t 6 6 t 3 6 3.6 3 3 6 6 2 3 3 6 -- 4 
l ¢ 6 6 G 6 6 6 6 é 6 2 2 6 ¢ 3 2 l 
| 2 6 1 3 6 1 2 ¢ l 23 6 
l 6 6 6 6 1 6 3 6 1 6 6-2 1 6 2 1 
> 3 aa 2 2 3 1 1l 2 > Se 4 
3 f 6 6 6 3 6 6 3 6 62 2 6 = | 
6 3 3 3 6 3 3 3 3 ¢ 3 3 l 1 ¢ 3 3 l | 
1 23 6 2 3 é 1 23 6 1 23 6 
1 6 6 6 6 1 é 6 f 6 6 2 2 1 6 2 1 
a 2 é 6 6 6 2 6 33s 3 2 é 6 2 3 6 23 1t 
k) 
3 > 2 2 2 3 2 I 2 4 2 2 2 3 2 2 i 
6 2 2 2 2 6 i 2 it 6 2 Z2 2 6 2 D2 
1 23 É | 2 6 | 2 3 6 1 2 3 6 
| 6 6 6 6 1 6 3 6 3 1 6 6 2 2 1 6 3 2 1 
6 2 3 3 3 2 # E 5 2 3 -E 4 2 3 IFA 
3 > 279 2 > 12 4 3 a % 5H 9 > ae ae 
6 1 1 l 1 6 | oh 4a 6 1 Qh ft 6 1 ik J 


Fig. 38.9 Universal matrix representation of GCD-LCM-compl gate 


Concerning the case of two values fixed, the third value being arbitrary, the partial 
derivative of f to the fourth value, GCD-LCM-compl gate is the same as min-max-compo 
gate. Therefore, we only investigate the case of three values fixed, the partial derivative of f 
to the fourth value and the case of directional derivative. 

First, let us investigate the plane matrix at the bottom-right corner of Fig. 38.9. It can 
be viewed as an operation table, denoting LCM-compl(”,, n;), partial ordering based NOR 
gate. The original form of the operation table is the mutually inverse diagram shown in Fig. 
38.10. The operation table is obtained by crushing the mutually inverse diagram. In Fig. 


456 38.10, there are 6 transaxis straight lines. The transaxis straight lines marked A, B, C, D, 
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and F denote three values fixed, the partial derivative of f to the fourth value, in which F 


is absent in Fig. 38.7. The transaxis straight line E is directional derivative. Fig. 38.10 has 
three sum of vectors, in which ECD is absent in Fig. 38.7. 
In addition to Fig. 38.10 having one more three values fixed partial derivative than 


Fig. 38.7, Fig. 38.9 has more three values fixed partial derivatives than Fig. 38.6 elsewhere. 
of 
onl 
and n, adopt the middle value , n, adopts the total upper bound, the derivative is f to 7). As 


For example, the partial derivative n21. nd-1.ng2=0 In min-max-compl gate is one that n, 


to GCD-LCM-compl gate, because there are two middle values: 2 and 3, there are two like 


: A : - of 
partial derivatives. One is OF 


Hay (ne 2 m2 n4670, See the second column of the second plane 


matrix on the right. The other is oho n3-3, 4-670, See the third column of the third plane 
on 


matrix on the right. 


Fig. 38.9 has more directional derivatives than Fig. 38.6. The latter has 5 directional 


derivatives, while the former has 9. 


m=LCM-compl(m, n:) 


Fig. 38.10 Mutually inverse diagram for m=LCM-compl(x,, n) 
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38.2.4 Comparison between min-max-compl gate and GCD-LCM- 
compl gate 


The advantages of min-max-compl gate over GCD-LCM-compl gate are: min-max- 
comple gate is based on total ordering, its values adopted are natural; it can be three-valued 
logic, the most easily implementable many-valued logic. The advantage of GCD-LCM- 
compl gate over min-max-compl gate is: GCD-LCM-compl embraces more information: 
one more sum of vectors, four more directional derivatives, and several more three values 
fixed partial derivatives. 

Someone might say: “You compare 3-valued min-max-compl gate with 4-valued 
GCD-LCM-compl gate. You should compare 4-valued min-max-comp]l gate with 4-valued 
GCD-LCM-comp] gate.” Our answer is: “(1) If we use 4-valued min-max-compl gate to 
compare, we will lose the advantage that 3-valued min-max-compl gate is most easily 
implementable. (2) Even if we use 4-valued min-max-compl gate to compare, 4-valued 
GCD-LCM-compl gate still has one more partial derivative marked F, one more sum of 


vectors, two more directional derivatives. 
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Chapter 39 
Applications of mutually-inversistic 
mathematical analysis 


Section 39.1 concerns the application of single-sided discrete calculus to modern con- 
trol theory. Section 39.2 concerns the application of single-sided discrete calculus and uni- 
fied calculus to experiment or observation data. Section 39.3 concerns mutually-inversistic 


fuzzy controller. 


39.1 Mutually-inversistic modern control 
theory 


39.1.1 Introduction to mutually-inversistic modern control theory 


Traditional modern control theory uses continuous state equations and discrete state 
equations to describe continuous-time control systems and discrete-time control systems re- 
spectively. Mutually-inversistic modern control theory is different from traditional modern 
control theory. It is based on single-sided discrete calculus, described by mutually-inversis- 


tic state equations. 


39.1.2 Establishment of mutually-inversistic state equations 


39.1.2.1 Establishment of mutually-inversistic state equations from single- 
sided discrete differential equations 
Continuous-time control systems are described by continuous state 
equations, which can be deduced from differential equations. Suppose the 
differential equation of a continuous-time control system is 


(n 


y™+a, y ny ; ta, ytayy=byu (39. 1) 


From (39.1) we can construct the state variable diagram of the system shown in Fig. 
39.1. 
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Fig. 39.1 State variable diagram of the differential equation 


Take the outputs of every integrator of Fig. 39.1 as state variables, take the inputs as 


the derivatives of the state variables, we can obtain the following continuous state equa- 


tions: 
Xi=X2 
X2=X3 
Xn —1 Xp 
K ag AX, T aX wo an — 2Xn — i a, = IXntU 


and the output equation: 
y=box; 
Mutually-inversistic state equations can be established similarly. The first method for 
the establishment of the mutually-inversistic state equations is the deduction from the sin- 
gle-sided discrete differential equations. Suppose the single-sided discrete differential equa- 
tion of a discrete system is 
V"f m-i 
Vn" Tam l a 


From (39.2) we can construct the state variable diagram of the system shown in Fig. 39.2. 


Vf 
teeta Vn +a, f=bou (39.2) 


(Vn=1)I in Fig. 39.2 is a single-sided discrete integrator. Take the outputs of every 


single-sided discrete integrator of Fig. 39.2 as the state variables, take the inputs as the 
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Fig. 39.2 State variable diagram for single-sided discrete differential equation 


derivatives of the state variables, we obtain the following mutually-inversistic state 
equations: 


Vn = — apoB) — a8 — °° An — 28m1 — An — 18, "U 
and the mutually-inversistic output equation: 
fHbog) 


Written as matrix form, they become 


Vg fo l O = 0 gi | 0 
Vn 
Vg 
Vn 0 0 l = 0 g 0 
=j į : 3 tee i + l/s] u (39. 3) 
VEm-i 
vn |0 0 0 1 g| l0 
V 8m 
Vn Ee ay z ay = ay 7 ay, — 1 L Sm l iy 
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gı 

22 
fb 0 0 + o] |e (39. 4) 

| Em 

They are abbreviated as 

Vg _ — 
vn =Ag+Bu (39. 5) 
f=C'g (39. 6) 


39.1.2.2 Establishment of mutually-inversistic state equations by 
discretization of continuous state equations 
Continuous state equations is a simultaneous first-order differential equations in the 
form of 
y fiX Yi Ya- Ym) G1, 2,025 M) (39.7) 
Formula (39.7) can be written as 


; y(x+th)-y:(x) ‘ 
lim, =FR Vis Yare Ya G=1, 2,..., M) (39.8) 
Eliminate lim,., in (39.8), we obtain 
y(xth)-y,(x) Ffin Yi Yo- --Ym) (=I, 2, ..., M) (39.9) 
h 


When h=1, (39.9) is just mutually-inversistic state equations. So, mutually-inversistic 
state equations correspond directly to continuous state equations. While discrete state equa- 
tions can only be obtained by further transformation to (39.9). For example, the discrete 
state equations: 

y(xth)=y(x)t+hfi(x,, Yi, Yz- --Ym) (=I, 2,..., m) (39.10) 
is obtained by applying Euler method to (39.9). So, discrete state equations do not corre- 


spond to continuous state equations directly. 


39.1.3 Solving mutually-inversistic state equations 


Suppose the mutually-inversistic state equation is 


Vg=AgtBu (39.11) 
Vn 
Suppose 
g=b,+b,;n+b,n’, u=c (39.12) 
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(The solution of g with higher exponent is similar to this, only more com- 


plicated than this.) Substituting (39.12) into (39.11), and noticing 


=2n — 1, we obtain 


b,+b,(2n — 1)=A(b,+b,n+b,n’)+Be (39.13) 
Equaling the coefficients of like exponent on both sides of (39.13), we obtain 

b; — b,=Ab,+Be (39.14) 

2b,=Ab, (39.15) 

0=Ab, (39.16) 
Formula (39.14) is multiplied by 2, then 

2b, — 2b,=2Ab)+2Be (39.17) 
is obtained. Formula (39.15) adds (39.17), obtaining 

2b,=Ab,+2Ab,+2Be (39.18) 
Rearrange (39.18), obtaining 

(21 — A)b,=2Ab,+2Be (39.19) 
and 

b,=2(21 — A)'(Ab,+Bc) (39.20) 


where | is the identity matrix. Substituting (39.20) into (39.14), we obtain 
b,=b, — Ab, — Be 
=2(21 — A)'(Ab,+Bc) — Ab, — Be 
=(2(21 — Ay' — I]JAb,+[2(21 — A)' — I]Be (39.21) 
Substituting (39.20) and (39.21) into (39.12), we obtain 
g=b,+b,n+b,n” 
=b,+2(21 — AY'(Ab,+Be)n+[2(21 — AY! — I](Ab,+Bc)n? 
={1+2(21 — Ay'An+[2(21 — AY! — TAn*}b,+{2(21 — Ay'n+{2(21 — Ay! — IJn }Be 
(39.22) 
Let n=1, then (39.22) becomes 
g(1)=b)+2(21 — A)'(Ab,+Be)+[2(2I — Ay! — I](Ab,+Bc) 
={1+2(21 — Ay'A+[2(2I1 — A)! — T]A}b,+{2(2I — AY'+{2(21 — AY' — I]}Be 
(39.23) 
Rearrange (39.23), we obtain 
b={1+2(21 — A)y'A+[2(21 — AY! — TAY" {e(1) — {2(21 — AJH — Ay' — I]}Be} 
(39.24) 
Substituting (39.24) into (39.22), we obtain 
g={I+2(21 — A)'An+[2(2] — A)! — T]An*}{I+2(21 — Ay'A+[2(2] — A)' — 1] 
A}'{9(1) — {2(21 — A)'+[2(21 — Ay! — I]Bc}+{2(21 — Ay'n+[2(2] — Ay! — I]n*}Be 
(39.25) 463° 
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Formula (39.25) is the solution of the mutually-inversistic state equation (39.11). 


39.1.4 Controllability and observability 


The controllability and observability of the discrete-time system denoted by mutually- 


inversistic state equations are the same as those of the continuous-time system. 


39.1.4.1 Controllability 
39.1.4.1.1 Controllability of Jordan canonical systems 


Suppose the mutually-inversistic state equation of the system is 


Vg =Ag+Bu (39.26) 
Vn 
Let g=Th, then (39.26) can be transformed into Jordan canonical form 
Vh =Ah+T'Bu (39.27) 
Vn 
or 
Vh i l 4 
vn =Jh+T Bu (39.28) 
where 
Ài 
hy 
A= As (39.29) 
An 
MEM FAm, and 
a, l 0 
J= ° (39.30) 
- | 
0 Ai 


à is a multiple m eigenvalue. 

The controllability criteria of the system is 

(1) If the eigenvalues of the system matrix A are all distinct, then (39.26) can be 
transformed into (39.27), at this time, the sufficient and necessary condition for the 
controllability of the system is that the control matrix T'B has no row which is all zeros. 

(2) If all the eigenvalues of the system matrix A are the same, then (39.26) can 
— 464 be transformed into (39.28), at this time, the sufficient and necessary condition for the 
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controllability of the system is that the last row of the control matrix T'B is not all zeros. 
39.1.4.1.2 Determination of system controllability from A and B directly 
The mutually-inversistic state equation is the same as (39.26). The sufficient and nec- 
essary condition for the system controllability is that the rank of the controllability matrix 
M=[B AB A,B +- A™'B] (39.31) 


is m. 


39.1.4.2 Observability 
39.1.4.2.1 Observability of Jordan canonical systems 


Suppose the mutually-inversistic state equation of the system is 


VE=Ag g(n)=2 (39.32) 
Vn 
The mutually-inversistic output equation is 
f=Cg (39.33) 
Let g=Th, then (39.32) and (39.33) can be transformed into Jordan canonical form 
Vh Ah (39.34) 
Vn 
f=CTh (39.35) 
or 
Vh 
Vn ~Jh (39.36) 
f=CTh (39.37) 


The criteria of system observability are 

(1) If the eigenvalues of the system matrix A are all distinct, then (39.32) and (39.33) 
can be transformed into (39.34) and (39.35), at this time, the sufficient and necessary 
condition for system observability is that the output matrix CT has no column which is all 
Zeros. 

(2) If the eigenvalues of the system matrix A are all the same, then (39.32) and (39.33) 
can be transformed into (39.36) and (39.37), at this time, the sufficient and necessary condi- 
tion for system observability is that the first column of the output matrix CT is not all zeros. 
39.1.4.2.2 Determination of system observability from A and C directly 

The mutually-inversistic state equation and output equation are the same as (39.32) and 
(39.33). The sufficient and necessary condition for the system observability is that the rank 
of the observability matrix 

C 
N= | CA (39.38) 


CA” | 
is m. 
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39.1.5 An example 


Example 39.1: Suppose we have a series of squares shown in Fig. 39.3, where the 


sides of the squares are natural numbers. 


o m E Fl E 


n 0 2 
=p? 0 4 > 6 $ 
yf 
Vn l 3 5 7 9 
V f/Vn° 2 2 2 p 


Fig. 39.3 Figure for Example 39.1 


In Fig. 39.3, the first row below the series of squares is the sides n of the squares, the 


5 


vf , the fourth row is. 
Vn Vn 


Based on Fig. 39.3, we can establish the initial value problem of the single-sided discrete 


second row is the areas f=n° of the squares, the third row is X 


differential equation: 


u = fe 
=2, f(1)l, Tale! (39.39) 
I Vg,_ Vf 
n (39.39), suppose g,=f, then L= Tn Vn We obtain the mutually-inversistic state 
equation: 
saj fo 1] fa] fo] faw] fi 
"i i be i (39.40) 
Vg 
aiie E o a ey 
and the mutually-inversistic output equation: 
£1 
[1 0] (39.41) 
2 
From (39.40), we know 
0 | 
A= (39.42) 
0 0 
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0 

B= (39.43) 
l 

g(1) l 
= (39.44) 

g,(1) l 

From (39.41), we know 
C=[1 0] (39.45) 


Substitute (39.42), (39.43), (39.44), and u=c=2 into (39.25), we obtain the solution of 
(39.40): 


2 ig 
(39.46) 
g lon =] 
From (39.46), we know g,=f=n" and g=Vf=2n — |. 
Vn 
The characteristic equation of the system is 
r=0 (39.47) 


where A=0 is a multiple 2 root. Formula (39.40) is already a Jordan canonical form 
with multiple 2 root A=0. From (39.43) we know that the last row of the control matrix B is 
not 0, hence the system is controllable. From (39.35) we know that the first column of the 


output matrix C is not 0, hence the system is observable. 


39.1.6 Comparison between mutually-inversistic state equations 
and discrete state equations 


If discrete state equation is used to solve Example 39.1, then the solution is 


3 


n 
x(n)=G"x(0) 7" 4G"? 'Hu(j)= (39.48) 


n™+2n+1 
where x(n) is the state, x(0) is the initial state, G” is the state transition matrix, Hu(n) is 
the input. 

The advantages of mutually-inversistic state equation over discrete state equation are: 

(1) Mutually-inversistic state equation directly corresponds to the discretization of 
continuous state equation, while discrete state equation does not. 

(2) From (39.46) we learn that the solution of the mutually-inversistic state equation is 
composed of the nth state and its derivatives. While from (39.48) we learn that the solution 


of the discrete stare equation is composed of the nth and the (n+1)th states. The former is 
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more informative than the latter. 
(3) From (39.25) we learn that the computation of the solution of mutually-inversistic 


state equation is simple. It only needs the inverse operation of matrix, the product of two 
matrices, the addition of two matrices. While from (39.48) we learn that when solving the 


discrete state equation, we need to compute G" and yo" ''Hu(j), which are more hard 


and need skills. 

The advantage of discrete state equation over mutually-inversistic state equation is: 
From (39.48) we learn that the solution of the discrete state equation is simple, general; e.g., 
it can be used for any input; and has specific meaning; e.g., G"x(0) is the multiplication of 
the state transition matrix and the initial state-the impact of the initial state, 9G"! 'Hu(j) 
is the convolution of the state transition matrix and the input-the impact of the input. While 
from (39.25) we learn that the solution of the mutually-inversistic state equation is compli- 
cated, not general; e.g., when the input is a exponential function, then (39.25) is no longer 
applicable; and does not have specific meaning; e.g., we cannot point out what function 


each part of the formula has. 


39.2 Application of single-sided discrete calculus 
and unified calculus to experiment or 
observation data 


39.2.1 Introduction 


In Chapters 20 and 21, the functions dealt with by single-sided discrete calculus and 
unified calculus are analytic functions, such as n°, 2". Experiment or observation data are 
irregular. Up to now, these data are dealt with by numerical analysis, which construct inter- 
polation functions for them, and make numerical differentiation and integration. In this sec- 
tion, experiment or observation data are viewed as arbitrary single-sided discrete function 
or unified function, which are dealt with by single-sided discrete calculus and unified calcu- 
lus directly without interpolation functions. This method is simple, informative, and sound 


in conclusion. 


39.2.2 Single-sided discrete calculus of arbitrary single-sided 
discrete functions 


39.2.2.1 Derivatives 


Suppose we have an arbitrary single-sided discrete function f(n) shown in Table 39.1. 


Part 14- Applications of mutually-inversistic mathematics 


Table 39.1 An arbitrary single-sided discrete function f(n) 
ü (012734567 
f(n)|25431667 


The diagram for f(n) is shown in Fig. 39.4. 


0 1 2 34 5 6 7 n 


Fig. 39.4 Diagram for the arbitrary single-sided discrete function f(n) 


Vf 


The process from f(n) to Y— ee sequence is as follows: the 0" term of VE sequence is 


f(0)=2. The 1“ term of Vf sequence is VfU) =f(1) — f(0)=5 — 2=3. The 2™ term of Yf 
vn Vn Vn 


VAD) g Vf 


sequence is ———“=f(2) — f(1)=4 — 5= — 1. The rest can be inferred by analogy. The — = 
n 


sequence obtained is shown in Table 39.2. 


Table 39.2 Vf sequence 
vn 


VE sequence 2 ££ )— 2 S GF J 


We call it z sequence not z function, because the 0" term of it is {(0) not a first-order 
n 


derivative. 
If f(i+1) > fi), then VAD = > 0. For example, f(1)=5 > £(0)=2, so VADs > 0. If 
f(i+1) < f(i), then —~—— va) < 0. For example, f(2)=4 < f(1)=5, so == be — 1 < 0. These 


Vf(it1) 
Vn 
f(i+1) is an extremum, it only means f(i)=f(i+1). This is not fully consistent with Newtonian 469 


are consistent with Newtonian calculus. But =0 does not necessarily mean that 
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viO- 


calculus. For example, f(5)=f(6)=6, hence 0, but (6) is not an extremum. 


vit, 


The process from Y£ Vf sequence to = 


Vit 


Vn 
sequence is the 0" term of Vf sequence f(0)=2. The 1“ term of the z, 3 sequence is the 1“ 
Vn n“ 
term of the VE a f sequence minus the 0" term of the Me sequence Vf(1) — f(0)=3 — 2=1. The 
Vn 
2™ term of the Vf sequence is V- ‘f2)- Vf(2) Vf) = — | — 3= — 4. The 3" term of 
Vn Vn Vn Vn 


the ad sequence is V- VIG) Vf(2) _Vf(2) - — | 


( — 1)=0. The rest can be inferred by 
Vn Vn? Vn Vn 


analogy. The ¥ m f sequence constructed is shown in Table 39.3. 


2 
Table 39.3 jp? sequence 
n |O 1 2 3 4 5 6 7 


Ie 


Vn Sequence 2 E 0 —) FF => | 


We call it a sequence, not ve function, because the 0" term f(0) and the 1* term 
n 


Vf(1) 


vn f(0) of it are not second order derivatives. 


When f(i), f(i+1), and f(i+2) present themselves as a concave figure, then ps aie) > 


Vn 
V’f(7) 
> Vn" 
V’f(i+2) 
Vn 


0. For example, f(5), f(6), and f(7) present themselves as a concave figure, therefore 


=| > 0. When f(i), f(i+1), and f(i+2) present themselves as a convex figure, then 


< 0. For example, f(0), f(1), and f(2) present themselves as a convex figure, therefore, 


V2) ; ; , ' Vf(i+2) 
me 4 < 0. These are consistent with Newtonian calculus. But Vm =0 does not 


necessarily means f(i+1) is a inflection point, it only means f(i), f(i+1), and f(i+2) are on the 


same straight line. This is not fully consistent with Newtonian calculus. For example, f(1), f(2), 


and f(3) are on the same straight line, therefore, T, but f(2) is not a inflection point. 


39.2.2.2 Integral 


Vn 
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is to solve the single-sided discrete ordinary differential equation. At this time, we need 


vi but also the initial condition f(0) and Vf). They form the wi se- 
Vn Vn Vn? 


quence, shown in Table 39.3. We make single-sided discrete integral on the vf sequence, 
Vn 


vf z Sequence, shown in Table 39.2. Then, we make single-sided discrete inte- 


obtaining me 


gral on the Vf sequence, obtaining the primitive function f(n), shown in Table 39.1. 
Vn 
The process of making single-sided discrete integral on Table 39.3 to obtain Table 


39.2 is as follows: we take the 0" term f(0)=2 of Table 39.3 as the 0" term of Table. 39.2. 
we take the sum of the 0" and 1“ terms of Table 39.3 as the I“ term of Table 39.2. Because 
the 0" term of Table 39.3 is just the 0" term of Table 39.2, what we actually do is to add the 


0" term f(0)=2 of Table 39.2 and the 1“ term L — f(0)=1 of Table 39.3 to obtain the I“ 
n 


term YD of Table 39.2. We take the sum of the 0", 1“, and 2™ terms of Table 39.3 as 
n 
the 2™ term of Table 39.2. Because the sum of the 0" and 1“ terms of Table 39.3 is the 1“ 


term of Table 39.2, what we actually do is to add the 1“ term = )-3 3 of Table 39.2 and the 


2™ term V°f(2)—V£(2) — VfU)- — 4 of Table 39.3 to obtain the 2” term Vi(2)= — 1 of 
Vn? Vn Vn Vn 


Table 39.2. The rest can be inferred by analogy. 


The process of making single-sided discrete integral on Table 39.2 to obtain the primi- 


tive function f(n) of Table 39.1 is similar. 


39.2.3 Unified calculus of arbitrary unified functions 
39.2.3.1 Derivatives 


The arbitrary unified function is in the form of f(n)| v „m, where f(n) is a real number, 
and h is also a real number. When h—>0, it is the special case of the continuous function in 
Newtonian calculus. When h=1, it is the special case of the single-sided discrete function in 
single-sided discrete calculus. 


Suppose we have an arbitrary unified function f(n)| y „os, Shown in Table 39.4. 


Table 39.4 An arbitrary unified function f(n)| y ,-»s 
n 0 0.5 l 1.5 2 LD 3 3.5 


f(n)l vnos | 2 5 4 3 l 6 6 7 


The process from f(n)| vn-o.s to z nos Sequence is as follows: the 0" term 2 of 
n 
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f(n)| va-o5 is the O" term of z vaos Sequence. The 0.5" term 5 of f(n)|),-9; minus the 0" 
n 


th 


Vf 
Vn=0.5 SÈ- 
n 


quence. The rest can be inferred by analogy. The ka vp-o.s Sequence obtained is shown in 
Vn 
Table 39.5. 


vf 
Table 39.5 Fal vaxo.s Sequence 


zx 7n=0.5 SEQuence 2 6 = 2 =2 =—4 1 0 2 
n 


The 0", 0.5", 1%,..., terms of the ha vaos Sequence are f(0)| \,-9;, V£0.5)=(£(0.5)| 
n Vn 


vaD. 


vnos — RCO) vn0.5)/0.5, ===] va-os — £(0.5)| vn-0.s)/0.5,.... The situations revealed by 


Vfl gas > 0, Vf] vaos < 0, and Vf|.,)=0 are the same as those of the Vf sequence. 
Vn Vn Vn Vn 


> 


The process from Vf] .,-9; sequence to Vall vps Sequence is as follows: the 0" term 
Vn 


3 


. f 
2 of the Vf] -o5 sequence is the 0" term of the ve z| vn-o.s Sequence. The 0.5" term 6 of the 
Vn 


Vf; Ynos Sequence minus the 0" term 2 of the ty vn-o.s Sequence and then divided by 0.5 
Vn 


> ; f ; 
equaling 8 is the 0.5" term of the al vn-o.s Sequence. The rest can be inferred by analogy. 


The Vf] -os sequence obtained is shown in Table 39.6. 
Vn 


9 


Table 39.6 Yn?! Ya=0.5 Sequence 


The 0", 0.5", 1*, 1.5" ,..., terms of the 


yi Vn=0.5 sequence are f(0)| V n=0.59 (£0.5) Vn=0. 
Vn V 


= HO) e005, (WALD) gg PHOS) | 59 r aa 
Vn Vn Vn 
: . 2 2 2f 
The situations revealed by m wens 2 0; z zos = 0, and ç : T vn-0.5=0 are the same as 


? 


Vit 
those of the —; sequence. 
Vn 
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39.2.3.2 Integrals 


Vf á ee ee 
Suppose we know —5| v,-9 and we want to find the primitive function f(n) | ¥,-05. 
what we do is to solve the unified ordinary differential equation. At this time, we need to 


Vf TR NR i 
know not only Pall vn-os Dut also the initial condition f(0) | „o.s and we) vneos: They 


5 


Vf : eae a ok Vit 
form the Va no.5 Sequence, shown in Table 39.6. We make unified integral on the we 
| no.5 Sequence, obtaining the A va-os Sequence, shown in Table 39.5. Then, we make uni- 


fied integral on the a a.s Sequence, obtaining the primitive function f(n)| v=, shown in 
£ Yn! Yn-os S&q g the p n=0.5 


Table 39.4. 


The process of making unified integral to Table 39.6 to obtain Table 39.5 is as follows: 


Vt ; 
the 0" term 2 of the oe 7a. Sequence is the 0 


th 


term of the z oaos Sequence. The 0.5" 


Vf : i 5 : 
— | vaos Sequence times 0.5 plus the 0" term 2 of the zi vn-os Sequence is 


term 8 of the i 
Vn 


the 0.5 term of the z yn-o.s Sequence. The rest can be inferred by analogy. 


The process of making unified integral to Table 39.5 to obtain the primitive function 
f(n)| a.s of Table 39.4 is similar. 


39.2.4 Analysis of Chinese GDP during the 11" 5-year plan period 
Example 39.2: Table 39.7 is Chinese GDP during the 11™ 5-year plan period. 


Table 39.7 Chinese GDP during the 11" 5-year plan period (trillion CNY) 


n(year) | 2005 2006 2007 2008 2009 2010 
GDP 18.4937 21.6314 26.5810 31.4045 34.0902 39.7983 


Table 39.8 is the normalized Chinese GDP during the 11" 5-year plan period 
using 18.4937 trillion CNY of the year 2005 as the basis. 


Table 39.8 Normalized Chinese GDP during the 11" 5-year plan period 


n (year) | 2005 2006 2007 2008 2009 2010 
GDP l 1.17 1.44 1.70 1.84 2.15 
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Fig. 39.5 is the diagram for Table 39.8. 


2005 2006 2007 2008 2009 2010 n(year) 
Fig. 39.5 Diagram for Table 39.8 


i* 


Table 39.9 is the normalized vt sequence of Chinese GDP during the 11" 5-year plan 
n 


period. 


Table 39.9 Normalized Mas sequence of Chinese GDP during the 11" 5-year plan period 


n (year) 2005 2006 2007 2008 2009 2010 


VT sequence l 0.17 027 026 014 0.31 
n 


From Table 39.9 we see that during the 11" 5-year plan period, Vf are all greater than 
8 = g 
n 


0, reflecting that in this period, Chinese GDP increases year by year. Table 39.10 is the nor- 
Vf 
malized Yp? Sequence of Chinese GDP during the 11" 5-year plan period. 


3 


Table 39.10 Normalized a sequence of Chinese GDP during the 11" 5-year plan period 
n 


n (year) 2005 2006 2007 2008 2009 2010 
Vf sequence} 1  —0.83 0.10 —0.01 — 0.12 0.17 
Vn 


From Table 30.10 we see that in the years 2008 and 2009, z are less than 0, reflect- 
n 


ing that, influenced by the 2008 international financial crisis, in these two years, the in- 


Vf but Yf(2006) — 
Vn’ Vn 


crease speed of Chinese GDP decreases. (Note: 2006’s — 0.83 is not 
£(2005)). 


This example is one of single-sided discrete left derivative on an arbitrary single-sided 


discrete function. 


Part 14 Applications. of mutually-inversistic mathematics 


39.2.5 Personal banking 

Example 39.3: A person had a balance of 240 thousand CNY in a bank in 2009. In 
2010, he deposited 120 thousand CNY and withdrew 40 thousand CNY. In 2011, he depos- 
ited 110 thousand CNY and withdrew 60 thousand CNY. What was his balance in 2010 and 
2011? 


Solution: Suppose f(n) is the balance. f(2009)=240(thousand CNY). ¥4(2010)=120 
n 


— 40=80(thousand CNY). Vioo 1)=110 — 60=50(thousand CNY). The zf sequence is 
n n 


shown in Table 39.11. 


Table 39.11 z: sequence of personal banking (thousand CNY) 
n 


n | 2009 2010 2011 


Vf sequence 
Vn 


240 80 50 


We make single-sided discrete integral on Table 39.11, obtaining the balance f shown 
in Table 39.12. 


Table 39.12 Balance f(n) 


n |2009 2010 2011 
f(n)| 240 320 370 


From Table 39.12, we know that his balance in 2011 was 320 thousand CNY, and his 
balance in 2012 was 370 thousand CNY. 
This example is one of single-sided discrete integral on an arbitrary single-sided dis- 


crete function. 


39.3 Mutually-inversistic fuzzy controller 


39.3.1 Fuzzy controller of water level 


We describe a fuzzy controller of water level. Suppose we have a water container 
with variable water level and a valve that can pour water into the container and drain water 
off. Let us design a fuzzy controller that keeps the water level near the 0 point through the 


valve. 
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The observation quantities include the deviation of the water level relative to the 0 
point e, the first derivative of e with respect to the time interval n V e/ V n, and the second 
derivative of e with respect the n V *e/ V n’. 

E is divided into 5 levels and 7 ranks. The 5 levels are negative big (NB, — 2), 
negative small (NS, — 1), zero (0), positive small (PS, 1), positive big (PB, 2). The 7 ranks 
are — 3, — 2, — 1, 0, +1, +2, +3. These determine Table 39.13. 


Table 39.13 Membership grade for e 


Rank of e} — 3 =2 = 0 +1 +2 +3 
Membership grade 
Level ofe 
PBe 0 0 0 0 0 0.5 l 
PSe 0 0 0 0 l 0.5 0 
Oe 0 0 0.5 l 0.5 0 0 
NSe 0 0.5 l 0 0 0 0 
NBe l 0.5 0 0 0 0 0 


Likewise, V e/ V n and V ’e/ V n? are shown in Tables 39.14 and 39.15 respectively. 


Table 39.14 Membership grade for V e/ V n 


Membership grade 


Levelof V e/ V n 

PBVe/Vn 0 0 0 0 0 0.5 l 
PSVe/Vn 0 0 0 0 l 0.5 0 
0Ve/Vn 0 0 0.5 l 0.5 0 0 
NSVe/Vn 0 0.5 l 0 0 0 
NB Ve/ Vn 1 0 0 0 


PB V ’e/ V n? 0 0 f l 
PS V ?e/ V n? 0 0 0 0 l 0.5 0 
0 V e/V n? 0 0 0.5 l 0.5 0 0 
NS V ’e/ V n? 0 0.5 l 0 0 0 0 
NB V ’e/ V n? l 0 0 
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The control quantity u is the variation of degree of the valve rotation, anti-clockwise 
rotation is positive (pouring water into), clockwise rotation is negative (drain water off). 
The variation of degree of the valve rotation is divided into 5 levels and 9 ranks. This 
determines Table 39.16. 


Table 39.16 Membership grade for u 


The language control rule is: “if level (e+ V e/ V n+ V ?e/ V n’)/3, then level u= — 
(e+ V e/ V n+ V ’e/ V w)/3”. 

Example 39.4: Suppose rank e is 0, rank V e/ V nis 1, and rank V ?e/ V n’ is 2, de- 
termine rank u. 

Solution: Level e is 0, level V e/V n is 1 (PS), level V ’e/ V n? is 1(PS). Level 
(e+ Vel Vnt+V ?e/ V n’)/3 is (0+1+1)/3=0.67, round off to 1. Level u= — (e+ VelVn 
+ V ?e/ V n’)/3 is — 1. Rank u is — 2. 

From this example we see that because V e/ V n and V *e/ V n? are greater than 0, 
even if e=0, we still need to pour into water. 

Mutually-inversistic fuzzy controller of water level has three advantages over con- 
ventional fuzzy controller of water level. First, in conventional fuzzy controller, only e is 
considered, while in mutually-inversistic fuzzy controller, in addition to e, V e/ V n and 
V ?e/ V n? are also considered. Secondly, in conventional fuzzy controller, we need 5 lan- 
guage control rules: “if e NB, then u PB”, “if e NS, then u PS”, if e=0, then u=0”, “if e PS, 
then u NS’, “if e PB, then u NB”. While in mutually-inversistic fuzzy controller, only one 
language control rule is needed: “if level (e+ V e/ Vn + V *e/ V n°)/3, then level u= — 
(et Ve/Vn+V *e/ V n’)/3”. Thirdly, in conventional fuzzy controller, in order to com- 
pute u, composition of relational matrices is needed. While in mutually-inversistic fuzzy 
controller, hypothetical inference is carried out: “if level (e+ V e/ V n + Vel V n°)⁄3, 
then level u= — (e+ YV e/V n+ V ?e/ V n?)/3” is the major premise, (0+1+1)/3 is the 


minor premise, u= — | is the conclusion, much simpler. 
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39.3.2 Fuzzy controller of missile striking aircraft carrier 


Suppose longitude is the x-axis, eastward is the positive direction of the x-axis; lati- 
tude is the y-axis, northward is the positive direction of the y-axis. An aircraft carrier navi- 
gates from southeast to northwest. The displacement of the aircraft carrier is (X,c, Yac). The 
velocity of the aircraft carrier is decomposed into V x,,/ V n and V y,-/ V n. A missile 
goes in opposite direction with the aircraft carrier. Its displacement is (Xm, Ym). Its velocity 
is decomposed into V x,/ V n and V y,,/n, which can be controlled by the graduations of 
Xy and yy, azimuth control of the azimuth controller of the missile. The velocity of the wind 
is decomposed into V xy/ V nand V yy/ V n. 

Suppose the initial displacement of the aircraft carrier is (Xa¢inity YAcinit), then the initial 
point of impact of the missile is (X,cinits Yacini)» corresponding to which there are the initial 
graduations of xy, and y,, azimuth control. 

After the missile is launched, the course and velocity of the aircraft carrier change 
constantly, the direction and velocity of the wind also change constantly. Therefore, fuzzy 
control rules should be used to adjust constantly the graduation of the azimuth controller of 
the missile to correct the point of impact. The fuzzy control rule of the x-axis is: 

a (( V xac/ V n)fast)/\.(( V xy/ V n)strong)<;' — ,((deviation from the initial 
graduation of x,, azimuth control of the missile) big) 

(39.49) 

The fuzzy control rule of the y-axis is similar. In (39.49), “fast”, “strong”, and “big” 
are fuzzy concepts. 

Suppose the scope of V x,,/ V n is (( V Xac/ V 1) mins ( V Xac/ V 1)maxd=( — 30 sea 
miles/h, +30 sea miles/h), then the membership function of “( V x,-/ V n)fast” is shown in 
Fig. 39.6. 


u(( V xAC/ V n)fast) 


-30 -24 > +30 V xAC/ V n (sea miles/h) 


Fig. 39.6 Membership function for “( V x,-/ V n) fast” 


Suppose the scope of V xy/ V n is (( V Xw/ V n)min ( V Xw/ V 1) maxd=( — 30 
meters/s, +30 meters/s), then the membership function for “( V xy/ V n)strong” is shown 


in Fig. 39.7. 


w(( V xW/ V n)jstrong) 


>V xW/ V n (meters/s ) 


30 +6 30 


Fig. 39.7 Membership function for “( V xy/ V n) strong” 


Suppose the minimal deviation from the initial graduation of the xy azimuth control of 

the missile is -15°, corresponding to ( V xy/ V 1)min Of ( V Xac/ V n)min and ( V xw/ V n) 
max; and the maximal deviation is +15°, corresponding to ( V Xy/ V 1)max OF ( V Xac/ V n) 
and ( V xw/ V n)min: Then the membership function of “deviation from the initial gradu- 


max 


ation of xų azimuth control of the missile big” is shown in Fig. 39.8. 


u((deviation from the initial graduation of x,, azimuth control) big) 


deviation from the initial graduation 


-15° -9.75° +15° 
Fig. 39.8 Membership function for “(deviation from the initial graduation of x, azi 


muth control of the missile) big” 


Example 39.5: Suppose after the missile is launched, V x,-/ V n = — 24 sea miles/ 
h, which is converted to membership grade 0.1, shown in point A of Fig. 39.6; V xy/ V n 
=+6 meters/s, which is converted to membership grade 0.6, shown in point B of Fig. 39.7; 
and the weight of V x,-/ V n is 3, that of V xy/ V n is 1. Then (39.49) becomes: 
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((1 — 0.1)*3+0.6*1)/4 = (1 — (deviation from the initial graduation of x, azimuth 
control of the missile) big ) 

0.825 <;' (1 — 0.825)=0.175. 

Converting 0.175 back to the deviation from the initial graduation of x,, azimuth con- 
trol of the missile, we obtain: 

30°*0,175 — 15°= — 9.75° 
as shown in point C of Fig. 39.8. Therefore, the deviation from the initial graduation of x,, 


azimuth control of the missile should be adjusted to — 9.75”. 
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